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FORMULAS FOR REFERENCE 


I. ARITHMETIC AND ALGEBRA 


Proportions 

i. In the proportion y—-j « and d arc llic extremes, 6 and c are the 
moans. The principal property of the proportion: 

a-d=. b'C 


2, Interchanging the terras: 



:L Derived proportions: if then the following proportions 

true: 


(a) 




c ± d 


; (h) 


fl ±: c _ n 

r^'" T 


c 

~d 


hold 


Jnroltition 

1 . (a-/y'C)'‘rr^a’''6'''C», that is (a-fe-r)*' 

/ n \’i n" .an / a \n 

-■ It) “tt- 

IK (rt'ii)" 



Tlio roots are supposed to he arithmetic, cf. p hh. 



Formulas for fteferenre 
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n n 

3. a'” t!iat is ( 1 “ = ^’” 

4. a”J' 

e rn /—- m/> — r-r . • ml^ - - m 

5. y a*'-^ Y that is j aMp=s ^ on 

Quadratic Equations 

1. T)ie equalion of Ihi* form i^~pi-~q=:ii is solved by usin" the for¬ 
mula 



2. The equation of the form ax^-{-bx -~c=() is solved by usin? the for¬ 
mula 

_ —b j:y//-—4flc 


3. The equation of the form ax- -f 2kx -h c — 0 is solved by using the for 
mulu 

_ ——ac 


4. If xj and xa arc tin* roots of the equation x- + -f ? “■ 0, then xj + 
-f xa = ~/j and xjx^ ~ q 

5. X® px + q (.r — X,) (x — xj), where x, and x^ are the roots of the 
equation x- -f px -{- q ~ 0 

f). ax^ -f 6x -f- c -- a (x -- X|) (x — xj). where xi and x* are the roots of 
the equation ax^ •+• 6x c = 0 

Progressions (see page 32) 


Logarithms* 

1. Symbolically, log„A’ = x is equivaltuit to a^==.'V, hence wo have the 
identity 

2. log^fl = 1; 3. log„l ^ 0; 4. log« (A'. A/) == iog^A' + log«Af 

5- iofc'u -^ = log„jV —6i loj:<.{Ar'")==m logaA' 

7. 10g„ yN:::-Llag^,\ 

8 . For the modulus which makes possible conversion from a system of loga¬ 
rithms to the base b to that of logarithms to the base a see page 1 'i2. 


• The numbers a (the logarithmic base) and N are assumed to he positive 
a being not equal to unity. ’ 
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Formulas for Reference 


Combinatorics 


i. A'^. 
3. C» : 


= m (m — 1) (m- 
Am 

■ Pn ” 


-2) ... (m—»4‘^)5 
l)(m—2)...<m—B-j-1) 

1-2*3...n 


2. P, 


, = 1.2-3 ... m- 

4. Cg, = C^" 


:to! 


Newton's Binomial 

1. (ar-}-a)m=a:'» + Cj„a**"-»-fC|,a 2 jr»n- 24 _... _^C^- 2 a»n- 2 a: 24 -C^-l«»n-la; 4 .am 

2. General term of expansion: 

rj,+i = C5,a'>i'«-'‘ 

3. i+C>„ + C^+ ...:+C”-2 + CS-i + l=2-" 

4. 1 —CJa + Ci, —CJ,+ ...±1 = 0 


n. GEOMETRY AND TRIGONOMETRY 

The Circumference of a Circle and the Length of Its Arc 

C =2n/?; I B<x (a is the degree measure of the arc and a, its 

loU 

^adian^'rDeasu^e) 

Areas 


Triangle: — h, the altitude); Sss 

= Vp (P — ^) (P—<^) (P the semiperimetcr and a, b and c, the sides); 

„ absinC' 

S - 2 

For an equilateral triangle {a is the side) 

Parallelogram: S = bh {b is the base and h, the altitude) 

Riiomhus: 5 = (di and ^2 are the diagonals) 

Trapezoid: {a and 6 are the bases and hy the altitude); S=^mh 

(m is the median). 

Pa 

Regular polygon: 5==-^ (P is the perimeter and a, the apothem) 

Circle: S — nR"^ 

Circular sector: 5 =^ (a is the degree measure of the sec¬ 

tor arc; a, its radian measure and t, the length of the arc) 


Surfaces 

Prism: Sffjt — P^ (P the perimeter of a right section and I, the lateral edge) 
Pa 

Regular pyramid: Siat — (P the perimeter of the base and a, the slant 
height) 



Formulas for Reference 


0 


pip 

Frustum of a regular pyramid: Si^t ~ —~ a (Pi and P 2 are tlie perime¬ 

ters of the bases and a, the slant height) 

Cylinder: S[„f — 2nRiI 

Cone: 5;^/ =- ^Rl (1 »s the generator) 

Frustum of a cone: Sigi = 5i (Hi /?«) I 
Sphere: S ~ AnR” 


Volumes 

Prism: V — SH (S is the area of the base and If. the altitude) 
Pyramid: \ = — 

Frustum of a pyramid: I' — ™ (5i-f A’j-f- 


Cylinder: V^nH^II 
r r 

Cone: I rss—---- 


Frustum of a cone: V'=^^ (^H'^*^"^ 1 ^ 2 ) 
5pAere: 


Conversion of the Degree Measure of an Angle to its Radian Measure and r<rf 
Versa 

as= (a is the radian measure of the angle and a, its 

lo0‘’ 

degree measure) 


Addition Formulas 

1. sin(a±p)=sinacosp±cosasin 

2. cos (a ± P) = cos a cos p 2F sin a sin 

^ ^ tana ± tan p 

J. tan (a ± p) = 7-=r-;--5 

i ■+■ Ian a tan p 


P 

P 


Double-Angle and Half-Angle Formulas 
1. sin 2a = 2 sin a cos a; 2. co32a 
2 tan a 


=cos^ a —sin- a 


3. tan 2a = 


5. cos - 


1 — tan2 a ’ 


• ^ — cos a 


^y^ l + CQsg 


6. tan 


7. tan 


2 1 + cos a ' 


8 . tan - 


2 ““ 

1 —-cos a 


1 1 — cos g 
y 14-cos a 


sin g 
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Formulas for Reference 


Reducing Trigonometric Expressions to Forms Convenient for Taking Logarithms 

1. sin a-f sin (i™ 2 sin cos 

o • Q r. a + P- a — P 

2. sina —sinp = 2cos—^sin— 

3. ctea + t’os P==2 cos^^-—cos^^-— 

, p - . a4-^ . a — fi 

4. cos a —cos p= — 2sm —~ sin —— 


o. 


tan a ± tan 


sin (g dr ft) 
cos fit cos p 


6. i4-cosot—-2cos2- 


7. 1 — cosa5=2sin2- 


6’ome Important Relations 

, . . p cos{a —p) —cos(Gt4-p) 

1. sin a sin p=:--ii —— 

^ p cos (a —8} 4-cos (a 4-B) 

2. cos a cos p --i-1— LJ2 

o • a sin (a + P)4-sin (a —B) 

3. sin a cos p --i—-1- Li 


Basic Relations Between the Elements of a Right-Angled Triangle 

(a and h arc the legs; c, tiic hypotenuse; A and B, the acute angles; C, the 
right angle) 

1. a ■- c sin A c cos B’, 2. b — c sin B =■ c cos A 

3. a h tan A ~ b cot B; 4. b -■=■ a tan B — a cot A 


Basic Relations Between the Elements of an Arbitrary Triangle 
{a, b ami c arc the sides; J. B and C, the angles) 

, « b c , , . 

{ (law of sincs) 


On A sin /^~~sin C 
2. o'^-- li--r<^- — 2bc coiy A (law of cosines) 

. /i4-/^ 

i b 


Ian 


tan 


■■■ \ (hnv of tangents) 


Relations Between the \ allies of Inverse Trigonometric Functions 

Oucsin -r. nrccos.r and arclan j- are the principal values of the corresponding 

inverse trigonometric I'lmctions) 

!. Arcsin .r -- nA- i- (—1)* arcsin x 

2. Arccos .r - 2nA- ? arccos .r 

3. Arctan j- - nk arctan j; k is any integer (|M)silive (»r negative). 



PROBLEMS 


PART ONE 

ARITHMEriC AND ALGEBRA 


C II A P T E H I 

ARITHMETIC CALCULATIONS 


^152 






3 . 

5 . 

7 . 

9 . 

Il¬ 

ls. 

15 . 

16 . 


0.2 


O.S-0.25 


q 3 1 

2'5f|i-208T + T 

• 1 

0.012 0.041U4' 

)• 4.560-121 

0.0001 :0.005 

• '• \ 

5 5.4 , 




)^'4 

0.(H 


0.002 


(*>4o-«48)-4 

+ 0.373 

., (<4- 


0.2 



0.2 

(-1-4-4) 

• 13.5 + 0.111 (l 

. 1(1 ' 

t _L4-'>la.l\.y. 
12 ' "32 ' 24 j 

0.02 


’ 

0.4 

(4-4)-4 

; 12. 

21 ._l. 2 i 

8 ,3 14 

' (21 —1.25): 2.5 

(.•4 + 'i..-|75) : 

'4 

0.134-f 0.05 

f/i. 


):U. 8 + 2 +0.225 


**? 't.'i 't5’"7 


0.04 

(2.1-l.tMJ5):(1.2-0.045) 1 :0.25 

0.00325:0.013 i.0-0.025 
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Problems 


“• 0.008 

+ (2.75-i|). 2.] g, 

L M 

r (e-44):».03 (o.3-|).4 1^ 

on o*: . r 3:(0.2 - 0.1) , (34.06 — 33.S1).4 1.2 4 

1.2.5.{0.84'i-2) ' t!.84;(28.57-25.i5)J ' 3-21 

3:4-0.09 : (o.15:24-\ 

21 _^_ - > 

0.32.()4-0.03 —{5.3-3.88)-f0.67 

22. 11; 2,7 + 2.7 : 1.35 -f- (0.4 : 24-) • (4.2- 11) 

23. (lO:2|-.-7.5:10).(|-^.0.25 ; 1|) 

2^- (^44)-(i-^) + 0.095M.39 

25. 1.7:^-i__Llii_(o,5 + l-A) 



. 0.228: [(1..5291 

-^S-O-SOS) ^ 0.12] 

27. /- 

8.8077 


12U-! 

28.2 : (13.333-0.3-t-0.000i)j.2.004 ' / * 32 

2». [<“ 

-2-0.9).0.2-i 

-o.isj :0.02 


(2-H A.0.22:O.i) 

* '33 

29. (I; 1- 

-()8- 

. i .. ^2 0.25 

3 

■ 1.0.4. JIV 

'4 

‘ 4 ■ 4U 

1-f 2.2.10 


Chapter /. Arithmetic Calculations 
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(l.75:1—1.75.11):1 

- -IIJ -: (fi.79:0.7 4- 0.,3) 

/ H_o.0325 j : 400 

4.5 : 1^47.375-( 26 i-18.0.73)-2.4 : 0,88 j 

17.81:1.37 - 23^:1 4 

3 o 

Find the number, 3.6 per cent of which amount to 

3-4-4.2: 0.1 

^l:0.3-2i).0.3125 

Compute 

(46|:12.i-4i|:200i-.80U:12g).«S#44^ 

Compute 

r^g.(0.0+o.425-o.rHr.): o.m-| (.,/.5: 0 .3 - I Ig) 

x(4:fi.2.5-l4-4-1.9e) 

Compute 

[(4-«^4)^(844-4)+rilx 

• X (1-0.7.)“^ 

Compute 

2.045-0.033+ 10.51S395-0.4G4774 :0.05f:2 
0.003032:0.0001—5.188 
. Compute 

(t-^) 

Compute 
. Compute 

(4-4):-r 
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Problems 


40. Compute 


O.S:(l 

. 1 . 25 ) 

('•oa-i)4 

0.G4- 

1 

■■25 



+ (1.2.0.5): I- 




41. Compute 

42. Compute 

(C-41):0.CK)3 (0.3-|).lJ 


[(3l-2..:5).'.]:l (,.88 + 2l).l 

43. Compute x, if 

44. Compute x. if 


: 62 ^ + 17.81:0.0137 



'1 

'/ .'Or 13 0 \ 

; j- + (2.5 

•: 1.25): G.75 

1 , 53 

1 = ^08 

(f 

-0.375) :0.t25 + 

(l-ill 

1 :(0.35S —1.479G: 13.7) 


iT_ 

'27 


4o. Find X, if 
(2.7 —0.8).2- 


(.5.2-1.4): 


3 


i-8 


9 (1.G+154.G(}:70..3) : 1.9 

iT ’ " 


(2 — - 

1.3^ : 4.3 

\ 5 

/ 


: 2.025 


CIIAPTF. U II 

ALGEBRAIC TRANSFORMATIONS 


Simplify the following expressions: 

<1-4-6—c 


46. {a- — 6- — c--r2bc): 


Fvalunlo the result at a—8.6; 6 —V^3; c —3- 


<7-{-6 + C 


47. 


- - 1 


Chapter II. Algebraic Tramforutations 
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to __f_2_ !, 3t+jr2 ' 

ax — 2a2 x^-\-x — 2ax — 2<i \ 3-t-J / 

49 2 a , 1 

02 — 4^2 ' — ax — 3a \ ' x —2 / 

/ 2a + )0 , 130-a ,30 3a3 + 8a2-3a 

f —...r";. 


. n2_62 n3_j,3 ^ j yj-r — af 

a~b a-~iA' ' * t* —y> 


! r. 1 . ' 1 



L ^ V3 > 

' 1 V3 1 J 

a-1 . 2(fl. 

-1) 4(a4-l) 

_ a2 — 2a-\- 1 ‘ a2j 

.-4 rt2-{-a —2 

3(x4-2) 

2J-2-X-10 1 


_ 1 - 

2-3a + 2 J ' 


3Ga3—144a-3ija2+l44 


J(x3 + i2-r x+1) 


•Lx 2+1 ' 2 (a:+l) 2 (I- 1 )J 

g- -I- !/- + !< — 2 1 . 4j^ + 4j2y+y2_/| 

f2——21/2 / • i2 I, xj, _j-1 


56 . 

\ 2// —I 

57 . 4 ^ 


fln+i_3an [ 4fl2—4 fl2_aj 

. 2a(l, + c)..-l 

a;j2 — a^—2a^ — a ' a^c — a {nc — c) 

< a_J_;_!_ 

a(a—l.)(a —r) h{b—a){b~c) c(f—«)(c —fc) 

l+(a + xr' r, l-|a24x^) 1 


(sn <+(» + /■)-■ r, l-|a 24 -x 2 ) -| 

l_,„ + x)-l'L 2ox J 


Evaluate the result at x = 


61. : (2«“6..3a'“--4^)-‘ 

62. . 

{\/a~ybf^2yab 

• Prior to solving subsequent problems read the notes on pp. 90 to 92. 
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Problems 


-/(«*- 2ab + 6") (a^-b-){a + b)-j 


a^-b^ 


a~/> y 'v- - J-{I+672 

64. y8x(7 + 4V^)^ 2l/6i-4/2i 

/■- 


(l+a)v 1+a 1/ 

3a ' i 


1/3 


3a '' 9 + 18a-»+9a-: 

67. ab / n'-i-" - a-’-fei-" (a— 6)"* 

_^.+. 4-« )(V(5^11) 

1/6 + 1 Vb -2 3 — 1 / 6 ' 


68 . ( 

69, 


• ( . ^ . 

V Ya-i/a-b 


70. 


71. 


ya-Va 

* — V'fl 

I y I : I y i—<1 
K 1-H~''K l + a 

i/EE^.. i/IE“ 

r 1 — fi K 1 -f- a 


aab 

L_V 

y'a f * <1-2—a-i/)-2 


)i'+yss) 


■24-1 


72. Eviiluiite the e.vprp?sioti 

.r;/- 1/j2— I Vy2_ | 

J'!/ -r-1/^2 — 1 I 

;,l x,=4(«-l). y = l(6.1) (o>1.6>l). 

73. Kvaliiale the expression 

\/ a 4- 6x -j- 1/ a— fej 
\/a -y j — <i — hx 


al y: 


TT,' I"M<1- 


‘ (1 ' 

Simplify the jolloirinf' expressions: 


{m T)- — {m - xy 



Ckapter II. Algebraic Transformations 


17 


if X = and ni>0, 0<n<l. 


75. [ 


r(l-x2r 2 + 1-1 2 

r(i-i2) 2_i 

I— 

1_ 

2 J 


if x = 2k^(l+k)-^ and A:>1. 
r 1 1 2-2 




(£+111 


y(o 2 _l)(a-l) 


77. 


78. 


79. 


80. 


2 — a‘x- 

2 o2 \ (; 

r 2 a- 2_4 4 

yt-<l2d:-2 1 

2 az (x^- 

1 Ya + Vb ] 

\ 26 ys ‘ 

r+*(^ 

r 

1 d+yoS 1 
\ 2ab j 

i-'+c^r 

i 

Va+Vz 

yrr^ \-2 / 

y3-y; 

ya + i 

ys+yi) V 

y<i+x 


, ' + -77=5= 

1 1V ^ ^ I g Vi2 + a 

2\ ’ ■‘|/j2.^a/ 2 x-{-[/T^-^a 


81. 2x + l/x2_i(i + ^). 


1 + 


1/2:2-1 
J-}-l/z2—1 


82. Compute 



83. Evaluate the expression 


{a+l)-' + (6 + lr' 

at a = (2 + l/3)'' and 6 = {2-V3)'‘. 


2-01338 



Simplify the following expressions: 
ar. i—Vx»—4r 

Rt; + I " + 2—V"^— 

n-\- 2 ——4 n + Z-J-l/n ^—4 

OR 1 /'~^ ■ / \ 

»”• K ^ y^+yin^ y9_yj_a2/ 

i 3 3 -i 

87. 88. (25 + 27j,5): [(|) ^ + 3/] 

a: 4* "h ^ 

89. Prove the identity 

1 a—a-2 , 1—a-2 , 2 _^ 

fl2 -j_- .4.__u 


90. Compute 

^ a ^ ^g—6 

5 * a '\/a~b 'y'b 
{a2-^ab)^ 

3 

at a = 1.2 and b—-g-. 


Simplify the following expressions: 

1111 1111 t 1 

91. [(a2 + 62) (a2 + Sb?) - (a^ + 262) (a^ - 262)]. (2a + Sa^b^) 

Evaluate the result at a = 54 and 6 = 6. 

.1 -1-1 -1 - li-i 

](a +6) ^ + {a — b) ‘] + l(n+6) ^—(a—b) H 

1 _ t _ i -1 

1(0+6) 2 + {a—6) 2] _[(o+6) 2_(a—6) 2] 


93. a2(l-a2)‘2- 


(1 — 112)2 + 02 ( 1 — a 2 ) 2 

1 — a2 


Chapter II. Algebraic Transformations 
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94 




(a: + l) (12+)) 

1 1 

95. ^ + I{- 


2 l2y(l + l2)-l-Vl + x2 
l + x2 
t 




1 

96. {p^ + q-)-‘[p-^+q^^)- 


. T-T . (P - + 9 

(p-+th^ 


97 


•[ 


a^x) : {z4-T — 1 1 


V~a--i'x i'~x ] 


98. 

100 


(VJ+1)2- 


a — yttj 

Va-y7 


■ -3 


4a —9 £i~‘ I 

a —4-4"3fl“* 


99. 

1 -i ' 

i _i 

. 


. 2a^ — 3(1 ^ 

a^—a ^ 


(ys+i)3_a yj+2 


+i 

b ' 


0] 


102 . (a + b^-.yiY ( 


3 / y;-y<; 


ys 


y» 


103. 1"-^—5—p + -5 7i- --V ^l 
i ^ iyx-4 j. r 

Lx2-4x 2 J 


y«-y6 

-2 


~Y -T 8x-i- IG 


104. 


a ;2 r f i/x yi 

1- i + Yxy J 


10.5. ( V 4-1+:^)'Vi 4- 2 l/.i + f- 

'l/a — yx yflx*r r X X 


106. 


(a-l,2)y-i-b'V3V-&^ y 2 a—y 2 c 


107 


y-i (a-li2)2 + (2* V2af /I-/I 

. i+ [{a^ -x'-*f X 0*^ — ™]/— xY 4a2a.2 


2 * 
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Problems 


108. 


I. \ Y^+yj - + Ylt + A(x+i) + {yxYx + if 

- n* 

~i r \ 3i —2 / 

J 


3 , 8 - 

y ^ + y 
_i 

3x 3 

2 

jr3 -2X 


111. TFI + a - Va^ - a Va^ - 6“] 

112 


. r (+ 2x + - .^ ]/^ (a3 + 3o-x-f + :fl 

.y 

, (ira + Vir--(2yif I- 

L n —6 

-)-A 


1 1 
a^ + b^ 


115. 


a — Ah o- 

I 

a + („!))- — (11) a + 0 (a6)- + 9!), 

(_4r±_)V2a 1/^+1-ys 

Vi j/,) 4-1-1) / _L vy —° 

'Ja'i-'r'Jb \"iif> ' ay a —by 

( ^/; -- yiy 4- 2a- : Va -f >’ Vb , 3 V^)— 
a y'a + byi ' 

r 1 /l''»-yi\''l 

117. -T—i— r 5 » ) 


(ah) 


1 


118. 


119. 


(f'a 1- p/-L+0 (; a-f j/l-l) 

_ ^ 5 ] [ (I^a _ + 3 + y-x 

' a^—b V 


120. T « J/&) : {a + Va^b-^)-Vb] 



Chapter //, Algebraic Transformations 
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121 . 

122 . 

123. 

124. 

125. 

126. 

127. 

128. 

129. 

130. 


r gZ Va 

L a y ^ -^~\/ax 


- V a* + xHh 2fl 


: l/x — X 




l(|Sf-v=)(^-v=) 

^ / ~ f a~\- ^ -j- b y,' ab 

(F^+W 

a-f-aJ 




y —2 j! 


1 


|/a — 

t 


-^] +-4T 

a '*6- - 

J/ Z 


2a^-2 


I t 
A 


1 i 

a4_^a8^„l a^_a® + l a^ —0^ + 2 

KV2~lt^34-2 V2-f-^^{x4-12) Vx-6j-8 

K1/2 + 1 J/'3-2V2 

yx — I 

y a86 y ; V ** 

{h^ — ab — 2a^} '[/ab 

3fl2 


“ ^ ( 3b- 

r 10x2-|-3aj ^ fcx~i2_ax_|_(,fc 

L 4x2— a‘ 

f—£±i 

L 2x2-2x- 


a-f 6 


rr + l 


x + 2 


(ia-\-2ab—b'^ ' 3a —ab a-{-6 , 
(ft-i)-2]x 

_1 t 

(a+2x) 2 + (2x-a)2 
_ 

(4x2 — 02) 2^1 


JK2 


2(x2 + 3x4-2) . 

-(Vi+iG- 
(i-x2) ^+ 1 , yrr“ 




I 1 
,2 02v 


- + 


-1 i' g;—2 

(l+x) 2 + (l_x)’' 

+ (-+») (ttt+^ 


4x x2 —3a;_4 j 
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Problems 


131. 


132. 


133. 


134. 


gZ Vafc-x ^62 Va6—2 ya^by^ab^ 


(fl2_ai_-262)K«®6 


tt4-26 


(a2_fe2) g-l 


q- 3 r_ 

a + 26 L —36 

3 

4 /■— 4 AT 


(a— 1) (a^ —4n + 3)"*J 


_L A . / ^4~ 

‘ g \ a — 


2a + 26 , 
46 


g-f 36 


aZ4-2ia6 


2g + 26 2a2 —6a6 —862 


r (y^o62 y 6 _ j/ai, ya)' 

{_ a6 

+ 


+ 4 

62 —4a^ 
4a 


1. ‘■v^ 

J- vs 


V6+6 ys 


-Yb 

1 


+ 


62 + 3a6 + 2a2 2024 - 06—62 


i(2o6)*(o4-26)-i . V 26 V 2064 -V 2 P 6 

Vo —V26 ■ VS6 

„ / o 26 862 

60-486 3o —66 a2- 


IO 064 -I 662 


CHAPTER HI 

ALGEBRAIC EQUATIONS 


Solve the following equations:] 

40 C 66+7a 3ay ^ ay , ax —6 , bx-\-a a2-|-62 

lOOo 21,2 — ^ b2 —gb » g — b a2_62 


137. 

138. 

139. 

140. 

141. 

142. 



c+ 32 c—2z 2g 4- s 

4c2-|-6c£i 9c/2— Qcd 4c2—9f/2 

A'-i 2g2(l_x) 2x—1 1—I 

« —1 n*~i ~ i~n* 1+n 

3g6 + l 3a6 . (2a4-l)i . gZ 

S 04-1 0 ( 04 - 1)2 (o4-l)2 

3a6c , aZfeZ ^ (2a4-6)62x 
a+6 (g4-6)3 g (a4-6)2 — -y ~ 

A 4" 

T+6 (a4-6)2 ~ — ^2bbs 



Chapter III. Algebraic Equations 


23 


140 . 'yr'^'r 2{z-\-m) m{z—m) m2—52 

- , , — X 4 flbj + 2a2—2&2 

f)2— X b'^-^x —x2 

an , (g-f n) (anx-f nx 24 - 3 : 3 ) gx nr^ 

a—x x3 + gx 2 — a2x — a2rt n-fx x2 —gZ 

4/.C / “+1 I ^+* i\.r j -11 

17 ^+ 1 -+'i + .-i ^M(x + a-i)<i ax + 1 +‘J 2 

i /.7 _ ^ ^ ^ _ 

a2_|_ax-|-x2 ax — x2—a2 x {a*a^x^x*) 

148. a(Vx-a)—b(Vx^b) + a + b = Vx 

.... , 2. i>2_<.2 _ .■.. I ^ 

151 . = „ 4 _ 2 i ,2 - ac2_2(,c2^ 6c 

1=0 I 2r 5.2 , jg. J2+1 _ 1 _ 

+ 4 (i 2 -a 2 ) ’ n2i-2n 2-i<J n 

.„ a-x2 I .-1 i=fi . 26 c2-6a 

(a —x)2 a ” c 3 _oi( 2 a —X) ’ ' x —o o2 + x2 —2oi 

1 1 2 (n+ 3 l . .=o a + x- 2 n a- 2 n . 

2n + nx 2i —x2 x 3 — 4 x ’ ' 2o —n x 

J a — x\2 / a \2 


; 156.1 
; 158.- 


/ a-x \2 I a Y 

4 CQ a _ ‘J — ^ _4. 4f,n \ X * A ^ + ^ /■ _ 

— X x2 — 2 «x 2 -|-n 2 x 2 ’ ’ x24-g^— 2 ax 9x2 

x4-x2 1 —a2 a6 

i_i2 • (l+ai)2—(0 + iF ~ (6—a)2 

162. Factor the following expression into linear factors: 

llx — 3x^ + 70 

163. Factor the expression y —y into t"’o factors, whose sum is 


164. Factor the following expression: 

ISz^ + X* - 2x 

165. Factor the following expression: 

+ 2x* + 4x^ + 2 + X 
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Probltms 


i65a. Solve the equation 

(1 + = it (1 — a:*) 

166. Write a quadratic equation, whose roots are 

A and — 
b a 

167. Set up a quadratic equation, whose roots are 

1 a 1 

- ■=^ and - 

to—V72 lo+eyz 

168. Write a quadratic equation, whose roots are 

_ 0 _ 

ys ± yo —b 

169. The roots Xi and of the quadratic equation 

y + pz + 12 = 0 

possess the following property: zi — zj = 1. Find the coefficient p. 

170. In the equation 

5x^ — kx + i = 0 

determine ft such that the difference of the roots be equal to unity. 

171. The roots xj and x, of the equation 

x^ — 3ax + a* = 0 

are such that z J+ z^ = 1.75. Determine a. 

172. In the quadratic equation 

z® + pz + 5 = 0 

determine the coefficients such that the roots be equal to p and g. 

173. The roots of the quadratic equation 

ax^ + 6z + c = 0 

are x, and x-,. Set up a new quadratic equation, whose roots are — 

and — . 
zi 

174. Given a quadratic equation 

flz^ + fez + c = 0 

Set up a new quadratic equation, whose roots are; 

(1) twice as large as the roots of the given equation; 

(2) reciprocal to the roots of the given equation. 
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175. Set up a quadratic equation, whose roots are equal to the 
cubes of the roots of the equation 

ax^ + + c = 0 

176. Set up a biquadratic equation, the sum of the squared roots 
of which is 50, the product of the roots being equal to 144. 

177. Find all the roots of the equation 

4x* - 24a:" + 57a:" + 18a: - 45 = 0 

if one of them is 3 + iY 6- 

178. Determine the constant term of the equation 

6x" — 7x" — 16x + m = 0 

if it is known that one of its roots is equal to 2. Find the remaining 
two roots. 

179. Knowing that 2 and 3 are the roots of the equation 

2a" + ma" — 13a + n = 0 

determine m and n and find the third root of the equation. 

180. At what numerical values of a does the equation 

a" 4- 2ax Y — 3 + 4 = 0 

have equal roots? 

180a. In what interval must the number m vary so that both 
roots of the equation 

a* — 2ma + m" — 1 = 0 
lie between —2 and 4? 


Solve the following equations: 

181. Y7+2-Yy^^2-. 182. Y2l^~yi(Y=lc = 2 

183. 1^37+1 = 2; 184. K^+3 + J/31^=7 

185. |/7+l + }/2a + 3=l; 186. V'3a-2 = 2/7+2-2 

187. 1/27+1 + 1^1-3 = 2145; 188. Yi + xYx^+^ = x + l 


189. 


3 -4" X 
3x 




+ 


2_ 

x2 


‘90- /f+l 

ViZ—16 


+ / 

+ 1^* + ®= y^ 


i-f* 2 

x4- 


191. 
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Problems 


192. 

193. 

194. 

195. 

196. 
198. 
200 . 


2 1 


2 + y4 —x2 2~y4 —^ 

V2i^f+y^-V2y7—Vx=-yjE 

^ x4-l 


"j/ x~{~ ]/^a: — ]/ a: — 


- 1 
2 


+ l/a: 


= 197. ^ = 

y27 + x-V27-x ^ ^ 

l/l+a’2j-2— j;a-t 1 

T 


y 1 + g*2x 2 -i- xfl~^ 
j .f c + — C" 9 (x + c) 


199. 


Vl + a^. 


Vl + a^x2 + ax 


-Vx2- 


201. ]/i-f3-41/'‘x-l + K^-8-6Kx-l = l 

202 . 

203. 

204. 

205. 


2 l^a + .r + I'^a — X = ]/^a — X ~rY^ x) 

Y — x->rY i'" — x = a + b 

Y(l — x-^Yb-’rX=Y<i’-‘rb 

YYT2=a-YY; 206. 1/^ ^.Y^^y- 


207. 

209. 

210 . 
211 . 
212 . 
214. 
216. 
218. 


Yx '-r-yx^n-, 208. (.r-l)= I 6(z—1)'' = 16 
/ 2+ 1/101^= Kl532i_9 

+ ^ 21 ^ = ^12(x-l) 

— X + ^Yb — x — ^a rb — 2x 
^x ]-2yY‘ = 3-, 213. 

Ya f- X — Y'a-i-x-- 


= 0; 215./!^-/I 


^i-hit-rV-r 

x-A 


l-.r + 2 


£±2 __ 7_ 
2x + 2"'12 

n^42; 217, ^ > 

> — i > X -f-1 

(rt — x) y o — X 4- (x — 6) y X — fj 


8; 219, 


ya—i-f y X- 


a — b 
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220 . 


2-Vx 




2-J. 

2 ’ 


221 . 


-1 


i-Vi 


1 + Vx 
: 3x + 7 


222. /x2-3x + 5+a:* 

223. V^3i'“ + 5x —8 —l/'3x- + 5i + l = 1 


224. Yt/ + iy + 8 + Vy^ + iy + i = y2{y'^ + ^iy + 6) 

Solve the following systems of equations-. 

-2{xy + 2) tx + xy + y- 

\ x-y + xy- = 


225 

227 

229 

231 


ix^ + y- = 
■ I x + y^ 

■( 


G 


x + y‘r=7 
xf==\2 

(x* — y“) xj = 180 
x^ — xy — y‘‘=—H 
= 1.. 


226 

228. 

230 


= 11 
= 30 


y=r23 
50 

3x2 _ 2xy + .5/ — 35 = 0 
5x2-101/2-5 = 0 


|x2—i/ = 

• I x^y = 

•1 


j.'+.-.T 

1 x-yr=j 


xy 


233. I' 


235. 


2 —X!/+I/2=7 

X —!/ = l 

(-rr-(f)'- 


■r 

{t ■: 


-X!/-I-1/2=13 
x + !/ = 4 


Give po.sitive solutions only, assuming that a>0, 6>0, c>0, 
d>0 and ra. 


(x2 —xy + y2 = 7 
x2 + !/2 = 35 
Give real solutions only, 
f xy (x + y) = 30 
I x2 + J/2 = 35 


236. I"" 


238 . 


237. 


f l2 + i/2 = 7 
\xy(x + y)= -2 


{ x-ty 
x-y 


xj^_^ x-y 


i+y 

X!/=6 


si 

5 
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Problems 


240. 


242. 


244. 


x + y + z 
ax + by + cz 
A + b^y + cH 

x+y+z=A 
I + + 3z = 5 

a:H9* + z“ = 14 
X + J/ ~f“Z = 13 
i2 + j,2+zS=61 
xy + xz^ 2yz 



(a? -^-a-x + ay -\-z = 0 
246. |6^ + 6’^x + 6j/ + z = 0 247. | 
U’ + c-x + cy +z = 0 


a: + 2!/ + 3z + 4u = 30 
2x —3i/4-5z —2u = 3 
3x -1- 4y — 2z — u = 1 
4x —s+Bz —3u = 8 
K4x + y-3z + 7 = 2 
. -j ^2i/ + 52 + z-i-25.5 = 3 

Ky + z —K6 x = 0 
4- — z- 

xu4~yz-\~zx = 47 
(z —x)(z —!/) = 2 

r_^+^i=_=5 

1 Vx-l 


[ 

•i 


/ ^+T 


248, 


249. 


(x + y — 2yxy^A 

I x + y = 10 

^_2+/5±I 




■+ 


10 




250. 


251 


■{ 


x--ri 

V7T. 

V^y 


252. 


VX^ -r y- 
V X- + if 


3^=0 

xy — 5A = x + y 

rz_^^17 = 0 

y + yx —(/= 6 
-I- y X — y = 4 y a 

(y4T-3)a 


-)/x»- 
-Kx- —y^^y 


! 144a* 


233. I 


•z“ + xy + y* = 84 
X 4- y xy + y = 14 


253a. Find all the values ol m {or which the system of equa- 
tions 

I X— y = m(l + xy) 

l2 + x + y + xy = 0 
has real solutions. 
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CHAPTER I V 

LOGARITHMIC AND EXPONENTIAL EQUATIONS 
Determine x without using logarithmic tables’. 

255. i = ‘ 

/ 2+4 log 18 

10 ^ ; 257. i = 49i-iog,2 + 5-loes4 

Solve the following equations: 

258. logi loga logj a: = 0 

259. logo {1 + logs 11 + logc (1 + logj, x)]} = 0 

260. log 4 {2 loga (1 4- logj (1 + 3 logj x))} = y 

261. log 2 (x+14) + log 2 (x + 2) = 6 

262. loga y + loga (y + 5) + logo 0.02 = 0 

263. = 3 

264. l+I„gx=ilog[6_ 

— y log 6 + 4- log (a® — ab-) 


265. log[x-fl(l-a)'2]-ylog (l+l)- 





- 


266. 

log^KS 

i- log, (5x) — 2.25 

= (logxK5)* 



267. 

logwX + 

■log4X + logaX = 7 




268. 

lOgaX — 

loga 2 X + l0ga.X = 

h 269. ( t ) 

3x~-l 

1 7 \^x-3 
\ 3 / 

270. 

7.3**‘- 


271. 0.125.4=^-8 = | 

^ 8 } 


♦ Throughout this book, the symbol log stands for tho logarithm to the 
base 10. 
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Problems 


x+5 x+il 

272. 0..5»=.22*+= = 64-i; 273. Sa*-’= 0.25.128*-3 
27/.. = 275. [2(2'^+>)^-]'^ = 4 

_ i_ 

276. 2(2l^+3)" ' = 0 

277. ■*; 278. 31og„jz + .jlog^x=2 

VI 

279. log4(i'+i2).log.^2=l; 280. log,(5i"-)• logjj: == 1 

281. l+a + a- + a2 + ... + a*-».^a*=(l + o)(H-o“){lTa^)(l+a®) 

282. ,5-..5>..5».....5” = 0.04--»; 283. 4*'“-17.2*-' +1 = 0 
284 . 2.4='-17.4-' + 8 = 0; 283.3^81-10^9 + 3 = 0 


lotf x-4-7 


286. 

X 





287. 

log (4-' 

.2>'7_1)- 1 = 

log (I' 2' ’.'"- 

+ 2) 

-21og2 

288. 

2 (log 2 

-1) T logCS’'^ 

!.l) = log(5' 


-S) 

289. 

,=,log .t _ 

/jkig *- i _^log x+1_r^log X-1 



290. 

X- Sog^ » 

-1.1 10gI=: [/ 10; 

,291. log (64 42*" 

^^)=0 

292. 

lng,(9- 

-2'^) = 3-j- 




293. 

log2 ; 

log(4'--f9) = 

-rl»g(2’'-M 

1) 


294. 

2 log 2 

- (1 r .^)i<'g3 

— log (4^ ! 

27) = 

-0 

295. 

log (.3' 


^)_2 = .llogl6- 

4-0 0.25 

296. 

lo.i; (7.r 

lojj 2 4- lo;; (t~ 3) 
i-l)--- lo!^ (J —1>)-4 

i 

log 3 2 



297. 

log,. 120 i (,T - 3) - 2 logs ( 1 — = 

-k 

gs (0.2 - 5' 


Solve the follotrinv syslems of equeitions: 



32.2'*^" * 
.5^-1/ j,/'* 2^iy n 



loga^ 


! Iog3!/="0 
■ XA^\j=:0. 


( 3 ) 
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300. I 
302. I 

304. I 

305. I 

307. I 


log„x + logatf = 2 I Iog(z“ + y®)—l = logl3 

logbX —log6!/=4 ■ llog(x + !/)—log(x —i/) = 31og2 

l0g«(^-»)=l flOg„(l + y) = 2-10g<.I/ 

lOgj:!/('* + y) = 0 llog), X + logt g = 4 
logo X + logo!/ + logo 4 = 2 + logo 9 
x-\-y — 5a = 0 

xy = a^ f 3*.2"=576 

log-X + log-1/= 2.5log“(a^) llogy'jl!/ —^)==4 

log X + log (^ = log a 
2(logx —logi/) = log5 


flogoX + logojy = -|- 
[lOgt,2X + logi, j = |- 


309. 


I logo X 

llogil X 


+ l0go2!/ = 


2 310. 


311. 


X —logt,-.;/= 1 I 

x"^xy-\-y'^ = a? 


logo u + logo y = 2 
u^ + y= 12 


312 


314. 


315. 


■( 


ioe^V‘^+i°By!,Vb— yj 

10g2X-{-log4l/+log4Z 


logix—Iog 2 !/ = 0 

— 5^^ 4' 4 — 0 


313. I 


logs y + logo 2 -t- logo x = 2 
logi z + logie X + logic!/ = 2 


I *-,!/x + .v = 21/3 
\{x + y) 2''-* = 3 

llog(x + j) =log40 —log(x — 1 /) 


316. 




( 9-‘yiF-27,J^l7" = 0 

317. < 

llog{x—1) —log(l- 


318. 


rlogX f jlogy — log(i — yx) = 0 
(25 4’^-125-5 *^ = 0 


319. 


-</)=o 

I log* 01/=P 
\logj,6x=g 
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Problems 


CHAPTER V 

PROGRESSIONS 

Notation and formulas 

a, = first term of arithmetic progression 
a„ = Kth term of arithmetic progression 
d ~ common difference of arithmetic progression 
u, = first term of geometric progression 
u„ = nth term of geometric progression 
q = common ratio of geometric progression 
S„ = sum of the first n terms of a progression 
S = sum of infinitely decreasing geometric progression 


Formulas for arithmetic progression 
af,^aj-T-d(n — 1) 

C |2.i, + d(a—l)|a 


( 1 ) 

( 2 ) 

(3) 


Formulas for geometric progression 

('/> >) 

.S-„ (q>l) or = (,< f) 


(■'*) 


( 5 ) 

( 6 ) 
(7) 


AniTHMETIC PROGRESSION 

320. How many terms of the arithmetic progression 

5; 9; 13; 17; . . . 

is it necessary to take for their sum to equal 10,877? 

321. Find an arithmetic progression, if the sum of its first four 
terms is equal to 26, and the product of the same terms equals 880. 
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322. In an arithmetic progression ap — q\ = p. Express 
in terms of n, p, and q. 

323. Find the sum of all two-digit natural numbers. 

324. Find four successive odd numbers, if the sum of their squares 
exceeds by 48 the sum of the squares of the even numbers contained 
between them. 

325. An arithmetic progression consists of 20 terms. The sum of 
the terms occupying even places is equal to 250, and that of the 
terms occupying odd places equals 220. Find the two medium term.s 
of the progression. 

326. Given a sequence of expressions: (a -f x)-; {a^ -f x‘); 
(a — x)®; .... Prove that they form an arithmetic progression, and 
find the sum of its first n terms. 

327. Denoting the sums of the first n,, first ^ 2 , and first terms 
of an arithmetic progression by Si, S 2 ^ and ^ 3 , respectively, .show 
that 

{n, -n 3 ) + ^(n 3 -n,)-‘r-^(nt-nt )=0 

328. Write an arithmetic progression whose first term is 1, the 
sum of the first five terms being equal to of that of the ne.xt five 
terms. 

329. Find an arithmetic progression in which the sum of any 
number of terms is always three times the squared number of these 
terms, 

330. Find the sum of all two-digit numbers which, when divided 
by 4 , yield unity os a remainder. 

GEOMETHIC PROGRESSION 

331. Insert three geometric means between the numbers 1 and 256. 

332. Find the three numbers forming a geometric progression, 
if it is known that the sum of the first and third terms is equal 
to 52, and the square of the second term is 100 . 

333. Write first several terms of a geometric progression in which 
the difference between the third and first terms is equal to 9, and 
that between the fifth and third terms equals 36. 

334. Find the four numbers forming a geometric progression in 
which the sum of the extremes is equal to 27, and the product of the 
means, to 72. 

335. Find the four numbers forming a geometric progression, 
knowing that the sum of the extremes is equal to 35, and the sum 
of the means, to 30. 


3-01338 
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Problems 


336. Determine a geometric progression in which 

«1 “f ^2 + Ms «4 + — 31 

and 

^2 “t" ^3 "i~ W 4 "H *^5 "T ng = 62 

337. A geometric progression consists of five terms; their sum less 
Iho first term is equal to 19 4-, and that less the last one equals 13. 

Compute the cxlremc.s of the progression. 

338. Find the first term and common ratio of a geometric progres¬ 
sion consisting of nine terms, .such that the product of its extremes 
is equal to 2304, and the .sum of the fourth and si.xth terms equals 120. 

339. Three numbers form a geometric progression. The sum of 
these numbers is equal to 12G, and their product, to 13,824. Find 
the.se numbers. 

340. A geometric progression consists of an even number of terms. 
The sum of all the terms is three times that of the odd terms. Deter¬ 
mine llie common ratio of the progression. 


INTl.N'lTEI.Y DECREASING GEOMETRIC PROGRESSION 

341. Provo that the numbers 


V5-rl. 1 .1. 

’ 2 - 4/2 ’ - ’ 


eunslilute an infinitely decreasing geometric 
the iiinil of the .“iim of its terin.s. 

312. Compute the ospre.^sion 


(4 13 : S)[lCt(l 3- 


3-2y:t 

V:t 


progression and find 



...] 


after proving that the bracketed addends are the terms of a docrea- 
siiig geometric progre.ssion. 

313. Find the sum of the terms of an infinitely decreasing geo¬ 
metric [irogression in which all the terms arc positive, the first 
term is 4, and tlie difference between the third and fifth terms is 

•y) 

equal to ^2 . 

341. Determine Iho .sum of an infinitely decreasing geometric 
progression, if it is known that the .sum of its first and fourth yrms 
is equal to 54, and the sum of the second and third terms, to 36. 
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345. In an infinitely decreasing geometric progression the sum 
of ail the terms occupying odd places is equal to 36, and that of all 
the terms at even places equals 12. Find the progression. 

346. The sum of the terms of an infinitely decreasing geometric 
progression is equal to 56, and the sum of the squared terms of the 
same progression is 448. Find the first term and the common ratio. 

347. The sum of the terms of an infinitely decreasing geometric 
progression is equal to 3, and the sum of the cubes of all it.s terms 

108 

equals . Write the progression. 

348. Delerinine an infinitely <lecrea.sing geometric progres.^ion, 
the second term of which is C, the .sum of the terni-s being equal to 
of that of the squares of the term-s. 

ARITHMETIC AND GEOMETRIC PROGRESSIONS 

349. The second term of an arillimetic progres.sion is 14, and the 
third one 16. It is required to .set up a geometric progression .such 
that its common ratio would be equal to the common difference of 
the arithmetic progression, .and the sum of the first three terms 
would 1)0 the same in bolli progressions, 

350. The first and third terms of an arithmetic and a geometric 
progressions are equal to each other, respectively, the first terms 
being equal to 3. VVrite ihe.se progressions, if I lie second term of the 
arithmetic progrc-ssion e.vceeds by 6 tlie .second term of the geometric 
progression. 

.351. In a geometric progre.ssion the first, third and fiftli terms 
may be considered as the first, fourth and si.xteenlh terni.s of an 
arithmetic progression. Determine the fourth term of this arithmetic 
progre-ssion, knowing that iUs first term is 5. 

352. Three numbers, whose .sum is equal to 93, constitute a geo¬ 
metric progression. They may also he considered as the first, second 
and .seventh terms of an arithmetic progro.ssion. Find these mimhers. 

353. In an arithmetic progression the first term is 1, and the sum 
of the first seven terms is equal to 2555. Find the medium term 
of a geometric progression consisting of seven terms, if the first 
and the last terms coincide with the respective terms of the indicated 
arithmetic progression. 

354. The .sum of the three numbers constituting an arithmetic 
progression is equal to 15. If 1,4 and 19 are added to them, respecti¬ 
vely, wo will then obtain three numbers forming a geometric progres¬ 
sion. Find those immhers. 


3 * 
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Problems 


355. Find the three numbers constituting a geometric progression, 
if it is known that the sum of these numbers is equal to 26, and 
that when 1, 6 and 3 are added to them, respectively, three new 
numbers are obtained which form an arithmetic progression. 

356. Three numbers form a geometric progression. If the third 
term is decreased by 64, then the three numbers thus obtained will 
constitute an arithmetic progression. It then the second term of this 
arithmetic progression is decreased by 8, a geometric progression 
will be formed again. Determine these numbers. 

357. Can three numbers constitute an arithmetic and a geometric 
progression at the same time? 


CHAPTER VI 

COMBINATORICS AND NEWTON’S BINOMIAL THEOREM 


358. The number of permutations of n letters is to the number 
of permutations of n •+■ 2 letters as 0.1 to 3. Find n. 

359. The number of combinations of n elements taken three at 
a time is five times less than the number of combinations of n -f- 2 
elements taken four at a time. Find ri. 

360. Find the medium term of the expansion of the binomial 

361. Dotormino the serial number of the term of the expansion 

of the binomial + contains o’. 

362. Find tlie .serial numbi'r of the term of the expansion of 


{y 


Y4-: 

f /a - 


the binomial . ^ 

\ ' Y b 

and the same power. 

363. Simplify the expression 


which contains a and b to one 


a—a^ / 


and deter¬ 


mine the term of the expaiLsion that contains no a. 

364, The exponent of one binomial exceeds that of the other by 3. 
Determine these exponents, if the sum of the binomial coefficients 
in the expan.sinns of both binomials taken together is equal to 1^. 

365. Find the thirteenth term of the expansion of (Si —, 
if the binomial coefficient of the third term of the expansion is 105. 
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366. In the expansion of the coefficients at the fouilli 

and thirteenth terms are equal to each other. Find the term con- 


ya! 


taining no x. 

367. Find the medium term of the expansion of ( a '^a - 

if it is known that the coefficient of the fifth term is to the 
coefficient of the third term as 14 to 3. , , , , 

368. The sum of the coefficients of the first, second and third 

terms of the expansion of 


containing no a:. 3 /— 

369. Find the term of the expansion of the binomial (a-)/ x +V 

which contains x’’, if the sum of all the binomial coefficients is 
equal to 128. 

370. Find the sixth term of a geometric progression, whose first 


term is 4 - and the common ratio is the complex number (1 +'/). 

371. Find the seventh term of a geometric progression, whose 

common ratio is and the first term, i. 

372. At what value of n do the coefficients of the second, third 
and fourth terms of the expansion of the binomial (1 + x)" form 
an arithmetic progression? 

373. The coefficients of the fifth, sixth and .seventh terms of the 

expansion of the binomial (1 + x)" constitute an arithmetic pro¬ 
gression. Find n. __ ^ 

374 . In the expression ) determine x such 

that the fourth term of the expansion of the binomial be equal to 


^ , 

375. In the expression (2^determine x such that 
the third term of the expansion of the binomial be equal to 240. 

376. Determine x in the expression + , if in the 


expansion of the binomial the ratio of the seventh term from tlie 
beginning to the seventh term from the end is equal to 

377. Find the value of x in the expression + the third 

term of the expansion of which is 1 , 000 , 000 * 
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378. Find the value of x in the expression , 

the fourth term of the expansion of which is 200. 

determine x such that 


379. In the expression 


({/^ 


the third term of the expansion of the binomial is equal to 36,000. 

380. The sixth term of the expansion of the binomial 
1 


(—4-) is 5600. Find x. 
' ,, 1-2 / 


■ y X- 

381. The ninth term of the expansion of the binomial 

L ^ K 

is 450, Find x. 

382. Determine x, if the fourth term of the expansion of the 


binomial 


ial (l0''>5 i'; jg 3 5 Qo_ 


000 , 


mial 


383. Determine at what value of x in the expansion of the bino- 
the term containing x to a power twice as 




1 

Vx 


large as that of the succoedent term will be less than the latter by 30. 

38-1. Deteriiiine at what value of x the fourth term in the 
expansion of the binomial is 20 times greater 

than the exponent of the binomial, if the binomial coefficient of the 
fourth term is five times greater than that of the second term. 

385. Find out at what values of x the difference between the 

fourth and _sixlli terms in the expansion of the binomial 
/ V2-'' 3"’ 

( ia - equal to 56, if it is known that the exponent 

' V b y ix / 

of the binomial m is less than the binomial coefficient of the third 
term in the expansion by 20. 

386. Find out at what values of x the sum of the third 

and fifth terms in the expansion of is equal to 135, 

if the sum of the binomial coefficients of the last three terms is 
equal lo 22. 

387. Determine at what x the sixth term in the expansion of 

Iho binomial + is equal to 21, if it 
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third and 
the first. 


is known that the binomial coefficients of tlie second 
fourth terms in the expansion represent, respectively, 
third and fifth terras of an arithmetic progression. 

388. Determine at what value of x the fourth term in the expansion 
of the binomial 

r, j/slos IX-D'I"’ 

[(^ 5 ) - + I 

is equal to 16.8, if it is known tlial ^ of the binomial coefficient 

of the third term and the binomial coefficients of the fourth and 
fifth terms in the expansion constitute a geometric progression. 

389 Determine at what x the difference between the nine-fold 
third term and the fifth term in the expansion of the binomial 




is emial to 240 if it is known that the difference between the loga¬ 
rithm of thfthrce-fold binomial coefficient of the fourth term and 
the kgarilhm of the binomial coefficient of the second term in the 
expansion is equal to 1. 


CHAPTER Vll 

algebraic and arithmetic problems * 


390. Find the weight of an artillery round, knowing that the charge 
weigh-s 0.8 kg, the weight of the projectile is equal to y of the total 

weight of the round, and the weight of the shell is-i- of the weight 


°^39T "^At^a certain factory women make 35% of all the workers, 
the rest of the workers being men. The number of men exceeds that 
of women by 252 persons. Determine the total amount of workers. 


• We do not divide the problems into algebraic and arithmetic ones since 
arithmetiSilly solvable problems can always bo solved algebraically, and vice 
vwsa tto problems which arc solved with the aid of equations may often have 
a siinnlcr arithmetic solution. Under “Answers and Solutions we sometimes give 
arilhiLtic, and soraelime.s, algebraic solutions, but this should not at all lay 
any restraint on the student’s initiative as to the choice of the method of solution. 
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392. A batch of goods was sold for 1386 roubles at a 10% profit. 
Determine the prime cost of the goods. 

393. A factory sold 3348 roubles worth of goods at a loss of 4%. 
What was the prime cost of the goods? 

394. If 34.2 kg of copper is extracted from 225 kg of ore, what 
percentage of copper does the ore contain? 

395. Prior to a price reduction, a package of cigarettes cost 
29 kopecks. After the reduction, it cost 26 kopecks. What was the 
price reduction in percent? 

396. One kilogram of a commodity co.st 6 roubles and 40 kopecks. 
The price was then cut to 5 roubles and 70 kop. What was the price 
reduction in percent? 

397. The raisins obtained in drying some grapes amount to 32% 
of the total weight of the grapes. What quantity of grapes must we 
take to obtain 2 kg of raisins? 

398. A group of tourists have to collect money for an excursion. 
If each pays in 75 kopecks, there will be a deficit of 4.4 roubles; 
if each pays in 80 kopecks, there will be an excess of 4.4 roubles. 
How many persons take part in the excursion? 

399. A number of persons were to pay equal amounts to a total 
of 72 roubles. If there were 3 persons less, then each would 
have to contribute 4 roubles more. How many people were 
there? 

400. Sixty copies of the first volume of a book and 75 copies of the 
second volume cost a total of 405 roubles. However, a 15% discount 
on the first volume and a 10% discount on the second volume reduce 
the overall price to 355 roubles and 50 kopecks. Determine the price 
of each volume. 

401. An antique shop bought two items for 225 roubles and then 
sold them and made a profit of 40%. What did the shop pay for 
each item, if the first of them yielded a profit of 25?'6 and the second, 
a profit of 50%? 

402. Sea water contains 5% (by weight) of salt. How many kilo¬ 
grams of fresh water should be added to 40 kg of sea water for the 
latter to contain 2% of salt? 

403. Tlie hypotenuse of a right-angled triangle measures d\/~S 
metres. Determine the legs, if it is known that when one of them 

1 2 

i.s increased by 133 % and the other, by 16y%, the sum of their 
lGns:ths is equal to 14 metros. 

404. Two sacks contain 140 kg of flour. Each will contain one and 
the same amount, if we take 12.5% of the flour of the first sack 
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and put it into the second. How many kilogram.s of flour does each 
sack contain? 

405. Two factories, A and B, undertook to fulfil an order in 12 days. 
After two days factory A was closed down for repairs, while factory B 
continued fulfilment of the order. Knowing that B has an efficiency 
of 66.|- % of that of A, determine in how many days the order will 
be completed. 

406. In a mathematics test, 12% of the .students of a cla.s.s did 
not solve the problems at ail, 32% solved iliem with certain nii.sta- 
kes, and the remaining 14 students obtained correct solutions. How 
many students are there in the class? 

407. A piece of a rail making 72% of the rail length is cut off. 
The remaining part weighs 45.2 kg. Determine the weight of the 
cut-off piece. 

408. A piece of a silver-copper alloy weighs 2 kg. The weight 
of silver comes to 14y% of that of copper. How mucli silver is there 
in this piece? 

409. Three workers received a total of 4080 roubles lor a job, Ihe 
sums received by the first and the second workers stand in a ratio 

of 7 y to 1 y. The money received by the third worker is 43 y % of 

that of the first. What wa.s each worker paid? 

410. Three bo.xes contain 04.2 kg of sugar. The second box con¬ 
tains y of the contents of the first, and the third contains 42 y % of 

what there is in the second box. How much sugar is there in each box? 

411. There is .scrap of two grades of .steel containing 5% and 40?o 
of nickel. How much of each grade is required to obtain 140 tons 
of steel containing 30% of nickel? 

412. A piece of a copper-tin alloy weighing 12 kg contains 45% 
of copper. How much pure tin must be added to this piece to obtain 
a new alloy with 40% of copper? 

413. How mucli pure alcohol must be added to 735 grams of a 16% 
alcohol solution of iodine to obtain a 10% solution? 

414. A piece of a copper-zinc alloy weighing 24 kg was immer.sed 
in water and lost 2y kg in weight. Determine the amount of copper 

and zinc in the alloy, if it is known that in water, copper loses 11 y% 
and zinc, 14y % of its weight. 
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415. Rails are to be laid in a 20 km long section of a single-track 
railroad line. Rails are available in lengths of 25 and 12.5 metres. 
If all 25-metre lengths are used, then 50% of the 12.5-metre lengths 

2 

will have to be added. If all 12.5-metrc lengths are laid, then 66-j % 
of the 25-metre lengths will have to be added. Determine the number 
of rail lengths of each kind available. 

416. After the graduation exercises at a school the students exchan¬ 
ged photographs. How many students were there, if a total of 870 pho¬ 
tographs were exchanged? 

417. The geometric mean of two numbers is greater by 12 than 
the smaller number and the arithmetic mean of the same numbers 
is smaller by 24 than the larger number. Find the two numbers. 

418. Find three numbers, the second of which is greater than the 
first by the amount the third number is greater than the second, if 
wo know that the product of the two smaller numbers is equal to 
85 and the product of the two larger numbers equals 115. 

419. The number a is the arithmetic mean of three numbers, and b 
is the arithmetic mean of their squares. Express the arithmetic mean 
of their pairwise jjroducts in terms of a and b. 

420. A rectangular sheet of tin with a perimeter of 96 cm is used 
to make an open-top box so that a 4-cm square is cut out of each 
corner of the sheet and the edges are soldered together. What is the 
.size of the sheet insed, if the box has a volume of 768 cm®? 

421. Find a two-digit number, if the quotient obtained by dividing 

■> 

this number by the product of its digits is equal to 2-~ and, besides, 
the difference between the desired number and the number obtained 
by reversing the order of the same digits is 18. 

122. Find a two-digit number, if we know that the number of 
\nuls therein exceeds by two the number of tens and that the product 
of the desired number by the sum of its digits is equal to 144. 

423. Determine a certain positive integer on the basis of the fol¬ 
lowing data; if we adjoin the figure 5 on the right of it, the resulting 
number is exactly divisible by a number exceeding the desired one 
by .3, l!m quotient being equal to the divisor minus 16. 

124. Find two two-digit numbers having the following property: 
if we adjoin 0 followed by the smaller number on the right of the 
larger one, and adjoin the larger number followed by 0 on the 
right of the smaller one, then of the two five-digit numbers thus 
obtained the first number divided by the second yields a quotient 
of 2 and a remainder of 590. It is also known, that the sum of the 
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two-fold larger desired number and the tliree-fold smaller desired 
number is equal to 72. 

425. A student was asked to multiply 78 by a two-digit number 
in which the tens digit was three times as large as the units digit; 
by mistake, he interchanged the digits in the second factor and 
thus obtained a product smaller than the true product by 2808. 
What was the true product? 

426. Two railway stations are at a distance of 96 km from each 
other. One train covers this distance 40 minutes faster tluni does 
the other. The speed of the first train is 12 km/h higher than that 
of the second. Determine the speed of both trains. 

427. Two persons simultaneously leave cities A and B and travel 
towards each other. Tlie first person travels 2 kmdi faster than 
does the second and arrives in B one hour before the second arrives 
in A. A and B are 24 krn apart. How many kilometres does each 
person make in one hour? 

428. The distance between A and B by railway is 66 km and by 

water, 80.5 km. A train leaves A four hours after the departure of 
a boat and arrives in B lo minutes before the boat. Deteimiiie the 
mean speeds of the train and the boat, if the former runs 30 km/h 
faster than does the latter. , , , 

429. A tailor shop has an order for 810 .suits, another .shop has to 
make 900 suits in tlie .same period of time. The first shop has com¬ 
pleted its la.sk 3 dav-s before the target date, and the .second, 0 days 
ahead of time How many suits does each shop jiroduce per day, if 
the second shop makes 4 suits per day more than the first? 

430. Two sliips meet, one going off to the south and the other, 
to the'west Two liours after their encounter, tliey are 60 km apart. 
Find the speed of each ship, if it is known lliat the speed of one 
of them is 0 kin/h higlter than that of the other. 

431. A dog at jioiiit A goes in pursuit of a fox 30 metres away. The 
dog makes 2 in and the fox, 1 m long leaps. If the dog makes two 
leaps to the fox’s three, at what distance from A will the dog catch 
lip with the fox? 

432. Assuming that the hands of a clock move without jerks, how 
long will it take for the minute hand to catch up with the hour hand 
if it was 4 o’clock at the starting time. 

433. A train left station A for C via B. The speed of tlie train in 
the section from A to B was as required, but it fell off by 25% in the 
section between B and C. On the return trip, the required speed was 
maintained between C and B, but decreased 25% between B and A. 
How long did it take for the train to cover the distance from A to C, 
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if we know that the same time was spent on the A-B section as on the 
B-C section and that on the A-io-C section the train spent ^ of an 

hour less than on the return trip (from C to ,4)? 

434. A cyclist has to make a trip of 30 km. He leaves 3 minutes 
late, but travels 1 km/h taster and arrives in time. Determine the 
speed of the cyclist. 

435. A fast train was held up by a red-light signal tor 16 minutes 
and made up for the lost time on a 80-km stretch travelling 10 km/h 
faster than called for by schedule. What is the scheduled speed of the 
train? 

436. A train has to cover 840 km in a specified time. At the half¬ 
distance point it was held up for half an hour and so, in the remaining 
section of the route, it increased its speed by 2 km/h. How much 
time did the train spend en route? 

437. Two trains start out towards each other from points 650 km 
apart. It they start out at the same time, they will meet in 10 hours, 
but if one of them starts out 4 hours and 20 minutes before the other, 
they will pass each other 8 hours following the departure of the 
latter. Determine the mean speed of each train. 

438. Two trains start out at the same time from stations A and B 
600 km apart and run towards each other. The first train arrives 
at B three hours before the second arrives at A. The first train travels 
250 km in the time required for the second to cover 200 km. Find 
the speed of each train. 

439. A commuter walking to his train had covered 3.5 km in one 
hour and then figured out that at such a rate ho would be one hour 
late. Therefore, over the remainder of the distance he made 5 km/h 
and arrived .30 minutes before the train's leaving time. Determine 
the di.stance the commuter had to walk. 

440. The distance between A and B is 19 km by highway. A cyclist 
starts out from A at a constant speed in the direction of B. A motor 
car leaves A 15 minutes later in the same direction. In 10 minutes 
it catclics up with the cyclist and continues on to B, then turns 
around and in 50 minutes after leaving A encounters the cyclist 
a second time. Determine the speeds of the car and cyclist. 

441. A mail train leaves station A at 5 a.m. for station B, 1080 km 
away. .-Vt 8 a.m. a fast train leaves B for A and runs 15 km/h faster 
than the mail train. When do the trains pass each other if this occurs 
midway between A and B7 

442. A is 78 km distant from B. A cyclist leaves A in the direc¬ 
tion of B. One hour later, another cyclist leaves B in the direction 
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of A and cycles 4 km/h faster than the first one. They meet .36 km 
from B. How long is each one en route prior to the encounter and 
what are their speeds? 

443. Two hikers start out at the same time and, walking towards 
each other, meet in 3 hours and 20 minutes. How long will it take 
for each hiker to cover the whole distance, if the first of thorn arrives 
at the starting point of the second 5 hours after the second arrives 
at the starting point of the first? 

444. Two hikers start out towards each other, one from A and the 
other, from B. The first hiker starts from A six hours after the second 
leaves B and when they meet it turns out, that he ha.s covered 
12 km less than the second hiker. After the encounter the hikers 
continue walking at the same rate as before and the first of them 
arrives at B eight hours later, the second arriving at A in 9 hours. 
Determine the distance between A and B and the speed of the two 
jjikers. 

445. A dirigible and on airplane are flying towards each other, 
having left their terminals at the same time. When they meet, the 
dirigible has made 100 km le.ss than the airplane, and it arrives at the 
departure point of the airplane three hours after they pass each 
other. The airplane arrives at the airport of the dirigible 1 hour 
and 20 minutes after they pass e.ach other. Find the speeds of the 
airplane and the dirigible and the distance between the airports. 

446. Two hikers leave A and B at the same time in the direction 
towards each other. When they meet, it turns out that the first 
hiker has covered a km more than the second. If they continue on 
their ways at the same rate as before, the first biker will arrive 
at S in m hours and the second will arrive at A in n hours after they 
meet. Find the speed of each hiker. 

447. Two bodies are moving along the circumference of a circle. 
The first body makes the whole circle 5 seconds faster than the 
second. If they both move in one direction, they will come together 
every 100 seconds. What portion of the circumference (in degrees) 
does each body make in one second? 

448. Two bodies moving along the circumference of a circle in the 
same direction come together every 56 minutes. If they were moving 
with the same speeds a.s before, but in opposite directions, they 
would meet every 8 minutes. Also, when moving in opposite direc¬ 
tions, the distance (along the circumference) between the approaching 
bodies decreases from 40 metres to 26 metres in 24 seconds. What 
is the speed of each body in metres per minute and how long is the 
circumference? 
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449. Two points are uniformly moving in the same direction 
along the circumference of a circle of length c and come together 
every t seconds. Find the speed of each point, knowing that one of 
them makes the whole circle n seconds faster than the other. 

450. The distance between two towns along a river is 80 km. 
A ship makes a round trip between the towns in 8 hours and 20 minu¬ 
tes. Find the speed of the ship in still water, if the rate of the current 
of water is taken to be 4 km/h. 

451. A motor boat goes 28 km downstream and then returns imme¬ 
diately. The round trip takes 7 hours. Find the speed of the boat in 
still water, if the rote of the current of water is 3 km/h. 

452. A person boats from town A to town B and back in 10 hours. 
The towns are 20 km apart. Find the rate of the current of water, 
if we know that he boats 2 km upstream during the same time as he 
does 3 km downstream. 

453. A ship covers the distance between A and B in two days. The 
return trip takes 3 days. Determine the time a raft will take to float 
down the river from A to B. 

454. Two bodies, jV/i and .1/., are uniformly moving towards each 
other from A and B 00 metres apart. Mi starts out from A 15 seconds 
before d/j starts out from B. At their respective terminals the two 
bodies turn around and immediately go back at the same speeds as 
before. Their first encounter takes place in 21 seconds and the second, 
in 45 .seconds after the start of Mi- Find the speed of each body. 

4.55. A road leading from city A to city B first runs uphill for 
3 km, then it is level tor 5 km and then runs downhill for 6 km. 
.A messenger .sets out from A in the direction of B and having covered 
half the di.stancc, finds out that he must return to pick up some 
packages he has forgotten. In 3 hours and 36 minutes after leaving 
ho returns to A. Leaving A a second time, he re.aches iJ in 3 hours 
and 27 minutes and makes the return trip to A in 3 hours and 51 minu- 
tp.s. What is tlie .speed of the messenger when going uphill, over 
the level ground and downhill, assuming that within the bounds 
of each road section the speed remains constant? 

456. A typi.st figures out that if she types 2 pages above her work 
(piota daily, she will complete her work 3 days ahead of schedule, 
and if she makes 4 pages extra per day, she will finish 5 days ahead 
of time. How many pages docs she have to type and in what time? 

457. A worker made a certain number of identical parts in a spe¬ 
cified lime. If he had produced 10 parts more every day, he would 

have completed the job 4 y days ahead of schedule, and if he had 
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produced 5 parts less every day, he would have been 3 days beliind 
time. How many parts did he make and in what time? 

458. A lypi.st had to do a job in a .specified lime by typing a cer¬ 
tain number of pages every day. She calculated that if she had typed 
2 pages more than required per day, .'he would have completed 
the task 2 days ahead of time, but if she had turned out GO'Jo of her 
work quota, then she would have finished the job 4 day.s ahead of time 
and made 8 pages more than required. What was the daily work 
quota and in what time had the job to be completed? 

459. Two workers together complete a certain task in 8 hour.'. 
Working individually, the first worker can do the job 12 hours 
faster than can do the second. How many hour-s would it take each 
worker to do the job individually? 

460. A swimming pool is filled by two pipes in 6 hours. One pipe 
alone fills it 5 hours faster than does the other pipe alone. How long 
will it take for each pipe operating individually to fill the pool? 

461. Two workers are given a task to make a batch of identical 

parts. After the first had worked for 7 and the second, for 4 hours, 
they found out that ‘4 of the task had been completed. Having 
worked together lor another 4 hours, they Hgured out that Vu of the 
job had yet to be rlone. How long would it t.'ike each worker to do 
the whole job individually? , , , . • 

462. Four identical hoisting cranes were being used to load a ship. 
After they had worked tor 2 hours, another two cranes of a lower 
capacity were put into operation, with the result that the loading 
operation was completed in three hours. If all the cranes had begun 
working at the same lime, the loading would have been completed 
in 4.5 hours. Determine the time (in hours) required for one high- 
power and one low'-power crane to do the job. 

463. A task was set to deliver a building material from a railway 
station to a construction site in 8 hours. The material had to be 
delivered with 30 three-ton trucks. These trucks worked for two 
hours and then 9 five-ton trucks were added to help out. The task 
was completed in time. If the five-ton trucks had begun the opera¬ 
tion, and the three-ton trucks had been brought two hours later, 
then only “/jj of the material would have been delivered in the allot¬ 
ted time. Determine how many hours it W'ould take ono three-ton 
truck alone, one five-ton truck alone, and 30 five-ton trucks to deli¬ 
ver all the material. 

464. Two typists undertake to do a job. The .second typist begins 
working one hour after the first. Three hours after the first typist 
has begun working there is still “/jo of Iho work to be done. When 
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the assignment is completed, it turns out that each typist has done 
half the work. How many hours would it take each one to do the 
whole job individually? 

465. Two trains start out from stations A and B towards each 

other, the second train leaving half an hour later than does the first. 
Two hours after the first train had started, the distance between the 
trains came to fhe entire distance between A and B. The 

trains met midway between A and B. How much time would it 
take each train to cover the distance between A and B? 

466. A rectangular bath 20 cm x 90 cm X 25 cm (a rectangular 
parallelepiped) is used to wash photographic negatives. Water flows 
in through one pipe and, at the same time, out through another 
pipe to ensure its constant agitation in the bath. It requires 5 minu¬ 
tes less time to empty the bath through the second pipe than it does 
tojfill it through the first pipe, the second being closed. If both pipes 
are open, a full bath will be emptied in one hour. Find the amount 
of water each pipe lets pass through in one minute. 

467. A construction job required the digging out of 8000 m® of 
earth in a specified time. The operation was completed 8 days ahead 
of time because the team of navvies overfulfilled their plan by 50 
cubic metres daily. Determine the original time limit for the 
assignment and daily overfulfillmenl of the plan in percent. 

468. A railway was being repaired by two teams of workers. 
Each repaired 10 km of the track despite the fact that the second 
team worked one day less than did the first. How many kilometres 
of the track did each team repair per day if both teams together 
repaired 4.5 km daily? 

469. Iwo workers together did a job in 12 hours. If at the begin¬ 
ning the first worker had done half the assignment, and then the 
.second had completed the other half, the whole job would have been 
done in 25 hours. How long would it take each worker to do the 
whole job individually? 

470. Iwo tractors of different performance characteristics, working 
together, ploughed a fielding days. If at first one tractor had ploughed 
iialf the field, and then the other one had completed the other 
liaif, the ploughing operation would have been completed in k days. 
How many days would it lake each tractor to plough the field indi¬ 
vidually? 

471. Three different dredgers were at work, deepening the entrance 
channel to a port. The first dredger, working alone, would have taken 
10 days longer to do the job; the second, working alone, would have 
required an extra 20 days, and the third dredger, working alone. 
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would have required six times more time tian needed for all the three 
machines operating simultaneously. How long would it have taken 
each dredger to do the job individually? 

472. Two workers, the second one beginning working 1 4- (iays 

after the first, can complete an assignment in 7 days. If each cpf 
them had done the job individually, the first worker would have 
required 3 days more than would have the second. How many days 
would it take each worker to do the job individually? 

473. Two different tractors, working together, ploughed a field 
in 8 days. If at first one tractor liad ploughed half the field anil then 
both tractors together had ploughed the other half, the whole Job 
would have been done in 10 days. How many days would it lake 
each tractor to jilough the field individually? 

474. A number of men undertook to dig a ditch and could have 
finished the job in 6 hours, if they had begun working simultaneou.«ly, 
but they began one after another, the intervals between their star¬ 
ting times being equal. After the last worker had begun working, 
a time interval of the same length elapsed and the job was finished, 
each one of the participants working till the completion of tlie jidi. 
How long did tliey work, if the first worker to begin worked 5 limes 
as long as the last one to begin? 

475. Three workers together can complete a task in t hours. Tlie 
first of them, working alone, can do tlie job twice as fast as the third 
and one hour faster than the .second. How long would it take each 
worker to do the job individually? 

476. A tank is filled with water from two taps. At the beginning 
the first tap was o|)en for one third of tlie time whicli would have 
been needed to fill the tank, if the second tap alone liad been open. 
Then the second lap was open for one third of tlie time required to 
fill the lank, if tlie first lap alone were open. Tin's done, the tank 
was full. Coiiipiite the time required to fill tlie tank by eacli 
tap separately, if bolli taps together fill it in 3 hours and .36 minutes. 

477 . In till' coii.slruction of an electric power station, a team of 
bricklayers was a.ssigned the task of laying 120,000 bricks in a spe¬ 
cified time. Tlie leain completed the task 4 days ahead of lime. 
Determine the daily quota of bricklaying and the actual iiiiniber of 
bricks laid, if it is known that in thi-ee days the team laid .'iOOO bricks 
more lliaii required by the work quota for 4 days. 

478. 'I'liree ves.sels contain water. If V 3 of the water of the first 
ves.sel is poured into tlie second, and then V.. of tlie water now in the 
second ve.s.sel is poured into the third, and. finally, V,(i of the water 

4-0133,1 



50 


Problems 


now in the third vessel is poured into the first, then each vessel 
will contain 9 litres. How much water was there originally in each 
vessel? 

479. A tank is filled with pure alcohol. Some of the alcohol is 
poured out and replaced by an equal amount of water; the same 
amount of the alcohol-water mixture thus obtained is then poured 
out, leaving 49 litres of pure alcohol in the tank. The tank has a capa¬ 
city of 64 litres. How much alcohol was poured out for the first 
time and how much for the second time? (It is assumed that the 
volume of the mixture is equal to the sum of the volumes of the 
alcohol and water; actually it is somewhat lesser.) 

480. A 20-litre vessel is filled with alcohol. Some of the alcohol 
is poured out into another vessel of an equal capacity, which is 
then made full by adding water. The mixture thus obtained is then 
poured into the first vessel to capacity. Then B'-Zj litres is poured 
from I lie first vessel into the second. Both vessels now contain equal 
amounts of alcohol. How much alcohol was originally poured from 
the first vessel into the second? 

481. An 8-Iitre vessel is filled with air containing 16% of oxygen. 
Some of the air is let out and replaced by an equal amount of nitro¬ 
gen: then the same amount of the gas mixture as before is let out 
and again replaced by an equal amount of nitrogen. There is now 9% 
of oxygen in the mixture. Determine the amount of the gas mixture 
releasied from the ves.sel each time. 

482. Two collective farmers together brought 100 eggs to market. 
Having sold their eggs at different prices, both farmers made equal 
siini.s of money. If the i'ir.st farmer had sold as many egg.s as the .second, 
she would have received 72 roubles; if the second fanner had sold as 
many egg.s as the fir.st. she would have received 32 roubles. How 
many eggs did each one of them have originally? 

483. Two collective farmers with a total of a litres of milk, though 
,'olling the milk at different prices, made equal sums of money. If 
the fir.st farmer had sold as much milk as the second, she would 
have received m roubles, and if the second farmer had sold as much 
milk ii.s the first, she would have received n roubles (m > n). How 
many litres of milk did each one of them have originally? 

484. Two internal combustion engines of the same power output 
were subjected to an efficiency lest and it was found that one of 
them consumed 600 grams of petrol, while the other, which was in 
operation 2 hours less, consumed 384 grams. If the first engine had 
cousiimed as much petrol per hour as the second, and the second, 
as iinich as the fii'-st, then both engines would have consumed equal 
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amounts of petrol during the same period of operation as before. 
How much petrol does each engine consume per hour? 

485. There are two grades of gold-silver alloy. In one of them the 
metals are in a ratio of 2 ; 3 and in the other, in a ratio of 3 : 7. 
How much of each alloy need we take to get 8 kg of a new alloy in 
which the gold-to-silver ratio will be 5 to 11? 

486. One barrel contains a mixture of alcohol and water in a ratio 
of 2 to 3, another barrel, in a ratio of 3 to 7. How many pails need we 
take from each barrel to obtain 12 pails of a mi.xtuio in which the 
alcohol-to-water ratio is 3 to 5? 

487. A certain alloy consi.sts of two metals in a ratio of 1 to 2, 
another alloy contains the same metal.“ in a ratio of 2 to 3. How many 
parts of both alloys are needed to produce a third alloy containing 
the metals in a ratio of 17 to 27? 

488. Two wheels are set in rotation by an endless belt; the smaller 
wheel makes 400 revolutions per minute more than does the larger 
wheel. The larger wheel m.-ikes 5 revolutions in a time interval that 
is 1 second longer than that required for the smaller wheel to make 
5 revolutions. How matiy rev(dutions per minute doe.s each wheel 
make? 

489. Over a distance of 18 metres I ho front wheel of a vehicle 
makes 10 revoiution.s more than doe.s the rear wheel. If the circum¬ 
ference of the front wheel were increa.sod by (; decimetres, and the 
circumference of the rear wheel, reduced by 6 decimetres, then over 
the same distance the front wheel would complete 4 revolutions 
more than would the rear one. Find I ho circumferences of both wheels. 

490. A barge with 000 tons of goods was unloaded in three day.s, 
^3 of the goods being unloaded during the first and third day.s. The 
amount of goods unloaded during the .second day was less than that 
unloaded on the first day. and the amount unloaded on the third 
day was less than that unloaded on the second day. The difference 
between the percent reduction of the amount of goods unloaded 
on the third day with respect to that unloaded on the second day 
and the percent reduction of the amount unloaded on the .second 
day with respect to that unloaded on the first day is equal to 5. 
Determine how much wui.s unloaded each day. 

491. Two solutions, the first containing 800 grams and the second, 
600 grams of anhydrous .sul]diuric acid, are mixed to produce 10 kg 
of a new solution of .sulphuric acid. Delerrnino the weights of the 


first and second solutions in the mixture, if it is known that the 
content of anhydrous .sulphuric amd in the first solution is 10 percent 
greater than that in the second^g^ttion. 

/ o r T) ' ,, 
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492i There were two different copper alloys, the first contaimng 
40 per cent less copper than the second. When thwe were melted 
together, the resulting alloy contained 36 per cent of copper. Deter¬ 
mine the percentage of copper in the first and second alloys, u it is 
known that there were 6 kg of copper in the first alloy and 14 kg 
in the second. 

493. Two trains-a freight train 490 metres long and a passenger 
train 210 metres long—were travelling along parallel traola towards 
each other. The driver of the passenger train noticed the freight 
train when it was 700 metres away; 28 seconds later they passed 
each other. Determine the speed of each train, if we know that the 
freight train takes 35 seconds longer to pass the signal lights than 

does the passenger train. i 

494 A freight train consists of four- and eight-wheel tank-cars 
with oil. The train weighs 940 tons. It is reqpiired to determine the 
number of the eight- and four-wheel tank-cars and also their w'eight, 
if it is given that the number of the four-wheel cars is 5 more than 
that of the eight-wtieel cars; the eight-wheel car weighs three times 
as much as the four-wheel car and the net weight of oil (that is, 
minus the weight of the cars) in all the eight-wheel cars JS 100 tons 
more than the weight of all the loaded four-wheel cars. The eight- 
wheel tank-car carries 40 tons of oil and the weight of the oil in the 
four-wheel tank-car is 0.3 of that in the eight-wheel car. 

493. The tunnel boring machines, working at the two ends of 
a tunnel have to complete the driving in 60 days. If the first machine 

does 30% of tlie work assigned to it, and the second, 26 - 5 - %, then 
both will drive 60 metres of the tunnel. If the first machine had done 
■!, of the work assigned to the second one, and the second, 0.3 of 
(he work a'^signed to the first one. then the first machine would 
Imve needed 6 days more than would have the second. Determine 
how many metres of the tunnel are driven by each machine per da 5 % 

496. Two railway crews working together completed a repair job 
on a track section in 6 days. To do 40% of the work the first crew 
alone would require two day.-? more than the second crew alone would 
require iocumplote 13^ % of the whole job. Determine how many 
days it would take each crew to repair the whole track section iiidi- 

vidunllv. V j A 

497. Six huiuirod and ninety tons of goods were to be delivered 

from a wliarf to a railway station by five 3-ton trucks and ten 1 -^ton 
trucks. In a few iionrs, the trucks transported -V-o of the goods. 
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To complete the delivery in time, the remainrng goods had to be 
transported in a time interval 2 hours less than that a ready spent. 
The transportation was completed in time becau.se the linck drneis 
had begun making one trip per hour more than before. Determine 
how many hours it took to transport all the goods, and also the 
number of trips per hour that were made originally, if it is known 

that the 1 i-ton trucks made one trip per hour more than did the 

tiiree-toii trucks. 

Note. It is assumed that all the trucks were fully loaded on each trip. 

498 4 sports ground has the shape of a rectangle with sides of a 
and b metres. It is bordered by a running-track who.se outer nm is 
also a rectangle whoso sides are parallel to and equally spaced from 
the sides of the ground. The area of the track is equal to that oi the 
ground. Find the width of the track. 

499. An auditorium has a chairs arranged in row.s, Ihe number ol 
chairs in each row being the .same. If b chairs are added to each row 
and the number of rows Is reduced by c, then the total number ot 
places in the hall will increase by one-tenth of their original number. 
How many chairs are there in each row.' 

500 Two bodies spaced at d metres are moving towards each other 
and meet in a seconds. If they move at the same sp«Kis as before, 
but in one direction, tliey will meet in b seconds. Determine ttie 

speed of each body. ... i 

501 A motorcyclist an<! a cyclist simultaneously star! out towards 
each other from points A and B d kilometres apart in two hours 
they pass each other and continue on tlieir ways. The inutorcycli.st 
arrives at B t hours before I he cyclist arrives at A. Find llic speed of 
the two vehicles. 

502 A hiker starts out from point /I in tlie direction ol /); a lioiiis 

later a cyclist starts out from B to meet the hiker and meets turn b 
hours after the start. How long will it take the cyclist and the hiker 
to cover the whole distance between A and [B, if Ihe cyclis! re¬ 
quires c hours less than does the hiker? . „ i 

503 Train A, who.se speed is v km/h, departs after train B, whose 
speed is u, km/h. The difference between the departure tinie.s (the 
lag of train A) is calculated .so that both trains simultaneou.sly 
arrive at the destination. Train B covers of the dislanco and then 
has to reduce its .speed to half. As a result the trains meet a km 
from the destination. Determine the distance to llic terminal 
Station. 
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504. A man puts money in a savings bank and one year later 
earns an interest of 15 roubles. Having added another 85 roubles, 
he deposits the money for another year. After the expiry of this 
period the sum-total of the principal and its interest is 420 roubles. 
What sum of money was originally deposited and what interest 
does the savings bank pay? 

505. The output of machine-tool A is m% of the sum of the outputs 
of machines B and C, and the output of B is n% of the sum of the 
outputs of .4 and C. What is the percentage of the output of C with 
respect to the overall output of A and Bl 

506. An increase in the output of a factory as compared to that 
in the preceding year is p% for the first year and q% for the second 
year. What should the percent increase of the output be for the 
third year for the average annual increase of the output for three 
years to be equal to r%? 

507. a% of some quantity of goods is .sold at a profit of p% and b% 
of the rest of the goods is sold at a profit of q%. What profit is made 
on selling the remaining goods, if the total profit is r%? 

508. Equal (by weight) pieces are cut off two chunks of alloys of 
different copper content, the chunks weighing m kg and n kg. Each 
of the cut-off |)iece.s is melted together with the remainder of the 
other chunk and the copjier contents of both alloys then become 
equal. Find the weight of each of the cut-off pieces. 

509. .‘V certain sum of money was arranged in n piles. An nth 
part of the money in the first pile was taken from it and put into 
the .second jjile. Then an nth iiarl of the money in the enlarged second 
pile was taken from it and put into the third pile. The same opera¬ 
tion was coiiliiiued from the third to the fourth pile, and so on. 
Finally, an nth part of the money in the «th pile was taken from it 
and put into the first pile. After this, final operation each pile 
had A rouhle.s. How much money was there in each pile prior to the 
.shifting ojH'ration (you may confine yourself to n = 5)? 
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CHAPTER VIII 

PLANE GEOMETRY 

510. The perimeter of a right triangle is equal to 132, and the 
sum of the squares of its sides, to 6050. Find the sides. 

511 Given in a parallelogram are; the acute angle a and the 
distances m and p between the point of intersection of the diagonals 
and the unequal sides. Determine the diagonals and the area of the 

''^M'if'The ha.se of an isosceles triangle is equal to 30 cm, and the 
altitude, to 20 cm. Dotermiiio the jiUilude dropped to one of the 

*'*513 The ba.se of a triangle is equal to 00 cm, altitude, to 12 cm 
and the median drawn to the base, ,..13 cm. Determine he sides^ 
On the sides of an isosceles right triangle with tlie ie„ o 
three sauares are constructed outwards. The centres of these squares 
arrioin^fthrough straight linos. Find the area of the triangle thu.s 

obtained. ^ square are divided in the ratio m. to n. a large 

and a'small segm....ts being a.ljaceii, to each vertex The successive 
points of division are joine.l by straight lines. Find the area o th,. 
quadrilaleral obtained, if the side of the given square is equal to «. 

516. Inscribed in a square is aimther square, xvhose vertices he 
on the sides of the former square an. the sides form ,30-degree angles 
with those of the former square. What portion of the area of the 
given snuare is the area of the inscribed .square equal to? 

517 ' luscribed in a square with si.le a is another square, who.se 
vertices li.' on the sides of the former. Determine the segments into 
which the sides of the first square are divided by the vertices ol the 


25 

second square, if the area of the latter is equal to 
former. 


of that of the 
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518. Inscribed in a rectangle with sides 3 m and 4 m long is another 
rectangle, whose sides are in the ratio 1 ; 3. Find the sides of this 
rectangle. 

519. Inscribed in an equilateral triangle ABC with side a is another 
equilateral triangle LAIN, whose vertices lie on the sides of the 
first triangle and divide each of them in the ratio 1 : 2. Find the 
area of the triangle LMN. 

520. Find the sides of a right-angled triangle, given its perime¬ 
ter 2p and altitude h. 

521. Two equal segments CM and CN are marked on the sides CA 
and CB of an isosceles triangle ABC. Determine the length of the 
segments, knowing the perimeter 2P of the triangle ABC, its base 
AB = 2a and the perimeter 2p of the rectangle AMNB cut off 
by the straight line AIN. 

522. Given a right-angled trapezoid with bases a, b and shorter 
side c. Determine the distance between the point of intersection 
of the diagonals of the trapezoid and the base a, and between the 
point of intersection and the shorter side. 

523. Find the area of an isosceles triangle, if its base is 12 cm, 
and the altitude is equal to the line-segment joining the mid-points 
of the base and of one of the sides. 

524. The perimeter of a rhombus is equal to 2p cm, and the sum 
of its diagonals, to m cm. Find the area of the rhombus. 

525. The longer base of a trapezoid is equal to a, and the shorter, 
to b; the angles at the longer base are 30° and 45°. Find the area 
of the trapezoid. 

526. Compute the area of a trapezoid, whose parallel sides are 
equal to 16 cm and 44 cm, and nonparallel ones, to 17 cm and 25 cm. 

527. Find the area of a square inscribed in a regular triangle with 
side a. 

528. The base of a triangle is divided by the altitude into two parts 
equal to 36 cm and 14 cm. .\ straight line drawn perpendicular 
to the base divides the area of the given triangle into tw'o equal 
parts. Into what parts is the base of the triangle divided by this 
line? 

529. The altitude of a triangle is equal to 4; it divides the base 
into two parts in the ratio 1 : 8. Find the length of the line-segment 
which is parallel to the altitude and divides the triangle into equal 
parts. 

330. .\ triangle ylBC is divided into three equal figures by straight 
lines which are parallel to the side .4C. Compute the parts into 
which the side AB, equal to a, is divided by the parallel lines. 
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531. A straight line parallel to the base of a triangle, whose area 
is equal to S, cuts off it a triangle with an area equal to q. Determine 
the area of a quadrilateral, whose three vertices coincide with those 
of the smaller triangle and the fourth one lies on the base of the 

^*^2. Paraflel sides of a traperoid are equal to a and b. Find the 
length of the line-segment which is parallel to them and divides 
the area of the trapezoid into two equal parts. 

333. Perpendiculars are drawn from the vertex of the obtuse 
angle of a rhombus to its sides. The length of each perpendicular 
is equal to a, the distance between their feet being equal to b. Deter¬ 
mine the area of the rhombus. i 

534. Find the area of a triangle, if two of its sides are equal to 2/ cm 
and 29 cm, respectively, and the median drawn to the third side is 
equal to 26 cm. 2 

335. Given two sides b and c of a triangle and its area S = j be. 

Find the third side a of the triangle. j . .. 

536. Given the bases a and b and sides c and d of a trapezoid. 
Determine its diagonals m and n. 

537. Given a parallelogram, whose acute angle is equal to 60 . 
Determine the ratio of the lengths of its sides, if the ratio of the 

squared lengths of its diagonals is equal to y. 

MS From an arbitrary point taken inside an isosceles triangle 
pefpendkuto are drawn'Jail the sides. Prove that the sum of the 
three perpendiculars is equal to the altitude of the triangle. 

539 Two secant lines are drawn from a point outside a circle. 
The internal segment (the chord) of the first secant is equal to 47jm 
and the external one, to 9 m; the internal segment of tbo second 
secant exceeds its external segment by /2 m. Determine the length 

of the second secant line. « • i * 

540 From a point m cm distant from the centre of a circle two 
lines are drawn tangent to the circle. The distance between the 
points of langency is equal to a cm. Determine the radius of the 
circle 

541 Given inside a circle, whose radius is equal to 13 cm, is 
a point M 5 cm distant from the centre of the circle. 
A chord AB = 25 cm is drawn through] the point M. Find the length 
of the segments into which the chord AB is divided by the point M. 

542 In an isosceles triangle the vertex angle is equal to a. Deter¬ 
mine the ratio of the radii of the inscribed and circumscribed circles. 
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543. The sides of a triangle are: a = 13, 6 = 14, c = 15. Two 
of them (a and b) are tangent to a circle, whose centre lies on the 
third side. Determine the radius of the circle. 

544. An isosceles triangle with a vertex angle of 120° is circum¬ 
scribed about a circle of radius R, Find its sides. 

545. On the larger leg of a right triangle, as on the diameter, 
a semicircle is described. Find the semicircumference if the smaller 
leg is equal to 30 cm, and the chord joining the vertex of the right 
angle with the point of intersection of the hypotenuse and the semi¬ 
circle is equal to 24 cm. 

546. In a right-angled triangle a semicircle is inscribed so that 
its diameter lies on the hypotenuse and its centre divides the latter 
into two segments equal to 15 cm and 20 cm. Determine the length 
of the arc of the semicircle between the points at which the legs 
touch the semicircle. 

547. In an isosceles triangle with the ba.se equal to 4 cm and 
altitude equal lo 6 cm a semicircle is constructed on one of the 
sides as on the diameter. The points at which the semicircle inter¬ 
sects lie base and the other side are joined by a straight line. Deter¬ 
mine llie .area of the quadrilateral thus obtained, which is inscribed 
in the .semicircle. 

548. Given an isosceles triangle with the base 2o and altitude h. 
Inscriboil in it is a circle, and a line tangent to the circle and parallel 
to the base of the triangle. Find the radius of the circle and the length 
of tlic scgnionl of the tangent line contained between the .sides of the 

549. From a point lying wiUiout a circle Uvo secant lines are drawn, 
whose external portions are 2 m long. Determine the area of the 
quadrilateral, who.se vertices are the points of intersection of the 
secants and the circle, if the lengths of its two opposite sides are 
equal to 1) m and 2.4 m. 

550. The sides of a triangle are equal lo 6 cm, 7 cm, and 9 cm. 
From its vertices, as from centres, three mutually tangent circles 
are described; the circle, whose centre lies at the vertex of the least 
angle of the triangle, is internally tangent to the remaining two 
circles, the latter being externally tangent to each other. Find 
the radii of the three circles. 

.551. An exterior tangent lo two circles of radii 5 cm and 2 cm 
is 1.5 times longer than their interior tangent. Determine the distan¬ 
ce between the centre.s of the circles. 

,552. The distance between the centres of two circles, whose radii 
are equal to 17 cm and 10 cm, is 21 cm. Determine the distances 
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between the centres and the point at which the centre line inter¬ 
sects a common tangent to the circles. 

553. To two externally tangent circles of radii R and r common 
tangent lines are drawn: one interior and two exterior ones. Deter¬ 
mine the length of the segment of the interior tangent line conta¬ 
ined between the exterior tangents. 

554. To two externally tangent circles of radii R and r common 
exterior tangent lines are drawn. Find the area of the trapezoid 
bounded by the tangent lines and chords joining the points of tan- 

gency. „ , 

555 Two circles of radii R and r are externally tangent. .A. common 
exterior tangent is drawn to these circles, thus forming a curvilinear 
triangle. Find the radius of the circle inscribed in Ihis triangle. 

556 Through one and the same point of a circle two chords (equal 
to a and b) are drawn. The area of the triangle formed by joining 
their ends is equal to S. Determine the radius of the circle. 

557. In a circle of radius R three parallel chords are drawn on one 
side of its centre, whose lengtlis are respectively equal to tlioso of the 
sides of a regular hexagon, quadrilateral and triangle inscribed 
in the circle. Determine the ratio of the area of the portion of the 
circle contained between the second and third chords to that con- 
tained between the first and second ones. 

558 Determine the area of a circle inscribed in a right-angled 
triangle, if the altitude drawn to the liypotenuse divides the latter 
into two segments equal to 2.5.6 cm and 14.4 cm. 

559 A circle is inscribed in a rliombiis with side a and acute angle 
equal to 60° Determine the area of llie rectangle, whose vertices lie 
at the points of tangcncy of the circle and the sides of the rhombus. 

560 Drawn to a circle of radius R are four tangent line,s which 
form a rhombus, whose larger diagonal is equal to AR. Determine 
the area of eacli of the figures bounded by two tangents drawn from 
a common point and the smaller arc of the circle contained between 

the points of langency. .. j i . - i 

561 The area of an isosceles trapezoid circumscribed about a circle 

is equal to S. Determine the side of the trapezoid, if the acute 
angle at its base is equal to Jt/6. , . . , 

562 An isosceles trapezoid with an area of 20 cm* is circumscribed 
about'a circle of a radius of 2 cm. Find the sides of the trapezoid. 

563 About a circle a trapezoid is circumscribed, whose nonparallol 
sides form acute angles a and ji with the larger of the parallel sides. 
Determine the radius of the circle, it the area of the trapezoid is 
equal to Q. 
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564. About a circle oi radius r a right-angled trapezoid is circum¬ 
scribed, whose least side is equal to 3r/2. Find the area of the tra- 

565 The centre of a circle inscribed in a right-angled trapezoid 
is 2 cm and 4 cm distant from the end points of the larger of the 
nonparallel sides. Find the area of the trapezoid. 

566. A circle is inscribed in an equilateral triangle with side a. 
Then three more circles are inscribed in the same triangle so that 
they are tangent to the first one and to the sides of the triangle, ^^d 
then another three circles tangent to the above three circles and to 
the sides of the triangle, and so forth. Find the total area of all the 
inscribed circles (that is the limit of the sum of the areas of the 

inscribed circles). . , , . .u 

567. A triangle ABC is inscribed in a circle; through the vertex A 
a tangent line is drawn to intersect the extension of the side BC 
at the point D. From the vertices B and C perpendiculars are dropped 
to the tangent line, the shorter of these perpendiculars being equal 
to 6 cm. Determine the area of the trapezoid formed by the perpen¬ 
diculars, side BC and the segment of the tangent line, if BC = 5 cm, 

AD = 51/6 cm. . . 

568. Three equal circles tangent to one another are inscribed in 
a regular triangle, whose side is equal to a. Each of them is in con¬ 
tact with two sides of the given triangle. Determine the radii of the 


circles. , 

569. Inside an equilateral triangle with side a there are three equal 
circles tangent to the sides of the triangle and mutually tangent 
to one another. Find the area of the curvilinear triangle formed by 
the arcs of the mutually tangent circles (its vertices being the points 
of tangency). 

570. Inside a square with side a four equal circles are situated, 
each of them touching two adjacent sides of the square and two 
circle.s (out of the remaining three). Find the area of the curvilinear 
quadrangle formed by the arcs of the tangent circles (its vertices 
being tlie points of tangency of the circles). 

571. Find the area of a segment, if its perimeter is equal to p, 
and the arc, to 120°. 

572. A circle of a radius of 4 cm is inscribed in a triangle. One 
of its sides is divided by the point of tangency into two portions 
equal to 6 cm and 8 cm. Find the lengths of the other two sides. 

.573. In an isosceles triangle a perpendicular dropped from the 
vertex of an angle at the base to the opposite side divides the latter 
in the ratio m : n. Find the angles of the triangle. 
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574. A chord perpendicular to the diameter divides it in the ratio 
m ■ n Determine each of the arcs (arc measure) into which the circle 
is divided bv the chord and diameter. 

575 oLrline the angle of a parallelogram, given its altitudes 

'“576' ln\"dgirtdang[e ffnd the ratio of the legs, if the altitude 
and Ld“an emanating from the vertex of the right angle are m the 

*^*577 'in a'right triangle the hypotenuse is equal to c, and one of 
thfacute anvlfs. to a. Determine the radius of the inscribed circle. 
578 The «ldes of a triangle are equal to 25 cm, ---i cm and / cm. 
5/5. Hi - ^ inscribed and circum.scnbed circles. 

°"eUmin >e adU onwo externally tangent circles, if the 
disunce "en their centres is equal to d. and the angle between 

^‘'ko“rt:™"e Umangr^rrVhombts, given its area ^ and the 

®T8l“*A'‘rWula?2n4oTfs‘^^^ in a circle and a regular n-gon 

581. A regular 4 g di ference between the 

®T 82 Thfmidpoints of tlie sides of a regular n-gon are joined by 
sSt line“to‘^form a new regular n-gon inscribed in the given one. 

’^' 5 m''a drdels'circiu^^^^^^^^^^ about a regular n-gon with side a. 
ano??;r circle is inscribed in it. Determine the area of the annulus 

‘’“^^l^LleVinShJi.'a i::;^:of radius A with a central 

“trFrr^ri^oInt [wo'imes tangent to a circle of 

"liM" £ ;r.=. £ sr” 

“Tse TrhombL with the acute angle a and side a is divided into 
586. A ^ .straight lines emanating from the vertex of 

thifanX Determine the ^lengths of the line-segments. 

^587 A point is .situated inside an angle of 60 at distances a and h 
from its sfd[s Find the distance of this point from the vertex of the 

^‘588 ofl'ermine the area of a triangle, given the lengths of its 
siifefu Fnd b, and the length t of the bisector of the angle between 

“'589 1t"an isosceles triangle the length of the side is equal to u, 
and the lenglli of the line-segment, drawn from tlie vertex of the 
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triangle to its base and dividing the vertex angle in the ratio 1 : 2, 
is t. Find the area of the triangle. 

590. Given the angles of a triangle, determine the angle between 
the median and altitude drawn from the vertex of any angle. 

591. The side of a regular triangle is equal to a. A circle of radius y 
is drawn from its centre. Determine the area of the portion of the 
triangle outside this circle. 

592. In a right-angled trapezoid, whose altitude is h, on the side, 
which is not perpendicular to the base, as on the diameter, a circle 
is drawn touching the opposite side of the trapezoid. Find the area 
of the right-angled triangle, whose legs are the bases of the trapezoid. 

593. Prove that in a right-angled triangle the bisector of the right 
angle bisects the angle between the median and altitude dropped 
to the hypotenuse. 

594. Prove that in a right-angled triangle the sum of the legs 
is equal to the sum of the diameters of the inscribed and circumscribed 
circles. 

595. Determine the angles of a right-angled triangle if the ratio 
of the radii of the circumscribed and inscribed circles is 5 : 2. 

596. Prove that the straight lines successively joining the centres 
of the .squares constructed on the sides of a parallelogram and adjdi- 
ning it from outside also form a square. 


CHAPTER IX 

POLYHEDRONS 

597. The sides of the base of a rectangular parallelepiped are a and 
b. The diagonal of the parallelepiped is inclined to the plane of the 
base at an angle a. Determine the lateral area of the parallelepiped. 

598. In a regular hexagonal prism the longest diagonal having 
length d forms an angle a with the lateral edge of the prism. Deter¬ 
mine the volume of the prism. 

599. In a regular quadrangular pyramid the lateral edge of length m 
is inclined to the plane of the base at an angle a. Find the volume 
of the pyramid. 

600. The volume of a regular quadrangular pyramid is equal to V. 
Tlio angle of inclination of its lateral edge to the plane of the base 
is equal to a. Find the lateral edge of the pyramid. 

601. The lateral area of a regular quadrangulai- pyramid is equal 
to .S' cm^, its altitude, to H cm. Find the side of its base. 
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602. Find the volume and lateral area of a regular hexagonal 
pyramid, given the lateral edge I and diameter d of the circle inscri¬ 
bed in the base of the pyramid. 

603. Find the altitude of a regular tetrahedron, whose volume is 
equal to V. 

604. In a right parallelepiped the sides of the base are equal to a 
and fc, and the acute angle, to a. The larger diagonal of the base 
is equal to the smaller diagonal of the parallelepiped. Find the 
volume of the parallelepiped. 

605. The diagonals of a right parallelepiped are equal to 9 cm 
and I 33 cm. The perimeter of its base is equal to 18 cm. The lateral 
edge is equal to 4 cm. Determine the total surface area and volume 
of the parallelepiped. 

606. The lateral edge of a regular triangular pyramid is equal to /, 
its altitude, to h. Determine the dihedral angle at the base. 

607. Determine the volume of a regular quadrangular ))yramid, 
given the angle a between its lateral edge and the plane of the base, 
and the area S of its diagonal section. Find also the angle formed by 
the lateral face and the plane containing the base. 

608. The base of a regular pyramid is a polygon, the sum of inte¬ 
rior angles of which is equal to .540°. Determine the volume of the 
pyramid if its lateral edge, equal to 1. is inclined to the plane of the 
ha.“o at an angle a. 

609. Determine the angles belween the base and lateral edge, and 
between the ba.se and lateral face in a regular pentagonal pyramid, 
whose lateral faces are equilateral triangles. 

610. Given the volume V of a regular n-gonal pyramid in which 
the side of the base is equal to «, determine the angle of inclination 
of the laleral edge of the |iyrainid to the plane containing the 
ba.se. 

611. The base of a quadrangular pyrambl is a rectangle with the 
diagonal equal to b ami Ihc angle a belween the diagonals. Each 
of tiie laleral edge.s form.s an angle (i with the base. Find the volume 
of the pyramid. 

612. The ba.se of a pyramid is an isosceic.s triangle with the equal 
sides of a and the angle between them equal to a. .411 lateral edges 
are inclined to tbc base at an angle p. Determine the volume of tlio 
pyramid. 

613. The ba.so of a rectangular parallelepiped is a rectangle inscri¬ 
bed in a circle of radius R, flic smaller side of this rcctangle'subten- 
ding a circular arc equal to (2a)°. Find the volume of the'parallele- 
piped, given its lateral area S. 
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614. The base of a right prism is an isosceles triangle, whose base 
is equal to a and the angle at the base, to a. Determine the volume 
of the prism if its lateral area is equal to the sum of the areas of its 
bases. 

615. The slant height of a regular hexagonal pyramid is equal 

to m. The dihedral angle at the base is equal to a. Find the total 
surface area of the pyramid. . 

616. Through the hypotenuse of a right-angled isosceles triangle 
a plane P is drawn at an angle a to the plane of the triangle. Deter¬ 
mine the perimeter and area of the figure obtained by projecting 
the triangle on the plane P. The hypotenuse of the triangle is 

equal to c. , , i i 

617. In a regular n-gonal pyramid the area of the base is equal 
to <?, and the altitude forms an angle (p with each of the lateral 
faces. Determine the lateral and total .surface areas of the pjoramid. 

618. The side of the base of a regular triangular pyramid is equal 
to a, the lateral face is inclined to the plane of the base at an angle 
of (p. Find the volume and total surface area of the pyramid. 

619. The total surface area of a regular triangular pyramid is 
equal to S. Find the side of its base, if the angle between the lateral 
face and the base of the pyramid is equal to a. 

620. The base of a pyramid is a rhombus with the acute angle a. 
The lateral faces are inclined to the plane of the base at an angle p. 
Determine the volume and total surface area of the pyramid, if the 
radius of the circle inscribed in the rhombus is equal to r. 

621. Determine the angle of inclination of the lateral face of 
II regular pentagonal pyramid to the plane of the base, if the area 
td' the base of the pyramid is equal to S, and its lateral area, to o. 

622. The base of a right parallelepiped is a rhombus. A plane 
drawn through one of the sides of the lower base and the opposite 
side of the upper base forms an angle p with the plane containing 
ihe base. The area of the section thus obtained is equal to Q. Deter¬ 
mine ilio lateral area of the parallelepiped, 

623. The base of a pyramid is an isosceles triangle with the base 
iuigle a. Each of the dihedral angles at the base is equal to tp. The 
di-sdanco between the centre of the circle inscribed in the base of the 
pyramid and the midpoint of the height of the lateral face is equal 
to d. Determine the total surface area of the pyramid. 

624. The base of a pyramid is a polygon circumscribed about 
a circle of radius r; the perimeter of the polygon is equal to 2p, 
the lateral faces of the pyramid are inclined to the base at an angle (p. 
Find the volume of the pyramid. 
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625. Tho lateral edges of a frustum of a regular triangular pyra¬ 
mid are inclined to the base at an angle a.The side of the lower base 
is equal to a, and that of the upper one, to b (a > b). Find the voliniie 
of the frustum. 

626. The basi;s of a frustum of a regular j)yrainid are squares willi 
sides a and b {a > b). The lateral edges are inclined to the base at .ui 
angle a. Determine the volume of the frustum and the dihedral angles 
at tho sides of the bases. 

627. The bas!' of a pyramid is a right-angled triangle, uh-.se 
hypotenuse is equal to c and acute angle, to c;. All tlie lateral edges 
are inclined to (he ba.se at an angle (i. Find the V4)[ume of the pyra¬ 
mid and liie face angle.s at its vertex. 

628. riio base of an oblique jui>m is a right-angled triangle AJiC 
the .sum of the legs of which is equal to m, and the angle at llie 
vertex /I, to a. The lateral face of the prLsm passing tlirough the 
leg AC is inclined to the base at an angle p. A i)lane is drawn thnuigli 
the hypotonus(‘ AB and the vertex C'l of the oppo.site trihedral angle. 
Determine the volume of tho cut-off triangular pyramid, if it is 
known that it has equal edges. 

629. The base of a pyramid is an isu.sceles triangle with the base 
angle a. All tlie lateral edges are inclined to the plane containing 
the base at equal angles (p ~ 90^ — a. The area of the section pa.s- 
sing throiiglt the altitude of the pyramid and the vertex of the base 
(isosceles triangle) is equal to (J. Determine the vtdumo of the pyra¬ 
mid. 

630. The base of a pyramid is a rectangle. Two of the lateral face.s 
are perpendicular to Uie ba.se, the other two forming angle.s a and f> 
witli it. The altitude of the jiyramid is equal to //. Determine the 
volume of the pyramid. 

631. The ha.se of a pyrainj<l is a square. Out of two opposite 
edges one is perpendicular to the base, the other is inclined to it at 
an angle p and has a length 1. Determine the lengths of the remaining 
lateral edges and the angh‘s of llieir inclination to the base of 
the pyramid. 

632. The ha.se of a pyramid is y regular triangle with side a. One 
of the lateral edge.s i.s perpendicular to the base, the other two being 
inclined to tf>e base at equal angles |i. Find the surface area of the 
large.st lateral face of the pyramid and the angle of its inclination 
to the l)ase. 

633. Tho ha.se of a pyramid is an isosceles triangle; tho equal 
.sides of the base are of ienglh a and form an angle of 120’. The 
lateral edge of liio pyramid, passing through the vortex of the oh- 
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66 


Problems 


tuse angle, is perpendicular to the plane of the base, the other two 
being inclined to it at an angle a. Determine the area of the section 
of the pyramid by a cutting plane which passes through the largest 
side of the base of the pyramid and bisects the edge perpendicular 

A regular triangular pyramid is cut by a plane perpendicular 
to the base and bisecting two sides of the base. Determine the volume 
of the cut-off pyramid, given the side a of the base of the original 
pvramid and dihedral angle a at the base. 

'' 633 Throimh the vertex of a regular quadrangular pyramid a cut¬ 
ting plane is drawn parallel to a side of the base and at an angle ip 
to thli base of the pyramid. The side of the base of the pyramid is 
equal to «, and the face angle at the vertex of the pyramid, to a. 

Find the area of tho section. ._, 

636. A plane is drawn through the vertex of a regular triangular 
nyramid and the midpoints of two sides of the base. Determine the 
area of Die section fitrure and volumes of the portions of 
pyramid into which it is divided by the cutting plane, given the side 
li^of the base and angle a formed by the cutting plane with the base. 

637 A regular tetrahedron, whose edge is equal to a, is cut by a 
nl,ane containing one of its edges and dividing the opposite edge in 
the ratio 2: i.' Determine the area of the section figure and its 

'"'ms. Determine the volume of a frustum of a regular quadrangular 
pyramid, if the side of the larger base is equal to a. the side of the 
smaller base, to b. and the acute angle of the lateral face, to a. 

■ 639. Determine the volume of a repilar quadrangular prism 
if its diagonal forms an angle a with the lateral face, and the side of 

’'’tVloTTtrbaseVf'a dght prism is a right-angled triangle with hypo- 
te iH=e c and acute angle a. Through the hypotenuse of the lower 
baso' and tho vertex of tho right angle of the upper base a plane is 
drawn to form an angle p with the base. Determine the volume of the 

irianmilar pvramid cut off the prism by the plane. 

641 The ba.se of a right prism is a right-angled Inangle m whmh 
the sum of a leg and the hypotenuse is equal to m, and the angle be- 
t ween tliem, to a. Through the other leg and the vertex of the opposite 
trihedral angle of the prism a plane is drawn at an angle p to the 
hase. Determine the volume of tho portions into which the prism is 

divided bv the cutting plane. _ 

642. The base of a pyramid is an isosceles triangle with the base 
angle a. Each dihedral angle at the base is equal to ip — JO —a. 
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The lateral area of the pyramid is S. Determine the volume of the py¬ 
ramid and its total surface area. 

643. The base of a pyramid is an isosceles triangle with the side a 
and the base angle a (ct > 45°), The lateral edges are inclined to the 
base at an angle p. A cutting plane is drawn through the altitude of 
the pyramid and the vertex of one of the angles a. Find the area of 
the section figure. 

644. The base of a right prism is a quadrilateral in wbicli two 
opposite angles are right ones. Its diagonal joining the vertices of 
oblique angles has a length I and divides one of them into portions 
a and p. The area of the section figure contained in a cuUing plane 
passing through the other diagonal of the base and perpendicular 
to it is equal to S', Find the volume of the prism, 

645. The base of a pyramid is a square. Two oppo.-iite faces are 
isosceles triangles; one of them forms an interior angle p with the 
base, the other, an exterior acute angle a. The altitude of the pyra¬ 
mid is equal to H. Find the volume of the pyramid and the angles 
formed by the other two lateral faces with the plane containing the 
base. 

646. The base of a pyramid is a rectangle. One of llie lateral faces 
is inclined to the base at an angle p = 00'— a and the face opposite 
it is perpendicular to tlie base and represents a right-angled triangle 
with the right angle at the vertex of the pyramid and an acute angle 
equal to a. Tlie sum of the heights of these two faces is equal to m. 
Determine the volume of the pyramid and the sum of the areas of tlie 
other two lateral faces. 

647. The base of a pyramid is a rectangle. One of the lateral face.s 
is an isosceles triangle perpendicular to the base; in the other face, 
which is opposite the first one, the lateral edges, equal to b. form an 
angle 2a and are inclined to the first face at an angle a. Determine 
the volume of the pyramid and the angle between the above two faces. 

648. In a regular triangular pyramid, wdth the side of the base 
equal to a, the angles between the edges at its verte.x are equal to one 
another, each being equal to a (a < 90°). Determine the angles bet¬ 
ween the lateral faces of the pyramid and the area of a section drawn 
through one of the sides of the base and perpendicular to the oppo.site 
lateral edge. 

649. Determine the volume of a regular octahedron with edge 
a and also the dihedral angles at its edge.s. 

650. The dihedral angle at a lateral edge of a regular hexagonal 
pyramid is equal to <p. Determine the face angle at the vertex of the 
pyramid. 
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651. The base of a pyramid is a regular hexagon ABCDEF. The 
lateral edge MA is perpendicular to the base, and the opposite edge 
MD is inclined to the base at an angle a. Determine the angle ol 

inclination of the lateral faces to the base. , , , 

652. The base of a pyramid is an isosceles triangle ABC in which 
AB ==' AC. The altitude of the pyramid SO passes through the mid¬ 
point of the altitude AD of the base. Through the side BC a plane is 
drawn perpendicular to the lateral edge AS and at an angle a to the 
base. Determine the volume of the pyramid cut off the given one and 
having vortex S in common with it, if the volume of the other cut-off 
portion is equal to K 

653. The side of the base of a regular triangular pyramid is equal 
to fl A section bisecting an angle between the lateral faces repre¬ 
sents a riglit-anglcd triangle. Determine the volume of the pyramid 
and the angle between its lateral face and the plane containing the 

Through a side of the base of a regular triangular pyramid 
a plane is drawn pei'[)endicular to the opposite lateral edge. Deter¬ 
mine the total .surface area of the pyramid, if the plane divides the 
lateral edge in the ratio m:n, and the side ol the base is equal 


6.55. The diagonal of a rectangular parallelepiped is equal to d 
and forms equal angles a with two adjacent lateral faces. Determine 
the volume of the parallelepiped and the angle between the base 
and a idane pa.ssiiig through the end points of three edges emanating 


from one vertex. _ . ,. , 

6.56. In a rectangular parallelepiped the point of intersection of the 
diagonals of the lower base is joined with the midpoint of one of the 
lateral edges bv a straight line, whose length is equal to m. This line 
forms an im<de a with the base and angle p = 2a with one of the la¬ 
teral faces. Tailing the other adjacent lateral face for the ba.se of the 
parallelepiiied. fiira its lateral area and volume. (Prove that a <30°.) 

6.57. The ha.se of a right prism is a trapezoid inscribed in a semicir¬ 
cle of'raiUus B so that its larger base coincides with the diameter, 
ami tlK'smallerone.sulilendsanareeqiialto2a. Determine the volume 
of the prism, if the iliagorial of a face pa.ssiiig through one of the 
mmparallel sides of the base is inclined to the latter at an angle a. 

658. The diagonal of a rectangular parallelepiped, equal to d. 

tonn.s'an aiede P . !'0’ — a with the lateral face. The plane drawn 

tlirouHi thi.s'diagonal and the lateral edge intersecting with it forms 
an angle a with the same lateral face (prove that a > 45°). Determine 
the volume of the parallelepiiied. 
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659. In a regular triangular prism two vertires uf llu) u|,|ier liase 
are joined with the midpoints of the opposite sides of tliu lower base 
by straight lines. The angle between these line.s whicli fares the base 
is equal to a. The .side of the base is equal to b. Uotermiuc the volume 
of the prism. 

660. In a reguiar triangular prism the angle heiweiMi a diagonal 
of a lateral face and another lateral face is equal to a. Dettninine the 
lateral area of the prism, if the edge of the base is equal to a. 

661. The base of a right prism is a right-angled triangle ABC 

in which z. C - of 

the lateral face of tlie prism which passes through the hypotenuse 

AB, forms an angle p with the lateral face pa.ssing through tlie leg 

AC. Find the volume of the prism. 

662. The total .surface area of a regular quailrarigular iiyramul is 
equal toS, and the face angle at the verte.v, to a. Find the altitude of 
the pyramid, 

663. In a regular n-goual pyramid Ihe face angle at tlie vertex is 
equal to a, and the side of tlie base, lo«. Deterjiiine the vuliiuie of tlie 

pyramid. , , i . 

664. In a regular quadrangular prism a plane ns drawn Ihroiigli 
a diagonal of llie lower base and one of the vertices of tlie upper base, 
which cuts off a pyramid with a total surface area S. Find the total 
surface area of tlie prism, if the angle at tlie vertex of the triangle 
obtained in the section is equal to a. 

665. The lateral edge.s of a Iriangular pyramid are of equal lougtii 
1. Out of the tliree face augle.s formed by these edges at I lie vertex of 
the pyramid two arc equal toa, and Ihe third, to p. Find the volume 
of the pyramid. 

666 . The ha.se of a pyramid is a riglil-angfed triangle, whicIi is 
a projection of the lateral face passing llirough a leg. The angle oppo¬ 
site this leg in the base of the pyramid is equal to a, and tlie one lying 
in the lateral face is equal to p. The area of this lateral face exceeds 
that of the ha.se by S. Delerniiiie tlie difference lielweeii tlie areas 
of the other two faces and the angles formed by the lateral faces with 
the base, 

667. In a triangular pyramid two lateral faces are iso.sceles liglil- 
angled triangles, Whose liypoteniises are equal to b ami form an 
angle a. Determine the volume of the pyramid. 

668 . In a pyramid witli a rectangular base each of tin; lateral edges 
is equal to /;’oiie of the face angles at the vertex is equal to a, tlie 
other, to p. Determine the area of flic .section passing through Hio 
bisectors of the angles equal to p. 
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669. In a parallelepiped the lengths of three edges emanating from 
a common vertex are respectively equal to a, b and c. The edges 
a and b are mutually perpendicular, and the edge c forms an angle 
a with each of them. Determine the volume of the parallelepiped, its 
lateral area and the angle between the edge c and the plane containing 
the base. (For what values of the angle a is the problem solvable?) 

670. All the faces of a parallelepiped are equal rhombuses tvith si¬ 
des a and acute angles a. Determine the volume of the paralle- 

'^67*1. The base of an oblique parallelepiped is a rhombus ABCD 
with the side a and acute angle a. The edgeAA, is equal to h and 
forms an angle if with the edges AB and AD. Determine the volume of 

the paralleit'iiiped. .... .u i 

672. In a rectangular parallelepiped a plane is drawn through 
a diagonal of the base and a diagonal of the larger lateral face, both 
emanating from one vertex. The angle between these diagonals is 
equal to p. Determine the lateral area of the parallelepiped, the area 
of the section figure and the angle of inclination of the cutting 

to the base, if it is known that the radius of the circle circum.scrlbed 
about the ba.se of the parallelepiped is equal to R and the smaller 

angle between the diagonals of the base, to 2a. 

673. The ba.se of a right prism is a right-angled triangle ABC. 

The radius of the circle circumscribed about it is equal to R. the 
leg AC subU-iids an arc equal to 2p. Through a diagonal of the late¬ 
ral face passing through the other leg BC a plane is drawn perpendi¬ 
cular to tills face and inclined to the base at an angle p. Determine 
the lateral area of the prism and the volume of the cut-off quadrangu¬ 
lar pyramid. . , , n i ■ . 

674. The ba.'e of a pyramid is a trapezoid, whose nonparaUei sides 
ami smaller base are of equal length. The larger base of the trapezoid 
is equal to a. and the obtuse angle, to a. All the lateral edges of the 
jiyrainid are inclined to the base at an angle p. Determine the volume 
of lilt! pyramid. 

67.0. The base of a pyramid is a trapezoid, whose diagonal is per¬ 
pend iciilar lo one of the nonparallel sides and forms an angle a with 
the base, ,\11 llie lateral edges are of equal length. The lateral face 
passing through Ihe larger base of the trapezoid has an angle ip = 2a 
111 the verlex of Ihe pyramid and its area is equal to S. Determine 
the volume of Ihe pyr.omid and the angles at which the lateral faces 
arc inclined lo Ihe base. 

676 The base of a pyramid is a regular triangle, whoso side is equal 
to a. The alliliide, dropped from tile vertex of the pyramid, passes 



Chapter fX. Polifhedrons 


throueli oiio of llio verlices of the base. I'he lateral lace passiii!? 
through the side of the base opposite thi.s vertex is at an angle (f. to 
the base. Determine the lateral area of the pyramid, if one of the 

equal lateral faces is taken as the base. , 

677. The base of a right prism is an isosceles triangle with the equal 
sides of length a and the base angle a. Through the base of the trian¬ 
gle, which is the upper base of the prism, and the opposite vertex of 
?he lower ba.se a cutting plane is drawn at an angle p to the base 
Determine tlie lateral area of the |.rism and the volume of the cut-off 

'dt'pvramid is a square. Its two lateral faces are 
perpendicular to the base, and the remaining two are me ined to 
it at an anale a. The radius of the circle circumscribed about t he late¬ 
ral face peTpendiciilar to the base is equal to R. Determine the total 

^ r^lgSli-ism is a right-angled U-ianglo with a leg 
a and angle a opposite it. Through the verte.x o the right angle ol 
the lowc^ base a plane is drawn which is parallel to the hypotenuse 
and intersects tlio opposite lateral face at an angle j5 — dlJ a. 
Determine the vobi.no of the portion of the prism contained hetweeii 
iirbale and the culling plane and the lateral area of the prism if 
the area of the lateral face passing tlirougli the leg a i.s equal to 
the area of the .section figure. Determine the value of the angle o at 
which the cutting plane intersects the lateral face passing through 

a py^-ld is a rectangle. One lateral edge is.por- 
pendicular to the base, and two lateral tacos are inclined to it at 
angles a and p, respectively. Determine the lateral area of the pyra¬ 
mid, if its altitude is equal to H. 

681 The base of a pyramid is a right-aiiglecl triangle with an acute 
angle «• the radius of the inscribed circle is equal to r. hach lalera 
face is inclined to the base at an angle a. Determine the volume and 
the lateral and total surface areas of the pyramid. 

682 The base of a prism ABCAJliCi is an isosceles triangle ABC 
cab = AC and /ABC = a). The vertex /f, of the^iipper base of the 
prism is projected into the centre of the circle of radius r inscribed 
in the lower ba.se. Through the side AC of the base and the vmdex B, 
a cutting plane is drawn at an angle a to tbe ba,se. Find the total 
surface area of the cut-off triangular pyramid ABCB^ and tlio voiuine 

° 683* The ba.se of a pyramid is a right-angled triangle. The altitude 
of tlie'pyrainid passes through the point of intersection of the liypotc. 
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nuse and the bisector of the right angle of the base. The lateral edge 
passing through the vertex of the right angle is inclined to the base at 
an angle a. Determine the volume of the pyramid and the angles of 
inclination of the lateral faces to the base, if the bisector of the right 
angle of the base is equal to m and forms an angle of 45° + a with 
the hypotenuse. 

684. The base of a pyramid is a rhombus with the .side a. Two adja¬ 
cent faces are inclined to the plane of the base at an angle a, the third 
one, at an angle p (prove that the fourth lateral face is inclined to the 
base at the same angle). The altitude of the pyramid is H. Find its 
volume and total surface area. 

685. The base of a quadrangular pyramid is a rhombus, whose side 
is equal to a and acute angle, to a. The planes passing through the 
vertex of the pyramid and diagonals of the base are inclined to the 
base at angles cp and i|>. Determine the volume of the pyramid, if its 
altitude intersects a side of the base. 

686 . The base of an oblique prism is a right-angled triangle ABC 
with the leg fiC =a. The vertex of the upper base is projected into 
the midpoint of the leg BC. The dihedral angle formed by the lateral 
faces passing through the leg BC and hypotenuse AB is equal to a. 
The lateral edges arc inclined to the base at an angle p. Determine 
the lateral area of the prism. 

687. The ba.se of a prism ABC A,B fit is an isosceles triangle ABC 
(AB — AC and ^ BAC = 2a). The vertex .-li of the upper base is 
projected into tlie centre of the circle of radius R circumscribed about 
the lower base. The lateral edge AA, forms with the .side AB of the 
base an angle equal to 2a. Determine the volume and the lateral 
area of the prism. 

688 . Determine the volume of a regular quadrangular pyramid, 
whose lateral edge is equal to / and the dihedral angle between two 
adjacent lateral face.s is equal to p. 

689. r.iven in a frustum of a regular quadrangular pyramid: diago¬ 
nal d, dihedral,angle a at the lower base and altitude II. Find the 
volume of tile frustum. 

690. The lateral edge of a frustum of a regular quadrangular pyra¬ 
mid is equal to I and inclined to the base at an angle p. The diagonal 
of the pyramid is perpendicular to its lateral edge. Determine the 
voliinu! of the pyramid. 

691. The altitude of a frustum of a regular quadrangular pyramid 
is equal to II, the lateral edge and diagonal of the pyramid are 
iuclined to tlic base at angles a and p, respectively. Find the lateral 
area of the frustum. 
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692. The sides of Ihe hase-s of a frustum of a regular quadrangular 
pyramid are equal to a and a (■' 3, respectively; the lateuil face is in* 
dined to the base al an angle y. Determine tlie volume and total sur¬ 
face area of the frustum. 

693. A cube is inscribed in a regular quadrangular pyramid so 
that its four vert ices are found on I he lateral edges, and the remaining 
four, in the plane of its base. Determine the edge of the cube, if Ihe 
altitude of the pyramid i.s equal to //, and the lateral edge, to /. 

694. A cube is inscribed in a regular quadrangular pyramid so I hat 
its vertices lie on the slant heights of the pyramid. Find llie ratio of 
the volume of the pyramid to the volume of the cube, if t lie angle bet¬ 
ween the altitude of the pyramid and its lateral face is equal to a. 

695. The ba.se of a pyramid is a righl-auglcd triangle wilhlcgs equ¬ 
al to 6 and 8, respectively. The vertex of Ihe pyramid is at a distance 
of ’4 from the base and is projected onto its plane at a point lying 
inside tlie base. Find the edge of the cube, whose four vertices lie in 
the plane of the base of the given pyramid, and the edges joiiimg these 
vertices are parallel to the corresponding legs of the base triangle 
of the pyramid. Tlic oilier four vertices of the cube lie on Ihe lateral 

faces of the given pyramid. , i , 

696. Ill a regular quadrangular pyramid the dihedral angle at the 
base is equal to a. Through its edge a cutting plane is drawn at an 
angle P to the base. The side of the ba.se is equal to a. Determine the 

area of Ihe .section figure. . i 

697 In a regular <iuadrangnlar pyramid the side of the base is equal 
to a, and the dihedral angle al Ihe ba.se. to ct. Through two opposite 
■sides of the ba.se id' the pyramid two planes are drawn at right anglo.s 
to each other. Determine the length of the line of inler.section of the 
pianos contained inside the pyramid, if it is known th.it it intersects 
the axis of the pyramid. , . ■ , , 

698. in a regular quadrangular pyramid a plane is drawn through 
a vertex of the lia.se |ierpeiidicolar to the opposite lateral edge. 
Determine llie area of the .section ligiire Ihiis obtained, it the side of 
the base of the pyramid is equal to a, and the lateral edge is inclined 
to the iilanecont'ainiiig the base at an angle ip (ip>45°; prove this). 

699. It is required lo cut a regular qiiadraiigiilar pri.sm with a plane 
to obtain a section yielding a rhombus with the acute angle <x. 
Find the angle of inclination of the culling plane to the base. 

700. The base of a right parallelepiped is a rhombus with the acute 
angle a. Al what angle lo the ha.se most a culling plane he drawn to 
obtain a section yiebling a square with its vortices lying on the late¬ 
ral edges of the parallelepiped? 
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701. A right parallelepiped, whose base is a rhombus with the side 
a and acute angle a is cut with a plane passing through the vertex 

of the angle a, the section yielding a rhombus with the acute angle — . 

Determine the area of this section. 

702. The edge of a tetrahedron is equal to b. Through the midpoint 
of one of the edges a plane is drawn parallel to two non-intersecting 
edges. Determine the area of the section thus obtained. 

703. The base of a pyramid is a right-angled triangle with a leg a. 
One of the lateral edges of the pyramid is perpendicular to the base, 
the other two being inclined to it at one and the same angle a.. 

,‘V plane perpendicular to the base cuts the pyramid, yielding a square. 
Determine the area of this square. . -j 

704. In a frustum of a regular quadrangular pyramid the sides of 
the upper and lower ba.ses are respectively equal to a and 3a and the 
lateral faces are inclined to the plane containing the lower base at 
an angle a. Tlirough a side of the upper base a plane is drawn paral¬ 
lel to the opposite lateral face. Determine the volume of the quadran- 
guiar prism cut off tiie given frustum and the total surface area of 
tlie remaining portion of the frustum. 

705. Two planes are drawn through a point taken on a lateral edge 
of a regular triangular prism with the side of the base a. One of them 
passes through a .side of the lower base of the prism at an angle a 
to the base, the other, through the parallel side of the upper base and 
at an angle P to it. Determine the volume of the prism and the sum ot 
the areas of the .sections thus obtained. 

706. In a regular quadrangular prism a plane is drawn through 
the midpoint.s of two adjacent sides of the base at an angle a to the 
latter to intersect three lateral edges. Determine the area of the sec¬ 
tion figure obtained and its acute angle, if the side of the prism s 
ba.se is equal to h. 

707. The base of a right prism is an isosceles trapezoid (with tlie 

acute angle s/.) circumscribed about a circle of radius r. Through one 
of the iionparallel sides of the base and the opposite vertex of the 
acute angle of the upper base a plane is drawn at an angle a to the 
bas(>. Determine tlic lateral area ot the prism and the area of the sec¬ 
tion figure thus ohtaiuecl. . . , ■ i 

TOS.Vrhe base of a right prism ASCAiBiCt is an isosceles triangle 
A BC with'anglc a at the ha,so BC. The lateral area of the prism is equ-_ 
al to S Find the area of the .section by a plane jiassiiig through a dia¬ 
gonal of the face BCC,S, parallel to the altitude AD of the base of 
the prism and at an angle p to the base. 
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709. The base of a right prism ABCA,BiC, is a right-angled trian¬ 
gle .4BC\vith an angle P at the vertex B (p <45°). The differeiice 
between the areas of its lateral faces passing through the legs BC 
and AC is equal to S. Find the area of the section by a plane forming 
an angle «> with the base and passing through three points: the vertex 
B, of the angle P of the upper base, midpoint of the lateral edge .4.4, 
and point D situated on the base and symmetrical to the vertex B 

with respect to the leg AC. . , , , t . * 

710. Non-intersecting diagonals of two adjacent lateral face,s of 
a rectangular parallelepiped are inclined to its base at angles a and p. 

Find the angle between these diagonals. 

711. Given three plane angles of the trihedral .ingle S.ABC. 
/_BSC = a\ Z- CSA =P; ^ASB = y. Find the dihedral angles of 

this trihedral angle. ., , , i • „ , , 

712. One of the dihedral angles ot a trihedral angle is equal to A; 
the plane angles adjacent to the given dihedral angle are equal to a 

and P. Find the third plane angle. . 

713. Given in a trihedral angle are three plane angles.-lO , 60 and 
45°. Determine the dihedral angle contained between the two faces 

with plane angles of 45°. .. i-i , i i 

714. line-segment AB is given on the edge ol a dihedral angle. 
In one of the faces a point .1/ is given, at wlach a straight line drawn 
from A at an angle aU>AB intersects a line drawn from B perpendicu¬ 
lar to AB. Determine the dihedral angle, it the straight line .4.1/ is 
inclined to the second face of the dihedral angle at an angle p. 

715 Given two skew lines inclined at an angle tp to each other and 
having a common perpendicular PQ =h which inleivsects both of 
them Given on these lines are two points A and B, from which Uie 
line-segment PQ is seen at angles a and p, respectively. Determine 

the length of the line-segment .4/1. , ,, ,, 

716. Given on two mutually perpendicular skew lines, the perpen¬ 
dicular distance between which PQ = h, are two points^ rl and B. 
from which the line-segment PQ is seen at angles a and P, respecti- 
velv. Determine the angle of inclination of the segment AB to PQ. 

717. A cutting plane divides the lateral edges of a triangular pyra- 


mid in the ratios (as measured from the vertex); ^ ^ . 

In what ratio is the volume of the pyramid divided by this plane? 

718 From the midpoint of the altitude of a regular quadrangular 
pyram'id a perpendicular, equal to h, is dropped to a lateral edge and 
another perpendicular, equal to b, to a lateral face. Find the volume 
of the ^pyramid. 
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CHAPTER X 

SOUDS OF REVOLUTION 

719. The generator of a cone is equal to / and forms an angle of 60° 
with the plane of the base. Determine the volume of the cone. 

720. The length of the generator of a cone is equal to /, and the 
circumference of the base, to c. Determine the volume. 

721. The lateral surface of a cylinder is developed into a square 
with the side a. Find the volume of the cylinder. 

722. When developed, the curved surface of a cylinder repre.sents 
a rectangle, whose diagonal is equal to d and forms an angle a with 
the ba.se. Determine the volume of the cylinder. 

723. The angle at the verte.v of an axial section of a cone is equal 
to 2ce, and the sum of the lengths of ilsaltitudo and the generator, to 
m. Find the volume and surface of the cone. 

724. The volume of a cone is F. Its altitude is trisected and through 
the points of divi.sion two planes are drawn parallel to the ba.se. Find 
the volume of the medium portion. 

725. Determine the volume of a cone, if a chord, equal to a, drawn 
in its base circle .subtends an arc a. and the altitude of the cone 
forms an angle p w'ith the generator. 

726. Two cones (one inside the other) arc constructed on one and 
Ihe same ba.se; the angle between the altitude and the generator of 
the smaller cone is equal to a, and that of the larger cone, to p. The 
difference between the allitude.s i.s equal to h. Find the volume of 
llie solid bounded hy the curved .surfaces of the cone.s. 

121. The curved .surface of a cone is equal to .S’, and the total one, 
to P. Determine Ihe angle between the alliliule and the gene¬ 
rator. 

728. When developed on a plane, the curved surface of a cone 
represeiil.s a circular sector with the angle a and chord a. Determine 
tlie volume of the cone. 

729. .4 plane, drawn through the vertex of a cone and at an angle 
(f to the ha.se, cols off the circle of the base an arc a; the distance bet¬ 
ween Ihe plane and llie centnj of the base iseqnaltoa. Find the volu¬ 
me of the cone. 

730. .4 square, who.se side is equal to a, is inscribed in the base of 
a cone. A plane drawn through the vertex of the cone and a side of 
the square intersects Ihe surface of the cone along a triangle, the angle 
at the vortex of wliich is a. Determine the volume and surface of the 


cone. 
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731. The element. I of a fnislum of a cone forms an angle a with 
the plane of the lower base and is perpendicular to the .straight line 
joining its upper end point with the lower end point of the oppo.site 
element. Find the curved surface of the frustum. 

732. Given a cone of volume V, whose generator is inclined to the 
base at an angle a. At what height should a cutting plane he drawn 
perpendicular to the axis of the cone to divide the curved surface of 
the cone into two equal parts? The same question for the total surface. 

733. Determine the volume and surface of a spherical .sector cut 
off a sqthere of radius R and having an angle a in llie axial .-axlion. 

734. The surface of a spherical segment of radius R is 6’. Find its 


735. The area of a triangle ABC is equal to S. the side AC - o 
and ^ CAB -■= a. Find the volume of the solid formed by rolalitig 

the triangle ABC about the side slB. , „ . ■ a. 

736. Given in a triangle ABC' the side a. angle B and angle C. 
Determine the volume of a .solid obtained by rotating the triangle 

about the given side. i j i . i 

737 A rhombus with the larger diagonal d and ticiite angle v ro- 
'tale.s about an axis passing outside it through its vertex ami perpen¬ 
dicular to its larger diagonal. Determine the volume of the solid thus 


738. Given in a triangle: sides 6 and c and the* angle a beUveen Ihem. 
The triangle rotates about an axis which passes outside it through 
the vertex of the angle a and is inclined to the sides b and c at equal 
angles Determine the volume of the solid thus generated. 

739 In an iso'celes trapezoid a diagonal is perpendicular to one of 
the notiparallcl sides. The side is equal to 6 and forms an angle a 
with the larger base. Ueleriniiie the surface of the .solid generated by 
rotating the trapezoid about the larger base. 

740 Two plane.s are drawn through the vortex ol a cone. One of 
them is inclined to the base of the cone at an angle a and inter.sect.s 
it along a chord of length a, the other is inclined to tlie ba,se at an 
angle p and intersects it along a chord of lengtli b. Dolermiae lhc‘ 


volume of the cone. , c,, , 

741. A sphere is inscribed iu a cone, rind the volume of the spiicre. 
if the generator of the cone is equal to I and is inclined to the ba.se at 


an angle a. , j . . . 

742. A straight line, tangent to the curved surface of a cone, forms 
an angle () with the element passing through the point of langeiicy. 
What angle (<p) docus this line form with the plane of llic base P of 
the cone, if its generator is inclined to the plane P at ati angle a? 
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743. An obtuse triangle with acute angles a and p and the smaller 
altitude h rotates about the side opposite the angle p. Find the sur¬ 
face of the solid thus generated. 

744. In a cone (whose axial section represents an equilateral tri¬ 
angle) installed with its base up and filled with w'ater a ball of radius 
r is placed flush with the water level. Determine the height of the 
water level in the cone after the ball is removed, 

74.5. In a cone, the radius of the ba.se circle of which is equal to Ji 

and whose generator is inclined to the base at an angle-j-, a right 

triangular prism is inscribed so that its lower base lies on the base of 
till! cone, and the vertices of the upper ba.se are on the curved surface 
of the cone. Determine the lateral area of the prism, if the base of the 
prism is a right-angled triangle with an .acute angle a, and its altitu¬ 
de is equal to the radius of the circle along which the plane passing 
through the upper base of the prism intersects the cone. 

746. In a triangular pyramid, whose base is a regular triangle with 
I he side «, a cylinder is inscribed .so that its lower base is found on the 
base of the pyramid, its upper ba.se touching all the lateral faces. 
Find the volumes of the cylinder and the pyramid cut-off by the plane 
pa.ssing through the upper base of the cylinder, if the altitude of the 

cylinder is equal to 4 , one of the lateral edges of the pyramid is per¬ 
pendicular to the base, and one of its lateral faces is inclined to the 
base at an angle a (define the values of a for which the problem is sol¬ 
s'.dde). 

747. right triangular prism is inscribed iii a sphere of radius li. 
The ha.se of the prism is a right-angled triangle with an acute angle a 
and its large.st lateral face is a .square. Find the volume of the prism. 

748. Tlie base of a iiyramid is a rectangle with an acute angle a bet- 
wcim the rli.agonals, and its lateral edges form an angle rp with the 
ba.se. Determine the volume of the pyramid, if the radius of the cir- 
ciim.scrihed sphere is equal lo H. 

749. The radius of tlie ba.se circle of a cone is equal to R and the 
angle at the vertex of its axial section is a. Find the volume of a re¬ 
gular triangular pyramid circum-scribcd about the cone. 

7.50. ,‘\ sphere of radius r is inscribed in a frustum of a cone. The 
generator of the cone is inclined to the ba.se at an angle a. Find the 
curved surface of the frustum. 

751. Circumscribed about a sphere is a fru.stum of a cone, whose 
elements are inclined to the base at an angle a. Determine the sur¬ 
face of the frustum, if the radius of the sphere is equal to r. 
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752. A sphere of radius r is iiiscribcil in a frustum of a cone, whoso 
generator is inclined to the plane of the base at an angle a. Find the 
volume of tlie frustum. 

753. From a point on the .surface of a sphere of radius R three equal 
chords are drawn at an angle a to one anotlier. Determine their 
lengths. 

754. A frustum of a cone is inscribed in a sphere of radius R. Ihe 
base.s of the frustum cut off the sphere two .segments with arcs in Ihe 
axial section equal to a and p, respecl ively. Find the curved surface 
of the frustum. 

755. The lateral faces of a ro^uHr qiimiranguiar pyramid are inch- 
ned to the ha.se at an angle a. The slant height of the pyramid is equal 
to m. Find the surface of a cone in.scrihed in the pyramid and the an¬ 
gle of inclination of the lateral edge to tiie base. 

756. A cone is circumscribed about a regular hexagonal pyramid. 
Find its volume, if the lateral edge of the pyramid is equal fo / 
and the face angle between two adjacent lateral edges is equal to cc. 

757. A cone is inscribed in a regular triangular pyramid. Find the 
volume of the cone if the lateral edge of the pyraiuiil is equal to / 
and the face angle between two adjacent lateral edges is equal 

^” 758 . A cone is inscribed in a sphere and its volume is equ.'tl to one 
fourth of that of the spliere. Find llio volume of the sphere, if the al¬ 
titude of the cone is equal to//. , . , , 

759. A sphere is inscribed in a regular triangular prism. It touches 
the three lateral faces and both bases of the prism. Find the ratio of 
the surface of the sphere to the total surface area of the prism. 

760. A sphere of radius R is in-scrihed in a pyramid, whose base is 
a rhombus with the acute angle a. Tlie lateral faces of the pyramid are 
inclined to the base at an angle qu Find the volume of the pyramid. 

761. A hemisphere is inscribed in a regular quadrangular pyramid 
so that its ba.se is parallel to the base of the pyramid and the spheri¬ 
cal surface is in contact with it. Determine ttiu total surface area of 
the pyramid, if its lateral faces arc inclined to tlie base at an angle 

a and the radius of the .sphere is equal to r. 

762 A hemispliere is inscribed in a regular quadrangular pyramid 
so that its base lies on the ba.se of the pyramid and the spherical sur¬ 
face touches the lateral faces of the pyramid. Find tlie ratio of the 
surface of the hemisphere to the total .surface area of the pyramid ami 
the volume of the hemisphere, if the lateral faces are inclined to the 
ba.se at an angle of a and the difference between the lengths of the 
side of the base and the diameter of the sphere is equal to m. 
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763. In a cone, with the radius of the base circle R and an angle a 
between the altitude and generator, a sphere is inscribed which tou¬ 
ches the base and the curved surface of the cone. Determine the volu¬ 
me of the portion of the cone situated above the sphere. 

764. The surface of a right circular cone is n times as large as the 
surface of the sphere inscribed in it. At what angle is the generator 
of the cone inclined to the base? 

765. A sphere is inscribed in a cone. The ratio of their volumes is 
equal to n. Find the angle of inclination of the generator to the base 
(calculate for n -- 4). 

766. Determine the angle between the axis and generator of a cone, 
whoso surface is n times as large as the area of its axial section. 

767. Inscribed in a cone is a hemisphere, whose great circle lies on 
the base of the cone. Determine the angle at the vertex of the cone, 
if the ratio of the surface area of the cone to the curved surface area 
<if the hemisphere is 18: 5. 

768. Determine the angle between the altitude and generator of a 

I 

cone, if the volume of tlie cone is 1 —time.s as large as that of the 

hemisphere inscribed in the cone .so that the base of the hemisphere 
lies on the base of the coiie and the .splierical surface touches the cur¬ 
ved surface of the cone. 

769. Determine the angle between the altitude and generator of 
a cone, whose curved surface is divided into I wo equal parts by the 
lino of its inler.^eclton with a spherical surface, whose centre is loca¬ 
ted at the vertex of the cone and the radius is equal to the altitude of 
the cone. 

770. A cone with the altitude // and the angle between the genera¬ 
tor and altitude equal to cc is cut by a sphericai surface witli the centre 
at the vertex of the cone to divide the volume of the cone into two 
equal portions. Find the radius of the sphere. 

771. On the altitude of a cone, equal to //, as on the diameter, a 
sphere of radius-rp i.s constructed. Determine the volume of the portion 

of the sphere situated outside the cone, if the angle between the 
generator and altitude is equal to a, 

772. Given two externally tangent spheres O and O^. and a cone 
circumscribed about them. Compute the area of the curved surface of 
the frustum, wltose bases are the circles along which the spheres con¬ 
tact the surface of the cone, if the radii of the spheres are equal to R 
and i?i. 

773. Four bails of one and the same radius r lie on a table so that 
they touch one another, .4 fifth ball of the same radius is placed on 
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them at the centre. Find the distance between the top point of the 
fifth ball and the plane of the table. 

774. Determine the angle at the vertex of the axial section of a cone 
circumscribed about four equal balls arranged so that each of them 
is in contact with the three remaining ones. 

775. The faces of a frustum of a regular triangular pyramid touch 
a sphere. Determine the ratio of the surface of the sphere to the total 
surface area of the pyramid, if the lateral faces of the pyramid are 
inclined to the base at an angle a. 

776. Inscribed in a cone is a cylinder, whose allitude is equal to 
the radius of the base circle of the cone. Find the angle between the 
axis of the cone and its generator, if the ratio of the surface of the 
cylinder to the area of the base of the cone is 3: 2. 

777. The radius of a sphere inscribed in a regular quadrangular 
pyramid is equal to r. The dihedral angle formed by two adjacent 
lateral faces of the pyramid is equal to a. Determine the volume of 
the pyramid, whose vertex is at the centre of the sphere and the vor¬ 
tices of the base lie at the four |ioints of tangency of the sphere and 
the lateral faces of the pyrami<l. 

778. A sphere of radius r is in.scribed in a cone. Find the volume 
of the cone, if it is known that a plane tangent to tlie sphere and per¬ 
pendicular to the generator of the cone is drawn at a distance d 
from the vertex of tlie cone. 

779. The edge of a culte i.s a, Afl being its diagonal. Find the radius 
of a sphere tangent to the three faces converging at the vertex A and 
to the three edges emanating from the vertex B. .Also find the area 
of the portion of the .spherical surface outside the cube. 

780. In a regular tetrahedron, whose edge is equal to a, a sphere is 
inscribed so that it is in contact with all the edges. Determine the 
radius of the sphere and the volume of its portion outside the tetra¬ 
hedron. 


CHAPTER XI 

TRIGONOMETRIC TRANSFORMATIONS 
Proi/e the jollowing identities: 

781. sec (-2--fa) sec —a) = 2sec2a 

782. —2cos(a + P) = -2j2i 

783. 2 (esc 2a -f cot 2a) = col — Ian 


8-II338 
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784. 

786. 

787. 

788. 

789. 

790. 

791. 

792. 

793. 

794. 
793. 

796. 

797. 

798. 

799. 

800. 

801. 

802. 


cosg-j-sma 
cosa—sing 


= tan (45'’+a); 785. 


(t-“) 

2 cos2a—1 


cos g-f-sing 
cosa—sing' 
sin 2g 


: tan 2a sec 2a 


ys 


2 tan 


tan^ 


(£._o.).sma(i+g) 

/ TL \ 1-—sm2a 


=1 


cos 2g 


cot2 g — tan2 g 


1-f-sin 2g 
“ sin^ 2a 


sin a + cos (2|J — g) 
cos g —sin (2p —g) 

14-sin 2a _ 


cos 2a 


cot (t- p) 

14- tan g ^ / « i \ 


1 — tan c 


510x4-^05 (2y —j) 
C0S2 —sin(2y —x) 


14-sin 2y 
cos 


tan- a — tan^ p — sin (a 4- P) sin (a — p) sec® a sec® p 




a) 


• = cot a 


tan 




. = 1 


cos g 

'2 (sin 2a 4 -2 cos-a —I) 

-i-:- - -5-;- . „ ■ == C5C a 

cos g —sm a — cos da4-siD Sa 

sin a —sin 3a4'Sin 5a . o 

- r ,—-r- == tan 4a 

cos a — cos oa 4- cos 5a 

sin (a —fc)4-siii (a —c)4'Sia(6 —c) = 

2 (sin® 3:4- cos® x)— 3 (5111^3:4-cos* x) 4- 1 = 0 


/ 0 

= 4 cos ■ 


471 ' 

3 , 


= 0 


sin a |- sin ^a j 4- sin ^0 

siir {45'^ 4 a) —sin® (30°—a) —sin 15° cos (15° 4 -2a) = sin 2a 
Show that 

1—2 cos2 qi . . 

- 2 . = tan u) — cot cp 

*Sin m rrt« <o ^ t 
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803. Show that 

tan" — ~ 

2 2 sin a + sin 2a 

804. Prove the identity 

cos^ (p + cos® (a + 9) — 2 cos a cos cp cos (a + fp) — sin® a 

805. Simplify the expression 

sin® a -f- sin® ^ -f 2 sin a sin p cos (a -f- p) 

806. Prove that 

sin® a sin® p -\- sin®y — 2cosa cos Pcos y = 2, 
if a-fp-fy = n. 

807. Prove that 

cot A cot B * 1 - cot A cot C -f- col B cot C = 1, 
if AA-B~\-C- n. 


808. 

Prove that 



n 

2 n 1 


cos -r 
a 

cos -r- = T 

5 4 

809. 

Prove that 



n 

, 3n J 


cos-^- 

—= T 

Reduce 

to a form convenient for taking logarithms-. 

810. 

1 + COS ot-r cos : 811. 

. 1 — Y2 cos a cos 2 a 

812. 

1 —- sin® (a + P) ” (« 

-P) 

813. 

1 + sin a cos a -f tan a; 

811 ^H-sina — cosa 



sin-f- 

815. 

1 —tana-f sec a; 81G. 

cos a h sin 2a — cos 3a 

817. 

tan + “1 -f tan (a — 

t) 

818. 

2 sinP —sin 2 {l . V2— cos a —sin a 


2 sin p-f-sjD 2 p ’ 

sin a—cos a 

820. 

cot a cot ^ "h CSC 2a; 

821. cos 2 a + sin 2 a tan 

822. 

2 sin® a 4- sin 2 a — 1 ; 

gqg i 4- ton 2 a tan a 
cot a 4- tan a 


6* 
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824. 

825. 

826. 
828. 
829. 


2 + tan2a + cot 2a 

tan X — 1 + sin I (1 — tan ar) + 

l+cosa+co5 2a+«)s3a . g 27 , i _4-sin'*2a—sin® B—cos*a 
cosa + 2cos2a —1 4 

. . sin(i + y+a) 

tan 3: + tan y + tan z - ^ ^ 

sin a 4 -sin p-h sin Y if + 


CHAPTER XII 

TRIGONOMETRIC EQUATIONS 

Solve the following eguations: 

, / 3i . 3i \2 

830. 1 —sin5i= ^cos "2—sin-^-J 

831. sinx + sin2x4-sin3x + sin4x = 0 

832. sin (x + 30°) + cos (x + 60°) = 1 + cos 2x 

833. sinx +sin 2x-f sin 3x = cosx + cos 2 t + cos3x 

834. cos2x — cos8x + cos6x = l; 835. cosx — cos2x = sin3i 
836. sin{x —60°) = cos(x-f30°); 837. sin5x + sinx + 2sin*x=l 

838. siirx(tanx-|-1) = 3sinx(cosx —sinx) + 3 

839. cos4x= -2cos®x; 840. sinx + cosx = 

841. sin3x = cos2x; 842. siu‘^+cos *.2 = g- 

843. 3tan®x —sec®x= 1; 844. (1+cos4x)sin4x=cos®2x 

845. sin*x + cos*x = cos4x; 846. 3cos®x —sin®x—sin2x = 0 

847. cos® X + 3 sin® X 2 ]^3 sin x cos i = 1 

848. 6sin®x + 3sinxcosx —5cos®x=2 

849. sin® x + 

850. sinx4-1^3cosx=l; 851. sinx + cosx = l 

852. sin x cos x = 1 ain 2x; 853. sin 3x cos 3x «= 1^2 
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854. sinxsin7x = sin32'sin5ar; 855. cos J sin = cos Sisin 5x 
856. sin a: sin 2xsiti 3x = sin 4i; 857. 2 cos" a: + 4 cosx = 3 sin -1 

858. 5 cos 2x = 4 sin a:; 859. tan a: j 4-tan x — 2 = 0 

cos/-^—i) 

860. 8 tan^.|-= 1 + secx; 861. ——^-sec’-y—1 

862. 1 —cos (n —x)4-sin = 0 

863. 2 1^1—sin 

864. sin I — cos a: — 4 cos- X si n X = 4 sin^ z 

865. cotx + y|^ = 2 

866. 2cot (x —Jt)—(cosx I sin x)(cscx —secx) = 4 

867. sin(n —x) + cot^y—xj = —— 

1-Wny 

868. -i = 2sin4 

1-COty 

869. sin (n — x) + CO t (.^ + I) = sec (—X)—cos (2.1 - a ) 

870. sec“ X—tan= X 4- CO l ^ + a:) = cos 2x sec- x 

871. sin^ X (14- col x) + cos^ x (1 4 tan x) = cos 2x 

872. sin® x cos 3x 4- sin 3x cos’ x == 0.375 

873. tan x 4- tan 2x = tan 3x 

874. l4-sini4-cosx=2cos (4 —4.5°) 

875. 1 —cos“ 2x == si n 3x—cos ( “ 4 x j 

876. l-3cosx4-cos2x = ^ || g £ ^^ 

877. [cos X — sin (x—n)K 1 = ^_ j 
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Problems 


878. (sinx-f cosa:)® ~ 2sin ("^+- a; j 

879. 2 —sin a: cos 2z —sin 2a: cos x = 


r (^ 

3z \ 

• { « 

3x 

[cos 

2 ) 


" 2 )] 


880. (1 —tana:) (1 + sin 2a:)—1 +tan a: 

881. cos a: 4-sin a: = r— 

' 1 --Sin 2 x 

882. (1 + sin2x)(cosa: — sina:) = l — 2sin-x 

gg3_ ^3i„(^^3o^)sin(^_30°) 


oo/. sin(60'*4''®) + sin(60'’—z) tanz cotz 

2 ~ (1 + tan2 z)3 (1 + cot2 x)2 

885. sec° X- (cos X f sin :r tan "lyitf 

V ' 2 / cos z 

oo^> • / ^ I \ • / '■* \ tany-fcot-^ 

886. sm(^+^)-s.n(^-x)=-- 

887. 2/2sin(45“H-2) = Vt^^ 

^ \ I / 1-f-sinz 

ooo A 2 (sin 2z —cos2z tanz) . . . 

888. 1-i- 7 =-^=scos^x —sin*x 

V3 sec® X 

889. sin .3x = 4 sin x cos 2x 

890. sec X + 1 = sin (n — x) — cos x tan 

891. -2sin(45° + x)sin(45°-x) = 0 

892. tan (x — 45'’) Ian x tan (x -f- 45°) = — ^ ^ 


tan (z 4-45®) 4* tan (z—45®) 
_ 


tan (x — 45°) tan (x + 45°) tan x 


tan (x h a) f (x —• a) = 2 cot x 

/ . z z\2 2 

"*" 2 -cosy ==—V- 7 -J+TT 

tan —tan—l— 
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897. sin*!-]-sin’’ + =-|' 

897a. sin* j:-r sin* ( 1+^)1 sin* (* —x) 

Solve the following systems of equations: 

898. cos cos = -i-; cos a: cos y i 

899. i + y = a; sina:siny = m; 900. x + y = a: tan a: + tan;/= m 
901. x + y = -^: tanxftan!/=l 

902 = 1 • 16^*"” *+cos2 y _ 

903. sinisin!/=.^T|^; tana:tany = j 

904. .sina: = 2siny; cosa:=.jcosy 


CHAPTER xm 

INVERSE TRIGONOMETRIC FUNCTIONS 


905. Compute 

2 arcsin ( - ^) 4- arccol (-1) + arccos :^ +1 arccos (-1) 

906. Prove that _ 

, . yi-x2 

tan (arccos ar) =- - - 


907. Prove that 


tan (arcsin x) — 


X 


yt-x2 


Compute: 

908. sin[iarccot(-|-)]; 909. sin [1 arcsin ( 

910. cot[-~arccos(—y)];911. tan (S arc tan — i-arcsin ) 
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912. siu|3arctan]/"3+2arccosY| 

913. cos [^3arcsin^4-arccos ( —-j")] 

Prove the following identities: 

914. arctan (3 + 2 K 2 )—arctan3^=.|- 

915. arccosl/4 —arccos^t^5^=, " 

916. arcsin4 + arcsin:i| + arcsin|i = i 

o 10 65 2' 

917. arccosi + arccos ( —4) =arccos ( 

918. 2arctan4- + arctan4- = arctan?| 

0 4 43 

919. arctan4 + arctan4- + arctan4- + arctan 4- = ^ 

Solve the following equations: 

920. 4arctan(a:’“ —3x —3) —n = 0 

921. 6 arcsin (a:“ — 6x + 8,5) = jt 

922. arctan (x - J- 2) — arctan (x +1) = i 

923. 2arctaa4 —arctanx=-i 

2 4 

924. arcsin - f - — arcsin V 1—a; = arcsin — 

3yx 3 

925. arctan 4—arctan = arctan x 

0 a^f-o 

926. arcsin 3x = arccos 4x; 927. 2 arcsin x = arcsin'.^^ 
928. Solve the system of equations 

x + y = arctantanxtany=a“ (|a|<l) 


ANSWERS AND SOLUTIONS 


PART ONE 

ARITHMETIC AND ALGEBRA 


1 . 

6.5625 

2 . 

29 — 

3. 

3651 

4. 

45 

5. 


6 . 

50 

7. 

23.865 

8 . 

QC 26 

9. 

599.3 

10 . 

84.075 

11 . 

2.5 

12 . 

2 ll 

^21 

13. 

0.0115 

14. 

157 

280 


CHAPTER I 

ARITHMETIC CALCULATIONS 


15. 

•^^64 

31. 

'k 


32. 

4000 

16. 

6 

33. 

GG 

17. 

700 

34. 

2 

18. 

100 

0.5 

35. 

19. 

10 




36. 

0.09 

20 . 

21 . 

4 

') 

37. 

35 

48 

22 . 

3 

38. 

2 



39. 

1 

23. 

•>_ 

''m 

IG 

24. 

5 

40. 

') ^ 

“ 3 

25. 

ill 

84 

41. 

1 

i 

26. 

10 

42. 

1301 

27. 

1 

43. 

-20. 

28. 

1320 

44. 

2.25 

29. 

11 



30. 

250 

45. 

4 



90 


Answers and Solutions 


CHAPTER II 

ALGEBRAIC TRANSFORMATIONS 


Preliminaries 


In solving problems of the present chapter (beginning with Problem 62) 
the following should be taken into consideration. 

1. The radical is called principal, or arithmetical, if the radicand a is 
positive (or equal to zero) and if, furthermore, the root itself is taken positive. 

Examples. The expression —27 cannot represent an arithmetical root, 
since the radicand is negative. The expression y^i6 is an arithmetical root, if 
we consider only its positive value (i.e. 2). The expression 27 represents an 
arithmetirai root (i.e. 3), if we consider only its real value |it also has two 

imaginary values —-^— i and — -^— t j • The e.xpression y —16 

cannot represent an arithmetical root, since the radicand is a negative number. 

2, Tlie rules for transformation of radicals set forth in algebra are true only 
for arithmetical roots. 


For instance, the equality y^— y'x‘ is not true for negative value s of x. 
Thus, at X —8 the left member of the equality has only one real value ^ —8 *= 
—2, while the right member has two real values YHi — ±2 (if imaginary 
value.s are also considered, tlien —8 has three values, and y G4--six values). 

in view of this, in the present section dedicated to the identity transformations 
of irrational expres.sion.s we a.-^sumc that all radicands may have only positive 
(and zero) values*, which means that literal quantities entering the expressions 
to be .simplified should meet .*^0106 additional conditions. In a number of cases 
(see. for instance, notes to Problems 65 to 71) we indicate such conditions. 

Sometimes the conditions to be satisfied by literal quantities are given in 
the ju'obleni itself. Then in solving such a problem one is to prove that under 

these condition.s all radicands are positive. _ 

3. it should he particularly noted that the equality (where 

is an arithmetical root) holds true onl^for x> 0, For a negative x it is inva¬ 
lid: instead we have the equality '\/x^^ —x. Both ca ses ma y be ^overed by 
the equajU^ l/x2 111 . Thus, if x — —3, then y( —3)2 = y'9= —( —3) 
(and V' (—3)“ is an arithmetical root, since the radicand ( — 3)2 is positi ve 
and the root is taken in its positive value). We may also write y( —3)2 = 
- |3i. The importance of this note is see n from the fo llowing examples. 
Example 1. Simplify the expression ym2 — 2rnn-\~n^. The solution 


~\/ m 2 — 2mn 4 - n 2 = '\/ — n )2 •=: m — n 


is true only for m>«. For mc^n it should be written instead 


\/m~ — 2 mo 4 -;i 2 ^—(m — n), i. e. ym 2 — 2ntn-{-n^ = n — ni 

* With the exception of Problem 64, where the radicand of the cube radical 
can never bo positive (see the solution of this problem on pages 96-97). 



Chapter II. Algebraic Transformations 


91 


Thus, if m==2 and n^3, then m—n=—1. whereas 

ym^-2mn+7^ = y4-12 + 9 = V1 = 1 
A general formula has the form 

ym2 — 2 m 7 i + jf* = 1 m — n I or ym2_2mii+n2^| 

Example 2. Simplify the expression _^ 

y/, + /, p + pi-Vi-~ip + p- 
yi+ip + p^+Vi — 'iP + P^ 

Denoting (tor the sake of brevity) the given expression by A. we have 
(for p=p—2): 

. |2 + p|-|2-p| U + Pj 

|2 + p| !-|2-Pl 'tz£ 

• 2 + p 


if the fraction is positive, then 

1 -^ 


2 + p , 


f + 


and if it is negative, then 


1 + 


2 + P 

2-P 
2 + P . 


‘-•7 


2-P 


+ P 


Let us analyse what values of p yield the first or/and the second cases. The 
f is positive when 2 - p and 2 + p are of the same sign. Let us 


fraction 


first reauire that both quantities 2 - p and 2 -j- /> be positive, ine quamu> 
2 i r?s posit ve tor p < 2, the quantity 2 + p is pos.Uve for p > -2. Con- 
sequmtTv both quantities arc positive for -2 < p < 2, Now we require that 
both m.on’iilies 2 - P and 2 + p he negative, but soon find out that this rcqii - 
remenTcMnM ll tulfflled: 2 - p is negative tor p > 2, and 2 + p is 

ncgXe for p < -2, but these conditions are incompatible. Hence, the fraction 

2-P is positive only for -2 < p < 2. For p > 2 and p < -2 this fraction 

2-{- p 

IS negative. 

Thus, d = i for I p 1 < 2 and d for I p I > 2. At I p I = 2 both e.xpres- 

sions are valid. ^ 

Example 3. The equality ya« = a3 is true only lor a>0. lor negative 
values of a we have instead of it the equality l/a«= -a+ Thus, at a = -1 
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Answers and Solutions 


Ko have V{~'^)® =-“(■”■1) ==Here "Vi —1)* is an arithmetical root, 
since the radicand ( —1)« = 1 is pceitive and we take the positive value of 
the root. 

Example 4. Take the factors outside the radical sign in the expression 

V(« —5)0 (a —3}3. 

The given root may be arithmetical only for a >3, since for a <3 the 
factor {n--3)3, and, hence, the whole radicand are negative. The equality 

V — 5)* (a — 3)^ ~ (a — 5)3 (a —3) "l/a — S 


holds true for a ' 5. For a <5 the following should be written instead 
—5)»{a—3)3 = — (a — 5}3 (a — 3 ) V 

general formula is 

y (a — 5)6 (a — 3)3 = I a — 5 1® {a — 3) Vo — d (for « > 3). 


4. In general, the equality ” x" = j (where the left member denotes an 
arithmetical root) holds true only for positive values of x (and at x — 0). If n 
is anjnen number, then at a negative x instead of y'x't = x we have the equali¬ 
ty ,r'‘ -••• —T. if n is an odd number, then at negative values of x tlierc exists 
no arilhinetical root at all. 

40. Grouping the last three terms of the expression in parentheses, factor it 
fi‘ — }}i _ f 2 -i- 2bc = a* — (5 — c)3 = (a -f 6 — c) (a •— b -f c) 


The given expros.sion lakes the form 

(a -f- c 4- b) (rt 4- c — b) = (a -f c)- — 6* 

9t 

.'l/f.vtrcn {a-\-c)- — b“\ 139 . 

22o 

47. The expression in parentheses is equal to — . It is convenient to rever¬ 
se all the signs both in the numerator and denominator of the last fraction, and 
tlien to factor the numerator; the fraction takes the form 

(a4-n) (h —I){n3 4^n4-i) 
a'i — 1 

Answer: -. 

n 

4S. The denominator of the second fraction is equal to (I 4- X) {x - 2a). 
1 he parentliesized expression is equal to 1 4- The given expression is equal to 


Anstrer: 


a 


a jx —2a) 


49. .lAi.'.'Hvr; - . 

a-f-2x 
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50. Represent the second addend in the form • Reduce the paren- 

-3 (2a2 + 9a-f 10) . 

-- a(3a — 1) ’ 

«quating the trinomial 2<i2 + 9a + 10 to aero and finding the roots o,= -2; 

<i 2 — — , factor it 


thesized fractions to a common denominator; this yields 


2a=+90 + 10=2(0 + 2) (o + |-) 


Now the expression in parentheses takes the form 
-3(0 + 2) (2o + 5) 
a (3a— 1) 

Multiplying it by 

3a3-f 8a-—3a _ 4o (a +3)(3a—1) 

- — (2 +a) (2-a) 

12(20+ 5) (0 + 3) 

Answer: - a — "Z - 

51. fleducc eacii fraction, factoring both the numerator and denominator. 

. oh 

Answer: —• 

52. Factor the denominator of the second fraction and reduce the latter 


?/ (i —.w) 


1 




Answer: ■—— " ■ 

53. After "simplification the denominators of the fractions take the form 


4(z^ + J+l) 


and 




3 3 

The given expression is transformed in the following way 


A ^ 

3 ‘ 
Answer: 


1 


3 ‘ 4 ( J2 + X + 1 
xZ + l 


1 






-x + l 


(x2_(-l)2-.x2 X* + x2-l-i 


. , , ^2U- ■ 

5< Factor tlie denominators of tho first four fractions, reduce the first 
fraction by a —1. The expression in paronlhesos takes the form 


1 2(0-1) __ifi+lL_+_ _ _^ 

0—1 + (a + 2)(a—2) (o—l)(a + 2) ~ (o —l)(a—2) 


2(a + 3) 


(o_l)(o + 2)(o-2) 
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This should be multiplied by the fraction , 36°^-360^+144 _ 

the numerator of the last fraction by grouping the terms, and the denomi¬ 
nator, as the sum of cubes aS^33. tjJlg fraction takes the form 
36 (a —1) (0 + 2) (a—2) 

(a + 3)(o2_3o + 9) 

Anmer: . 

53. Let us denote the dividend (the sum of fractions) by A and the divi¬ 
sor, by B, Factoring the polynomials which enter A, •we find 

3{x + 2) . (3: + 2)(2r-5) 


2 (0:2 + 1) 

4 _ 3 : + 2 

2 (0:2 + 1) 

Then we find 


2(o: + l)(x2+l) ■ 2(x~l){o:2+l) 
outside parentheses, we have 


^ x-l I W 


(I2+1){I+1)(I—1) 


n 2 (x^-4) 

(,2 + l) (a: + l)(i 

Dividing A by B, we get , 


^ 56. Let A denote the dividend and B, the divisor. Equating the trinomial 
X- ^ xy — 2y^ entering the expression A to zero, wo solve the obtained equation 
for one of the unkno'nms, say, for the unknown x; on finding Xi = —y and 
X 2 = 2y, wo get the following factorization of the trinomial: — xy — 2i/ = 
~ + y) (^ — 2y). Now we have 

X —y 

2y —z (z + y)(x—2y) 

Write in the subtrahend 2y x instead of z — 2y, simultaneously reversing 
the signs in the numerator of this fraction. Reducing the fractions to a common 
denominator, we get 

, 2xi+y-2 

(2y —x)(i + y) 

In the expression B factor the numerator by representing it in the fomj 
(2 j:= + y)= _ 2*, and the denominator, by grouping x= + ly and y + x. Then 
„ (2xg+y + 2)(2ia + y-2) 

(■i+yifi+l) 

Dividing d by B, we get - 


(2y-x)(2i2+y + 2) " 
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x + 1 


- ( 2 ,-.)( 2.2 + , + 2 ) • 

57. Factoring the polynomials contained in the given expression, we obtain 


(a + 2) (g-l) 

an (a_3) 


ya + i) 


, 4(a-{-l) (a—1) a(a —1) 


Answer: 


a + 2 


58. Let A denote the dividend and B, the divisor. The numerator of the 
fraction A is 

4-[4.2 (6 + c)2n -1) = 4-12a (|| + c)» + i 112<! (i. + c)n -11 


and the denominator 

a(n2-—a^—2a- 


1 ) = a [n2 — {a +1)2) = a{n4-a + l)(n—a — 1) 


Leave the numerator of tlie fraction B unchanged and write its denominator 
in the form —ac(n —a —1). 


Answer: 


(2a (fe + c)n-}.i]c 
2 (n-j- +1) 

59. First method. Reduce all the fractious to a common denominator: 
be {b — r) — ac (a—c) 4- ab (a—6) 
abc (a — b) (a — c) (6—c) 


{«) 


Having multiplied the binomials in the denominator, we get a^b — ah- 
-f — arc + ac^ — bc^, i.o. the same c.vpression as in the numerator. After 

reduction wc obtain -i-. 

abc 

Second method. Putting in the numerator of the fraction (a) a = b, we find 
that in this case the numerator vanishes. Consequently, according to Bezout's 
theorem, it is divisible by {a — b). The quotient Is 


a {b — c) — c (b — c) = (b — c) {a — c) 

Thus, the numerator is equal to {a b) {b — c) (a — c). 

Third method. Let us reduce to a common denominator only the first two 
fractions of the given expression. We get 

1 ) 2 — be —a<^-{-ac 
af> (a—6) (a —c) {b—c} 

Grouping the terms in the numerator (the first one with the third and tlie 
second with the fourth), we arrive at the expression 

(6 + a) (i — a) — c (6 — a) = (a — 6) (c — a — 6} 

Now reduce the fraction by (a — b) and add the third fraction of the eiven 
expression. ^ 

Answer: - 4 — . 
abc 



96 


Answers and Solutions 


60. The first factor is equal to 


equal to 


(fl + x)2—1 (fl-fX-j 


2ax 


find 




2ax 

. Sul^titute x=- 


The expression in brackets is 

. Multiplying the given expres- 
1 


1 — 1 


the form 




the denominator becoming equal to 


the numerator takes 
2a 


Answer: 


2 (a—1) 

Gl. Let us denote lUe expression in brackets by A and the expression in 
parentheses, by B. We have A:B-^~AB. Getting rid of the powers with 
negative exponents in the expression A^ we have 

2ft2-3ab —2c2 (6 —2a) (26-M) 6 —2a 




a(a-i-26)(26-fl) c (a-(-26) (26 — a) a (26—a) 


Trainsfurming B, we gel 
B ^ 


”3a- 


6 a- \ 

2a-b 


6(0 — 26) 
2 a—6 


rinally, we find AB ~ o«"^6 (reverse the signs of the terms both in the numera¬ 
tor and denominator in one of the fractions to be multiplied). 

Answer: an-^h, 

62. The numerator is transformed to the form — 6®, the denominator, 
to a -f- 6. 

.■Iftsavr: a — 6. 

Mote. For the roots to be arithmetical ones, the numbers a and 6 must not 
be negative. 

63. The first radical i.s equal to 


]■ {a — 6)3 (a-}-6)“ = (a — 6) 

Artswrr: 6 {a^ — lA). 

X(i(e. It is assumed that a > 6 (otherwise the first root will not be arithme¬ 
tical). 

04. Thi.s Is an exception from the rule considered on page 90 which states 
that ra(licaiid.s may have only positive values. The thing is that the radicand of 
the cube radical j.s always negative. Indeed, we must consider the expressions 
VgI and \/^ (which have reaj^valiies only for jr > 0) to be positive (otherwise 
tlie expres.'^inn 2 "i/Oj: — 4 y'Zx loses its uniqueness). But then the difference 
2 ■\/(17 _ 4 1/2J — negative. 

And so, we admit that the radicand of the cube radical is a negative number. 
Then the cube root itself has a negative value. Prior to applying the rule for 
transforming radicals, wc have to accomplish such a transformation: 

,/ 2 VGi-4ys=- Y 4 y^-2 ys 


Now the radical on the right is an arithmetical root. After reduction to the 
same index as that of the first of the given factors we obtain 

-^/'4y^-2yS=-J/(4V^2y6i)> --^8»(7-4y3) 
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Multiplying the roots, %ve got: 64x2(49 — (4 — 2 p* z. 

Answer'. — 2 x. 

Note. If no attention is paid to the fact that the radicand of the cube 
root is negative, one obtains the \\TO Pg answer 2 f x. 

65. TiiO first radical is equal to y'' (<» + 1)* ( a — 1). Taking the factor (a-fl) 

outside the radical sign, we get a—i. The given expression is 

e(|ual to _ 

a , i, -7 V'*— I 

2 1“ ■ ’I*" “ *• (a + l)(a + 2) 

Bring the radicals to a common index: 

|a+l \V(a— i)^ 

2 (o + l)(a + 2) 

If the number «-|-! is positive, then | a-f 11 -}• 1. and on reducing, we get 

a I (rt— i)3 

~2 aTf2 ' 

Note. The number a -j- 1 is just positive. Indeed, since tlie radicand 
(a 4- 1)^ {a — 1) is assumed to be positive (or equal to zero), and the factor 
(fl 4* U* is nonnegative in all cases, then a — 1 > 0, i.e. a > 1, and under 
this condition 0 + 1 ^ 2 . 

. rt t (rt —1)^ 

Answer: -r -r-r— . 

2 a 2 

66 . Assuming all the roots to be arithmetical, bring the factors 

T 1-4 « . . VI _4/ 

y -ihi [/ 9i-18a-i-r9a-2 y 9(l + fl)2 

to a common index 0. The first and second factors take the respective form 

/ (I -f a)^{lT «) . 4‘X 3a* 

y 27a3 ' y 81(1+0}* 


Multiplying them, we gel ~y a. 

Note. The first factor is an arithniotical root only if a > 0 (if a < 0, the 
radicand is negative, at a 0 it loses its sense). The second factor is an arithme¬ 
tical root at any a (except for a = —1). Consequently, the quantity a may have 
any positive value. 

1 fl 

Answer: ” y «. 

67. Place ah under the first radical sign. The given expression takes the fonn 


J/ a~b 

y a-b 


.Note. For tlie given radicals to be arithmetical roots the following condi¬ 
tion must be oljserved: o > b. The case a = b is excluded, since the second 
factor Joses its sense. 


7—01338 
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Answer: 1. 

68 . Rationalizing the denominators, wc get 

(V S—11) (V5+li) = -115 

Answer: —115. 

69. The dividend is equal to —. ; the divisor, to 

'\/a — b-^'\/a-irb i.- * * '\/a—b 

Y^b * i ’ b 

Note. For ail the given roots to be arithmetical the following three conditions 
must be simultaneously satisfied: <i — 6>0, (i-r6>0 (they may be 

replaced by the following two conditions: a ^ 0, j 6 [ •< j o |). 

Answer'. , 

0 

70. The dividend is equal to —: the divisor, to -r ^—: the auo- 

o-i — a bZ—.a ^ 

2 

tient, to -y, The quantity a may have any positive value; b may have any 
value, except for ± '\/a. 

Answer: . 

71. The luimerator of the first fraction is reduced to the form 

(y— _ |ia'Q|^.|i_,^j 

y 1—fl2 "j/1 _ rt2 

If the expressions l + a and 1—<i are positive, then (see Prelimiiiai ics 

on page 90, item 3) the numerator is equal to — ■ —- . Under the same 

yi _„2 

I-.- ,1 1 * ' 1 , lld-«| —11—al 2a 

condition the denominator is equal to -- - ———• ilto 

Vi-a 2 yin^ ’ 

1 

fraction is equal to ~, and the given expression, to 0. 

Note. For the radicals contained in the given expression to be arithmetical 
roots it is necessary that the quantities 1 4- fl and 1 — a be of the same sign. 
I^ut it is impossible that both of them are negative, since 1 -f a < 0 if o < ~I 
and 1 -- rt < 0 if fl > I, but these conditions are incompatible. For the quanti¬ 
ties 1 f a and 1 — « to be simultaneously positive the following condition 
should be fulfilled: —I < a < 1, i.e. | a | < 1 (the values a = ±1 arc exclud¬ 
ed, since at each of them one of the given expressions loses its sense; 

the value a = 0 is also excluded, since the fraction — loses its sense). 

Answer: 0. 
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72. Substituting x = into the expression y'x^—X, wc 

Since, by hypothesis, a> 1, then a —^>0. Therefore 


Similarly we find 




Substitute the values of the radicals found into the given express 
Answer'. 


* 

73. Substituting x = 
‘\/a — bx, we find 


into the expressions y'a y h. 


and 


6(1+m2) 

yrrto=j/<. + -j^^ = | l+m| j/ -j-+ 

VS:=X7=| 


Since 1 + m- is always positive, then a rtnst also be positive {ai 
both roots are imaginary; at a = 0 they are equal to zero and the ‘given ( 
sion is indeterminate). Since, according to the additional condition, | m 
then both 1 -}- m and 1 — m are positive. 

The given expression takes the form 




(1+m) 


I 


Answer: (for a>0). 

74. The prrjblem is similar to the previous one. We have 

, ± 

2mn 


{m — x) ~ 


Y- 


T y(-.-i)-= 


'•“4-1) 

Since, hy hypothesis, n<l, then 

JL 

{m—x) - . 


_ _ 2 ( « — 1 I 

yn2+i 


m, ^ (1 — n) 

ViSTT 


Ul. 


r and 


fl < 0 

ex pros- 
I < 1. 
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By analogy, 


Answer: 


(m-f-x) 


_L 

m ^ (1 -f*«) 

Yn^l 


2 1 / k 

75. Substituting x— ^ ^ into the expression we get 


l + k 


JS'ow we find 


(l + fc)2—«• (t-*)2 

“ (i + A:)2 + 


(1_I2)“2 =l;yi —it 


|l + f--| 


Since, by the additional condition, A;>t,^thcn the quantity 1 + *.- is positive 
and 1 —b, negative. Therefore (1 —i^) ^ =.ii^ . inside the first brackets 


we get -^r—^, inside the second. 


t-1 

1 


. The given expression is equaTto 


Aimiver: 


( t ^) 

, y,— 


(the 

exponent —2 refers/only to the numerator of the third addend!). Simplifi- 
cations yield - ^ -or —^ -. 


The expressions 


1 


+ ***** («-fl) =V'(a + l)^ 

\vill bo arithmetical roots only i! a> —1. At this condition the radical 

y(o 2 -l){a-l)=y(o-l)t{a+l) 

will also bo an arithmetical root (since the factor (a —1)2 cannot be nega¬ 
tive). Tile equality 

(a —1)2 (a -f-1) = (a — 1) ~\f a -f-1 
is true only for If a<!l, then 

y(a-l)2(a + l)= -(a-1) VTTi 
(see Preliminaries, Item 3, page 90). 
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un 


The given expression is equal to 


(a —1)“ r a — i a~\-\ j 

4o L a -f i I a — I I J 


Note. At the expression loses its sense. 

Answer: fora^l; —1 <*'<!. i e. for 

a -f-1 2ja{a-\-\) 

\a\<\. 

77. The given expression may he represented in the form 

It is assumed that j-— a2>.0, i.e. jxj>|a| (otherwise the root \ y-—-a- 
wi!l not be arithmetical, the case |x| = |e| is excluded, since the second 
radicand loses its sense). 

The lirst factor is reduced to the form 

|t2__/j 2| —a2 j2_2a2 

‘^ItI ' ' 

' ' yj2_a2 yx2-fl2 

(since a:2_a2^0, then |j2__a2| ——«*). 

The expression |/ —transformed to the form 

, //x2-2fl2\2._ {r=^-2a2| 




Here the numerator can be written in the form ^^.....202 only if j2-.«2o2>, 0, 
i.e. ifU!>|a|y2. 

Now the given expression is written in the form 

, J-"“-2a2 y^z —o2joj.] z j 
2flx|z2-2a2i 

Taking into consideration that j x j-| z | = | z p—zZ and reducing, wo ol.tain 
zZ—2a2 I (21 zZ—2flZ I a I » • i ■ .1 

- . .. or - — 5 —"hich 2s the same. 

a |j-2_2<|Z| a I z2—2a2 | 

Answer: If (z|>|al, the given expression is equal to ± z; the plus sign 

j2 _2fl2 x2_ ‘>q2 

is taken when-> 0, and the minus one, w hen-^ <*(). 

a a 

if ^ 0, i.e. if )x| = jo|y2. the given expression loses its sense. 


78. Get rid of negative exponents. The numerator takes the form 

2afeya 2<ih T/fc _ 

' ,_ ■ _ -4-.'ijj.■** iao, 

Vo + Vk Vo + Vt 
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the denominator becomes 


2ab 


(h 


a-\-'\/ab b-{-~\/ab > 

Noting that 

a~\-'\/ab='\/a{'\/a-\-'\/b) and — 

represent the denominator in the form 


ab f 


2ab 


1 


^ Va ( Vi+V?!'*' y l> (V“+ yS )! yab 

Now the given expression is equal to 


1 


0= 


2o6 


= 2 Va6 


2flb 

2 


=Y^ 


Answer: 

79. The expression in the first parentheses is reduced to the form 

_ 2~\/ax _ 

ya+x(ya+yx) 

Raising it to the po\\er —2, we got 

{a+x){y^+yxY 

4az 

Similarly, the expression ij» the second parentheses is reduced to tlie form 
(0 + l)('l/g—Vl)° 


\Mien subtracting, factor out 
the parcMillieses). 

, a -i- X 


4ax 

4ax 


(simplifications yield ^I'^ax inside 


^ ax 


i'<0. After simplification the last addend takes the form 


>yx2. 


Hedtn ing all the fractions to a common denominator and summing, we get 
zyi^ + a 

.•{'(Sfivr: _ 

81. Answer: 2{x~\-\/x'^ — i). 

_ 3 i r ^ 

82. Itisidc the brackets we have a ^ ba ^ba^ — a ^ b-. The given expres¬ 
sion is equal to Substitute into it 

V2 j 1 

a—and b= , 

2 I'2 
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Answer: 1. 

83. We represent the given expression in the form 
make the following substitutions 


i 

a-\-i 




1 


and 


a =- ~—2 —b'3 and 6 =-=- 

2^'Vi 2—V3 

We find a + 1 =3-1/3, —t-r and so 

a-j-1 0 

Answer: 1. 


2+ 1-^3 


on. 


84, Answer: '\/x- — 4z. 

85. .-b<.fU7er: n. 

8(>. For all the roots to be arithmetical it is necessary that 


X—-a2 ^ 0. 


The expression in 


parentheses is reduced to the form — 


4v':;i/.r-o2 

«2 


The given expression is equal to 


/ _\ , 

yr—a^ ' 4 I / I ^ —o2) 


34«Ju?fr: 

87. The 


4{i —a-) 

denominator ol the second fraction is equal to 


i ' I 

z- — I - (I-’)' —) = (I- — I -i--i-1 ) 


Answer: x—t. 

88. The dividend is e(|ual to 

3 3j^ It i*i 

2= 2'!,^ (22)3 i. ^,22 -L (2_.3.22^5 + r|„5,. 

1 I 

the divisor is equal to 2 ^-f-3y\ 

/l/.m-rr; 2 — 3 *'][ 32i/2-|-*>j 

89. Let us get rid of negative exponents In the second teitn by multiplying 
both the numerator and derioniinalor by 

We obtain in the miineiator yi,<| i|, the denominator 

1 _1 3ii. _i 3 

a- (a'-^ — a ^) = a^ \a^ {a-— a -)j = a“ (a —1). 


On reducing we get 




Similarly, the third term is cMjiial to 


1 
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90. The dividend and divisor are respectively transformed to the form 

3 3 1 

(a— by* 

2 ~ » I 3 T 

(a —6)^ [ar — bf 

3 3 3 3 

Taking into account that obtain the quotient 

a^-^ab-{-b\ At 0=1.2 and we get 2.52. 

Answer: ab-y-b^; 2.52. 

91. Removing brackets and collecting like terms, we represent the dividend 

1 i 111 111 

in the form OoV +96 = 36 ^ ( 2 fl 2 -i- 362 j. divisor, a-(2a2-f-36-). The 

quotient is 3 /I ; at the given values a = 54 and 6 = 6 it is equal to 1. 
Answer: f* 

92. Multiplying both the numerator and denominator of the given fraction by 

_1 _1 _I _l 

l(a-l-6) “ + (0 — 6) -)((a+6) (o —6) -] 


we get for the numerator 

_i _i _l __i^ 

[(a + 6) 2_(a_6) 2j + ((a-f6) 2 + (n_6) 2 j_ 2 (a ^(,)”2 

and for the denominator 

_1 _i. _i i 

2j^__ 2(0-6) “ 

Answer: — ~\/~~—^ . 

r a-\~b 

93. The first factor of the subtrahend is reduced to the form 1 —a 2 
we have 


a2(l_a2)'' 2 (<—°2)[(l—a2)2-)-a22| 

1—oZ 

Reducing the fraction by (1 —oZ), we obtain 

.^1 _1 I 

aZ(i_a2^ " —(I—a2)2__g2^j__g2^ 2_ 

.•Inso-rr; — ')/1 — o2. 
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94. The given expression is equal to 

j-3-1 _ yrrs —1 

Vx {:r+1) 1) '\/X (1 4-x 2) ^/'l-f-x- 

_ x3—1 1 Vx 

"Vi(x+i)(i2+ir yj(i+x2)~ -r+i 

, V-f 

Answer'. -— 7 - . 

x -\-1 

_ i 

95. The numerator of the third term is reduced to the form'/?^ (/^ 2 _j. 2 ) - 
The denominator is equal to The given expression takes the form 

1 _l _ i 

(/?2-x2)2-x2(/i2-x2) 2 + fl2(fl2_x2)' 2^ 

* _ i * 

== (/i 2 — i 2)2 + (/?2 ~ x 2 ) •' 2 ( /J 2 _ j 2 ) == 2 (/?2 _ j 2)2 

Answer: 2'\/R^ — j 2 . 

90. Tlie first and second addends arc reduced, respectively, to the form 

I I 

P + 9 , 2(/)“ + g-) 2 

t I ' I ill 

P9 (p‘ + ‘7")^ (p" + r)^P^9^ fP' + 9‘)^P'9" 

Reducing these addends to a common denominator, we get 

1 1 

P + 9+ 2pV 

2 1 

P9(P^ + 9^)2 

1 I 

The numerator of this expression is equal to {p^ + 9^)2. 

Answer: . 

a 

97. Introduce here fractional exponents. Factor out a^ in the expression 
111 11 
a + a^;r^, and in the expression x + a^x^. Then the numerator of the 
first fraction will lie 

2 2 2 i. j. i i 

a' . a=‘-x-' 
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and thus the first fraction is reduced to the form 


expression takes the form 

1 1 i 






The bracketed 


Answer: 


X* ' 


98. Represent the binomial a — ‘\/ax in the form ‘\/a{'\/a~~'\/x)» The 
numerator of the fraction will be 


(Va~f-l)^-Vi = fl + Va+l 

The denominator is equal to 
Answer: 27. 

99, Get rid of J negative exponents; reduced by 2e — 3, the first addend 

takes the form ; reduced by « —1. the second addend yields , 

Answer: 9a, 

100. Take a — b outside the brackets in the first factor. The quantity 
a-^b 

cannot be negative (otherwise the roots are not arithmetical). 
The given expression then takes the form 


Answer: 2b (a — b). 

101. Represent tlie dividend and divisor, respectively, in the form 

a o *1/6 ^ 6 (!' o — y 6) 

a-^^/'ab l/a+l/t'* ° 

The quotient may be reduced by V^)taking into 

account that 

a-~b=^{ya+yb){ya~yb)=[ya-j-yb){ya-}^yb){yz~\rb) 

Answer: ayb (y' a + y ^)* 

102. Represent tlie given expression in the form 

r (V»f+(Vtf . a-Vayi + b -f 

L ■ y'a(\/a--yh)j 
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Factor the numerator ol the dividend as the sum of cubes. On reducing 
we have in the brackets 


(y;+V6)(ya-yt)=a-i, 

Answer', y (a—6)-. 

103. Reduce the fraction - 37 =^^- 37 =~ V ^ho bracUelod expression 

xy z — 4 y X 

~\/x-t-2 

is reduced to the form -;— . Reduce this fraction by yz-f2- The 

X —4 

given expression is equal to 

^ ^(yX-2)^--i X+4 1 


It is assumed that j>0 (at negative x tlie root > x will not bo arith¬ 
metical; at ar — O the given expression loses its sense). Therefore z 4 - 4 > 0. 
i4nsajer: —4 i/x. 

104. The bracketed fraction is equal to 


■iCVz + Vy) 1 

yj(yj+yj) yi 

The given e.xpression is c<|ual to 

x'-^ 32x 


^n^ujcr: 32x, 

105. Factor out J ax in U«e numerator of the first fraction. Taking into 
account that >’z 2 _ J'<j 2 ==y.r _ ya, reduce the fraction. The first factor 
takes the form 


i-hVax 




= Ya 


The second factor is "j^/ y “ is an aiitlnneiical-not, 

the expression t + |/^” always positive. 


Answer: yafyz-f-yfl)- 

106. The quantitie.s a and c must he positive. Thorofore. the denominator 
of the first fraction, which is reduced to the form 


^/2 (a — 6-)- + Sab^ ----- y 2 (a 4 • , 

is equal to yy«4-fc’^). The numerator of this fraction i.s equal to f ii (« | 
The second fraction is . yoic. 

V3 
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Answer: —"l/ar. 

107. The minuend is equal to 




The radicand of the subtrahend is equal to (a--f the quantity a^-\-x^ 
being positive. 

>lnsu>er: —1. 

2 i/T 

108. The bracketed c.xpre5sion is equal to ————; raising to the 

y X — Y a 

power—2, wc get . On reducing h\'\/x-\-Ya the divisor is 


equal to 




4 Var 


yx 


109. Factor out» u: in the numerator; leduce tlio fraction; the given e.xpres- 
sion takes llie form 

(2 > 7 + 4z + 4 + (yr + 1)- = 5x +10 yj-Y 5 
Answer: 5 (-f 0“. 

110. fn tiio first fraction tran.spose x from the numerator to the deno¬ 
minator {\'itl\ a positive exponent); the fraction turns out to be equal to 

3 3 

. Heducc the second fraction by x . The given expression takes the form 

/ 3 _1 v-i / i-2x \-i (x-2)(x-1) 3x —2 

\ x-2 x-1 ; \ 3x~2 ) 


2x —1 


l-2x 


.l/rviivr: 


1 


2x— I ■ 

111. The first factor is equal to Squaring the bracketed expression, wo 

gfl '2a- — 2ab. 

Arisw'r: 2 (a — h). 

1 1 

112. Cube tlio difference x — J a = x^—a^; the numerator of the fraction 
is I'ljuai to 

2 i 12 12 i 1 2 


llic denominator being equal to 

2 1 12 I 2 

— '.la —3x'‘fi^ r 3x^a'* — —3a^ (a 


2 ^ 


-x'^a") 
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^3 

Reducing the fraction, wo get-p. The given expression is equal to 

1,3 




|(<I+x)3j4 0 = 1 


ylnsu?er: 1 . 

113. The numerator of the fii-st fraction is equal to 

a+2 v^fc~3fc=(VT)=-f2v« Vb^3(yb)-=iVa4.:] ]//r)(]47~ Yh) 

1 


Answer: 


2b • 


114. The denominator of the first fraction in parenUioses is 

1 I i 1 1 i i ^ 

(a-)2 ~ li (h ')2 ^ (a- — 2 b-) 4 . 

I I 

The denominator of Die second fraction is equal to fa- 4 -;«i^) 2 . q'ho nurneratoi-s 
are factored in a similar way. 

Answer: -• 

<2 —9b 

115. Reduce tlie fraction in paixuithescs hy Ya-\-Yb. The first of the 
fractions entering the given expression is equal’ to 

'[/a (a — 1 ah -j- b) 1 


3V^|(1''7)-V( l/b)3] " VM-l/b 

The second fraction is equal to 

V« (Vb—Va) __ 1 

Va(a~b) “ l/o + Vb 

Answer: 0. 

IIG. Answer: 3. 

117. Get rid of negative exponents. Factor the expression 

3 3 1 1 

a“ — 6~ = (a^)3— 

Answer: 1. 

118. Transforming tlie first bracketed addend, we got 

_ 1—a» _ 

i!»(( iI'o'-i-iik; ,• a'+ii 

The numerator of this fraction is equal to 

Factor the sum and difference of cubes. 
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Answer: a. __ 

111). Factor out y'a in the numerator of the fraction. The multiplicand 
is equal to y 'a—y le, and the multiplier, to 

4 ( + J/'oJ + l'^). 

Answer: 4 (a — i). 

120. Represent the fraction in the form 


Val(ya)^-j 
ya-i b 




The expression in the first parentheses (the dividend) is equal to 

Va (a -f 2 v« =y«(y a +f 


Tlie divisor is equal to yaC^/a + y h). 

121. The denominator of the inlnncnd is equal to l^a y^iya-^-y x), and 
the numerator, to yH }'x (( l/a)®-i-( {'x)''l. Reduce t he minuend to the fonn 
rt —ya }'^x4-yx. Tito subtrahend is equal to iMa-fy^ )^ = 1_'* 4-y^l* 
Instead of the latter expression wo may write n-j-yx, since a + yj is a posi¬ 
tive quantity (the quantity a cannot be negative, since the given expression 
contains V ^)- 

/hiA'M’fr: o-T. ___ ^ 

122. The factors of the denominator are equal to l + > * 1 —>• x. 

The numerator may be represented in the form —x(l—.yx). 

.IfKs-u'i’r: •—x3_ 

122. The jiumerator of the bracketed fraction is equal to 


\ ) a-f'y^)"^^ T a4-y^)=(> ^'fi'^^)i(v^)’^+(y^)^i~ 

=(} «y(; 7y Vb) {Va- 5/'^ y^y6) 


Tito given expression is equal to 

a ■— 

1 yys-j a VFr' + 


yt-jo {(.(fo-v't) {’^-Yb 


Anstrer: 0. 

124. The numerator of the minuend is equal to 






{y «- 


x) 3 — 
~= > «- 


Answer: ^ a. . i * 

!2r>. First add the first two fractions; the common denominator is equal to 

1 il 11 111 

|(a'' J )) + <1*1 ((o'* -i- l)-<i*l-(<.‘ + l)=-a'' =0- + a‘ + 1 
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We get + 

tor is a-fa^-fl. 


Now subtract the third fraction; the common denomina- 


a+a* + l_ 

m. VV2-1^3-i-2y2^^(yfIW(^+rVf}=L a similar 
transformation is performed in the denominator. The^ literal radicand in the 

numerator is equal to (Vi —2)^ The fraction is reduced by 

Vx--1. 

Answer: 1. 

127. The numerator of the fii-st fraction is equal to 

a= a (<a1) I 

The denominator is transformed to the form (^H-a) (i —2a)(f Thus, tlio 
first fraction is ef[ual to The dividend in parontlieses is equal to 

Dividing it by 3^. we obtain —22^. Subtra¬ 
cting then wo find ^'^1'+,-°'’':''''. 

a + i» * (a-^h){b—2ai 

The given expression is equal to 


n i a a ^n(:ia — h) 

0—‘la b—la ~~ 

Answer: y^. 

12S. The multiplicanil is equal to . Tli 

_ Zx — <1 

brackets is equal to '\/2x — a. 

Answer: lx-{-a. 

12!), Answer: \/2. 

130. Answer: ——^ 

.r{x-\) 


131. The minuend is equal to 


and subtrahend, to 


in the second 


(a -f ft) {a 2ft) * 
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132. The first addend is equal to ; 

a-\~b 


Answer: ■ 


133. Tlie first addend is equal to 


ab 


134. Answer: 


26—a 
26-l-a • 


I I » ^ “h b 

the second, to — •—r-r- • 
a o-f-6 

1 1 

the second, to —. Answer: -r, 
a b 


CHAPTER HI 
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135. Write the fraction in.the form Then the given 

equation takes the form 

a (b —3a) 7 a 

252(6—0) G T 


whence y 


lb (b — a) 


Answer: y = 


3(6-3a) ■ 

76(6-a) 

^3(6—3ii)‘ 

136. Gel rid of the denominator (the common denominator is 
Answer: x ~ 0. 

137. Solving the given equation by the general method, we get 

3ti6c -\-ab{a-\-b)-\- he (6 + c) cfl (c + 
ab -{- be -4- ea 


- 6^). 


This fraction ma\' he reduced by factoring the numerator (represent the e.'cpres- 
.sion in the form of the trinomial abc -r abc -f- abc and group each of the 
successive terms with abc). We gel 

X ~ a b -r c 


The solution is simplified 
nepresent the addend -—— 


with the aid of the following artificial method. 

- in tho form -j- t and perform 

c 


* In solving problems of the present chapter we do not consider singular 
values of the known quantities, at which a given equation loses its sense or has 
no solution, or acquires more solutions. 

For instance, in Problem 13.5 the given equation lope.s sense at b 0 and 
at b - a -- u, since at b 0 the denominators of the first and second terms 

vanish, and at b — a --2 0 the same happens to the last term. Furthermore, at 

a 0 the given equation ha.s an Infinite number of solutions, because it takes 
tlie form 1 1. becoming an identity. Finally, at 6 = 3a the given equation 

has no solutions at all, since it is reduced to the form O-y ^ . 
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similar transformations with the other two addends of the loft member. The 
equation takes the form: 


lx-(a+f+c)l(|+i + |)=0 


Answer: x^a-\-b-\-c. 

138. The common denominator is 6c<i (2c-}“ (2c- 

c (4c2 — 9tP) 


3i). 


Answer: 


8c2-f.27d2 


139. Represent the fraction 


2n2 (i—x) 


the form 


2n2 (j —i) 


(to obtain 


1—X 


in the next fraction). It is advisable to transform 
. Transpose all the terras to the left and group 


the same denominator 

X - 1 

the fraction-r lo -j— 

n — 1 1- 

them (the first one with tlie fourth, and the second with the third one). 
We get 


(1—)(j^+Thr)+riri2'‘M—i)-(2x-i))=o 

Transforming i — J fi ’ denomi¬ 

nator. 

Answer: x s= -7-. 

4 

140. Transpose all the terms containing x to the left side of the equation, 
and all the known ones, to the right side. Reducing each member to a common 
denominator, wo get 

(3ab-j-i)(<^ + l)^-(2q4-l) ^ . 3al» (a-f 1)^4-Q“ 

■ a (a + 1)* (« + !)* 


or 

3a6 (a-f-1)^■|"2a4-1—2a—1 _ _ o |36(a-f 1)" +a] 
a (a+1)2 (a+ 1)3 


Whence 


a|3b(a + t)2 + a} ^ a j36 (a + l)2+ aj 
a(a + l)2 (a+1)3 


Reducing it, we find 


a 

7+r 


Answer: x = 


a + 1 


141. Group the terms as in Problem 140; on transforming we get 
ab[3c(a + b)2+oft] a f3c(a + fc)2 + g j>] 

(a + i))3 ~ 0 (fl + fe)2 ^ 


8-01338 
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Answer: x = —r-r* • 
a-f 6 

142. The common denominator is (a-f 6)® (a•—6). 

Answer: x —- 

a 

143. Rewrite the fraction . in the form ( — ™ ■■■ ; \ . Then the common 

denominator is mz (z^ — m^). Getting rid of it and collecting like tenns, we get 
„ 4^3^ — 0, This equation has two roots: 2 = 0 and z = 4m. But when 
rejecting a denominator containing an unknown quantity, extraneous roots may 
appear; and namely, these are the roots which, when substituted into the com¬ 
mon denominator, nullify it. In the given case z = 0 is an extraneous root. 
It does not satisfy the given equation, since the first and third terms lose their 
sense at z = 0. the root z = 4m does not nullify the common denominator, 
therefore it is not an extraneous one. 

Answer: z — 4m. 

144. The common denominator is 6* —Getting rid of it, we obtain 

2a (a2-|-62_2aii) = 2{fl2 —62)^ whence x = . There are no extraneous 


roots, since the denominator b* — does not vanish at x = 


Answer: x - 


j-f-i 

-6 


a 

a — b 


145. The common denominator is (x-—c2) (x-f n). Getting rid of it, we 

find x = — . At this value of X the denominator does not vanish. Hence, 
a 

x-sz ^ is the root of the given equation. 

;i2 


Answer: x = 

146. Rewrite x-f-o*"^ in the form x-f—. After transformations we get 

a 

2a 2 


i 


ax-f-1 ' flx-f-l 


Reducing by ax-f-1, we find x=:2a, 

iVofe. The’ reduction by ax-f-t is possible, provided Qx-f 1 is not equal 
to zero. But at x = 2fl we have ax-j-1 = 2tt2-}-1 ]> 0. Thei’cfore, the obtained 
root is not an extraneous one. But suppose, for example, we have the equa- 

X 

tion —:-s“='n-. in this case the reduction by x—2fl would also 

X —2a X —2a 2 


give X —2a. However, this root is of no use because the fractions- 


and —lose their sense at x=:2a. Thus, the equation 


2a ■ 


lias no sohition. 
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Answer: x*:m2a. 

147, Rewrite the equation in the form 

a-^x a — X _ 3a 

a^ + x^-j-axa^-{-x^—ax x (a*x^) 

The common denominator of the left member {a'^-\-x'^-\-ax) {a--~x^-—ax) 
may be transformed to 

(^2 ^ j.2)2—(ax)2 £=: -}- fl2x2 ^ X* 

We get 

2a^ 3a 

a4_|_a2x2_|-x4 ~ X ^a4_j^a2x2_|-x'*) 


Answer: x-= . 

148. Transpose the terms containing the unknown to the left side of the 
equation, and the constant terms, to the right: 

(a — ft— l)"|/x= (a^ — 6^) — (a-l-b) 


After factorization of the right member we obtain 
(a_ft_l) yx =(o + 6) (a-ft-1) 


Whence wc have Vz —a-f^** 

Since the expression Vz means the positive value of the square root, for 
a-f6<0 the problem has no solution. 

Answer: z = (a-f-f»)2 (if a4-b>0). 

149. Getting rid of the denominator and collecting like terms, vn-o gel 
2*2 6az -f 3a2 = 0. 


Answer: Xj^-.- 


«(y3~3) . 
2 


*2-= 


Q<V3+3) 

2 


150. The common denominator is 4 (z-j-f*) (^ —b)- Simplification yields 


12x2—46z—62 = 0 


,66 

Answer: zj = -g-; Z 2 — —. 

151. The common denominator is (z —0)2. Getting rid of it, we obtain 

(z — a)2—2fl (z—a)-f-( 0 ^ — 62) = 0 
From this quadratic equation wo find 

X—a —a rfc 6 

Answer: Zj = 2a-}'ft: Z 2 = 2a — 6. 

152, The common denominator is 6c2(a —26). Rejecting it, we get 

(cz)2 — (a — 26). (ex) — 6 (a — 6) = 0 
From this equation we find 

_ (g—26) ± a 


8 * 
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a—b b 

Answer: xi=—^ 

153. Rejecting the denominator, we obtain the equation 4x{x-~fl)-f 
4-8a:(x4-fl)=5a2 or, after simplification, 

ilx^~^^x —Sa^—O 

. a , 5a 

.4nsu;er: ij —-^1 .*2=-0“ • 

154. The common denominator is n{n3: —2). After simplifications the equa¬ 
tion takes the form 

(n—1) x2—2x--(n-f 1) = 0 

. n + l . 

Answer: x^ = » *2 =—*• 

155. The common denominator is a (a — z)^. After simplifications we get 
the equation 

{a -j- 1) x’ — 2ax + (o — 1) = 0 


a —1 

Answer: xi=l; Jg——. 

156. The common denominator is (x — a)*. Getting rid of the denominator, 
3 obtain the equation 

(;c _ 0)2 - 26 (x - a) - (a* - 62) = 0 


Solving it, we find 


X — a = 6 ± a 


Answer: xi = 2a 4- 6; i2 — 6. « . . « 

157. The common denominator is nx (x — 2) (x 4* 2). After simphficatmns 
we obtain the equation 

— {2 — n)x — {2n- + 4n) = 0 

A nswer: xi — n 4" 2, xj = —2a. . . 

158. First method. After standard transformations we get the following 
equation 

3;2 (fl _ 2n — 2a 4" ^ — 2n) (2a — n) — 0 

its solution can be found at once, if we draw our attention to the fact that 
the constant terra is the product of the quantities —(o — 2n) and (2a — «), 
and the coefficient at x is tne sum of the same quantities taken with the reversed 


sign 


Second method. Transposing unity from the right to the left, we get 


a4-3:—2n 


-2n4-® 


(a—2n4-x) ( 


2 a- 


.vbence: (1) a — 2n-\-x = Q or xj = 


( 2 ) 


2a- 


-=:0 orx2 —2o—n 
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Answer'. x\ = 2k — a; ~ 2a — n. 

159. We get the equation 

(n — 1)“ — a {n — 1) x + (a — 1) = 0 


to avoid operations with fractions it is advisable to put (n — 1) x — z or directly 
find (n — 1) X from the equation 

l(n — 1) xJ2 — a ((n — 1) x) + a — 1 = 0 

We get 

(n — 1) Xj — a — 1; (k — 1) xj = 1 


, g-l . 1 

Answer: xi = ——r-; xz= . v • 

’ n — 1 n—1 

160, The denominator of the left member is equal to (a —x)2. Multiplying 
both members of the equation by it, we find 


/ a — x / a \2 5 / a —X \2 

j ~\ a + 6 ; “ 9 I X / • 


9 




Taking the square root, we get one of the two equations: 


2 a—x a . £ a — x _ 

3 X ~ a-^h 3 X a-}-6 


2o(a + i;) 2a(a + 6) 

Anm<r: = *2= 7Jb-~ ' 

161. First transform the expression 

(1 + ax)^ — (a + x)* = 1 + a^x^ ■ 


Grouping the first term with the last one, and the second with the third 
one in the right member, we get (1 — x®) (1 — a®). Now the given equation is 
reduced to the form 

a b 

A^er. = 

162. The trinomial ax^ -}-6x-f-c is factored into first-degree factors in the 
following way: az^-f fex-f-r ==a (x —xj) (x—Xg), whore xj and xg are the roots 

of the equation ax^-j-ix-fc —0. In this case a=—-3; Xi = 7; x^— - 

thus we get —3 (x—7) ^ x-f--^ j ■ 

Answer: (7 — x)(3x-j-10). 

163. Since 


a_ a~—b^ __ {a~\-b){a—b) 

b a ab ai> 
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we may, by guess, factor into ^ - and | their sum isequa! 

to —-f.—j , Now it is necessary to find out whether this solution is unique. 

Let u and v be the required factors. By hypothesis, 

a b . , a , b' 

uu = -r-and u4't' = T--l— 

b a b a 

Consequently, u and u are the roots of the quadratic equation 

The expressions for u and v will contain the radical 

Knowing for sure that a rational solution is possible here, let us try to get 
rid of the radical. For this purpose instead of + write the expression 

—and, for compensation, add under the radi¬ 

cal sign we get a perfect square 

fl -L /> a— b 

Answer: -- —r— • 

a b 

164. \bx^‘\-X“ — 2x-:=^x{ibx--\-x — 2). The roots of the equation 15r2-{- 

1 2 

—2 = 0 are a-i^-^and x.,= —^.Consequently, 

15x2-f :c —2=rl5 ^ j — (3jr_l) (5x4-2) 

Answer: x (3.r — 1) (15x -j- 2). 

165. First meViod. Repreaenl the sum 2x^ 4- 4x- 4- - in the form 2 (x- 4- 1)®- 
Second method. Arrange the polynomial terms in the order of decreasing of 

their exponents and break up the term 4x2 j,jio two summands 2x2 ^ 2x2; then 
group the first three terms and the last three ones and carry out factorization. 
A/isu-t r: (x^ 4- 1) (2x2 4- x -f- 2). 

165a. RewTite the left member in the following way 
(1 — X-)- 4- 4x2 

The equation takes the form 

(1 — x2)2 — 4x (1 — x®) 4- 4x2 0 

or 

1(1 __j.2)_2x|2 - 0 

/Insurer: Xj — 1 4- x* ^ — 1 — V2. 

106. The required equation is ^x— 
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Answer: abx^ — (a* b^) x ab — 0. 

167. By Viete’s theorem iJie sura of the roots x\ and of the cquatioa 
-f- px -f 9 == 0 is —p, while their product is equal to q. Hence, 


1 


V 10—V72 ^ lO-fV^ f 

1 _ ! 1 

iO— V72 ' lO + yn 


1 


-2-iO 


2 U 

2S 


20 1 

The required equation is = 

xo £o 

28 x 2 _ 20x +1 = 0- 

168. Solved like the Receding problem. 

Answer: 6x2 — 2a ’l,/ax-f-a^ = 0. 

169. According to Viete’s theorem, xjxj — 12; by hypothesis, xi — xj = I- 
From these equations it is possible to find xi and X 2 (4 and 3, or —3 and —4) 
and then p = — (xj -f = ±7. 

But to find xi + xz there is no need to determine separately xi and xj. We 
may compute 

(xi -f a- 2 )" = (x, — X 2 )- + AxiX-i — IM- 4*12 = 49 


whence p — (xj 4- xz) '■ 
Answer: p = ±7. 

170, We have 


Xi —X2=I 


Then, 


account that xi'|-X 2 “ 

Answer: Ic -- ±; 3 V5. 

171. We have 


3 

1/5 


take into 


5 * 


Xi H- .r| = 1.75; xjxj a-: x, + xj = 3a 
There are tlu’ee unknowns here: xi, xj, a. Wc have to find a. Squaring the third 
equation and subtracting twice the second one, we find x\ x\ ~ 7a^. Compa¬ 
ring this with the first equation, we find la‘- ~ 1.75. 

Answer: a ~ ± . 

172. By Viete’s theorem 

p 4 . g = _p, and pq = q 

This system has two solutions: (1) p == 0, g = 0; (2) p = i, g — —2. In the 
first case we have the equation x* = 0 , in the second, x* -f x — 2 = 0 . 
Answer: (1) p — 0; g = 0 

( 2 ) p -- 1 ; g = —2 

173. The roots of the required equation are: and = -^1-. 

Express yj + yz terms of coefficients a, 6 , c. For this purpose transform 
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w. 4 -y„ = £Li-5l. to —-■■- ? — and substitute —for 

‘ XiX2 XiXz a 

and — for ziXo. We get — -. B«ides, we have — 

a ^ ^ ^ ac X2 

Consequently, the required equation is 




, + 1=0 


(^1 + ^2) 
_£2__| 


Answer: acy~ — {b- — 2oc) y + oc == 0. 

174. This problem may be solved like the preceding one, but a shorter way 
is preferable. 

In the first case both roots of the required equation must be Iw’ice as large 
as those of the given equation. Hence, we have to find the unknown quantity y 
whose value is twice the value of the unknown quantity x satisfying the equation 

ax^ + bx + c = 0. From the condition j, = 2x we find x — substituting 
it into the given equation, we get 

1 

In the second case make the substitution x= —. We get 

“(t) +'’(7) + '=0' 

Answer: (i) ay~ + 2by + 4f — 0 
(2) cy- -i- by ~r a — 0 

175. first method (see solution of Problem 173). Wo have 

y 1 +1/2=+ ^3 - (^i + ^2)^ — 3^13^2 (^1 + ^2) 
b c 

Substituting xi-}-X3=-and xjx->=:—, we find yi + j/s = 

Then, yiy 2 ~-{XiX 2 )^=‘-^, and. using Viete’s theorem, set up 
equation. 

Second method (see solution of Problem 174). By hypothesis, y — x^, i.e. 
y. Substituting it into the given equation, we get 
af y^ + bf c 

To rationalize this equation raise boll^members to the third power and 

transform the sum3 (£j f i,4-3a t*'I* to 3a6y [a ()' y)“ + b )’ y]- 

By virtue of the found equation the bracketed expression is equal to —c. 
Answer: n^ij' (if — 3abc) y + = 0. 

176. Any equation of the /?lh degree having the roots xj, xj, . . Xj,, 
may be represontod in the fonn 

(x — xt) (x — xj) . . . (x — Xn) = 0 

A biquadratic equation always ha.s two pairs of roots of the same absolute value 
and of opposite signs. Putting X3 — —xi and x* — —xa, we may write the bi- 


b^ — Zabc 
^3 ’ 

the required 


Chapter ///. Algebraic Equations 


121 


quadratic equation in the form 

{x — xi) (x — X 2 ) (x + Xi) (x 4 - xz) = 0 , i.e. {x~ — xj) (x^ — x|) — 0 

or 

x^ — (x J 4* ■^1) 4” ^1^2 — 0 • 


But, by hypothesis, 

and 

Hence, 


=tf4-^|+(-^i)2 + (-X2)2=50 


iTiXj ( —X|) ( — X2)= 144 


xJ 4“^|=25 and xfx5 = i44 


Answer: x« — 25x2 4- 144 = 0. 

177. If an algebraic equation (with real coefficients) has a complex root 
a 4- bi, then the conjugate complex number a — bi will also be its root. Thus, 
we know two conjugate roots of the given equation: 3 4* ‘ ^ttd 3 —• i 
Both of them can be verified directly, but it is simpler to accomplish the follow¬ 
ing transformation beforehand. 

According to the remainder theorem, the left member of the equation must 
be divisible by the e.xpressions x — (3 -f- < 4/^) ai^d x — (3 ~ i Vb)> and con¬ 
sequently, by their product as well, i.e. by l(x — 3) —t V^) ((x —3) 4- i V6) = 
= X® — 6x 4- 15> On dividing, we factor the left member into two factors: 
4x* — 24x® 4- 57x2 4- 18x — 45 = (x^ — Gx 4- 15) {^ix- — 3), and the given 
equation decomposes into the following two: 

(1) x2 — 6x 4- 15 = 0 and (2) 4x2 — 3 ~ 0 


The first one has two roots X| = 34-i and X 2 = 3 —f Vii) ^3 = -lp-au(l 

"I/3 

x^ss - iL — being the roots of the second. 


Answer: 


Xi = 34-i4/5; X2 = 3—f *V^0; xj .. 



V3 

2 


178. By hypothesis, x = 2 must satisfy the given equation. Therefore we 
have 6‘22 — 7-22 — lG-2 4- m = 0, whence m ~ 12. We get the equation 
6x2 — 7x2 — IGx 4“ 12 == 0, one of the roots of which is equal to 2. By the 
remainder theorem the left member must be divisible by (x — 2). Dividing, we 
find 6x2 4- 5x — 6. Consequently, the equation may be represented in the fomi 
(x 2) (6x2 5 j. _ 6) ==: 0. In addition to the root .ri = 2, its roots are also 

the roots xz and X3 of the equation Gx* 4- 5x — G — 0. 


Answer: m — 12; 


Xo 


2 __ 

3 ’ “ Y 


179. Substituting x = 2 and x — 3 into the given equation (see solution 
of the preceding problem), wc get 


4m 4- n == 10 and 9m 4* n = —15 


From this .system we find m = —5, n = 30 and obtain tlte equation 2x2 _ 
— 5x — 13x 4- 30 = 0, whose left member must be divisible by x ~ 2 and 
1-3, and, consequently, by the product (x — 2) (x _ 3). The equation is then 
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rewritten in the form (x — 2) (x — 3) (2x -f- 5) ~ 0. Its roots are: xj = 2; 



Answer: m = —5; n = 30; xg — — . 

180. The quadratic equation x- -j- px -f 5 = 0 has equal roots when^the 
radicand | y ^ — 9 is equal to zero. In this case it must be that (a ']/o2 — 3) — 

— 4 = 0, i.e. — 3fl“ — 4 = 0. This biquadratic equation has two real roots 
(fl = 2 and a — —2) and two imaginary roots {a = i and a — —i). Confining 
ourselves to the real roots*, we get the following pair of equations: x^ 4* 4x + 
+ 4 = 0 and x^ — 4x + 4 = 0. The first equation has the roots xj = xg = —2, 
the second one, xj = xg = 2. 

Answer: at a = 2 and a = —2. 

180a. The roots of the equation are 

xi,2 = '” ± 'Yssm + 1 
By hypothesis, we have 

r _2<m+l<4 f -3<m<3 
^ —2<m —1<4 **** I —l<m<5 

Answer: — l<«i<3. 

181. Isolate 000 of the radicab, for iuslance, the first one. Wo get 
'V^!/ + 2 = 2+ Vy — iy. 

Squar e both members. Collecting like terms and reducing by 4, we have 
Vy —b —'ll whence i/ = 7. A check shows that this root is valid. 

Answer: y = 7. 

Note 1. Hero and henceforward we consider square roots and, in general, 
roots of even indices to be arillinuaical roots. See Predimiuaries for Chapter 11 
(pages 9U to 92). For roots of odd indices see the footnote to Problem 209. 

Note 2. A check is carried out to reveal extraneous roots (they may appear 
as a result of squaring bolii members of the equation). There are no extraneous 
roots in the given problem. But let us take the equation Vi/ + 2 + ~\/y — b = 
= 2, whic h diffe rs from the given one only in sign. Solving it in the same way, 
we get Yu — U = —1. Squaring the latter, we find the same root y = 7. It is 
invalid; the taken equation has no solution at all. Here it is not necessary to 
carry out a check, since it is obvious that "YV— 0 cannot be equal to —1 (see 
Note 1). But in other cases (see Problems 184 and 190) such a clieck is necessary. 

182. Solved in the same way as the preceding problem. 

Answer: x -- 6. 

183. Isola te the first radical and square it. After simplification we obtain 
X — i ~2 '\/.T — 1. Squaring once again, we find (x — 1)^ ~ 4 (x — 1) = 0. 
This equation may be divided by x — 1, taking into account that x = 1 is 
one of its roots. We find then the other root x = 5. We may also remove the 
parentheses and solve the quadratic equation thus obtained. A check shows 
that both roots are valid. 

.dnsiPtv: xj = 1; x^ = 5. 


* We assume that the coefficients of the given equation are real numbers. 
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184. Proceeding in the same way as in the previous problem, we find x + 
H- 22 = 7 Vdx - 2, hence. - 103x + 582 = 0. This equation has two roots: 

— 6 and xg — 97. The given equation is satisfied only by the first root, t he 
second being an extraneous one (it satisfies the equation i/3j — 2 ■— Yx -t- 3 ~ 
= 7, which differs from the given one in the sign at the radical). 

mTsohed in the same way as the preceding problem. Out of tlie two roots 
= _1; ^2 = 3 the second is extraneous. 

Note. X — 3 is a root of the equation 

-V^+I + V2l+3=f 


Answer: x = —1. 

186. Answer: xj == 34; xj = 2. 

187. Answer: x = 4. 

188. Square it. We get the equation 

iyx2+24-x2—2x==0 


which decomposes into the following two: 

x = 0 and V^T^-x-2=0 

The second one gives x — 5. Perform a verification. 
Answer: xi = 0; xj = 5. 

189. Reduce the given equation to the form 



Square it and multiply by x^ (through which an e.xtraneous root x = 0 
may m introduced). We obtain the equation 



Square it once again. 

Answer: z = . 

190. Multiplying both members of the equation by V(x-t-2) (x-i-3), we get 

Vix-b) (x+T) + y(x-4) (7+2] == 7 
Proceeding in the same way as in Problem 181, we find 
y(x-4)(x-f2)==4 

Hence, we get two roots X| = G, X2=—4. A check shows that xj is invalid, 
since it yields a wrong equality -^y2=—-^1/2. 

Answer: x = 6. 

191. Getting rid of the denominator, we get 


yx2 —16 + yx2- 9 ---7 
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This equation has two roots x ~ 5 and x — —5. But at x-5 the expression 

Yx — 3 has no real value (see Note 1 to Problem 181). 

Answer’, x = 5. j • * 

192. Reduce the left member of the equation to a common denominator 

Sx—sV^T^ 

— X X 

Hence 

3(x-f 1) = 5 l/x(x-t-l) 

Squaring it, we obtain 

9 (x -f 1)* — 25 (x 4- 1) X == 0 
or 

(x 4- 1) (9 (:r -f 1) - 25x1 = 0 

g 

Answer: xi=:—1; 

193. Solved in the same way as the preceding problem. 

Answer: xj — 2; xa = —1.6. 

194. Square bot h mem bers o_f the given equation. After the identity transfor¬ 
mations wo get V28 —x=V7. In squaring this equation an extraneous 
root may be introduced which satisfies an equation differin g from the given 
one only in the sign of the right member. The equation ^2 8 —x = l/7 h as 
the only root x=a21, which is not an extraneous one, since \' 2V7-f-V21> 

>V2V7-VH. 

Answer: x = 21. 

195. Rewrite the equation in the following way: 

y X-{-')/^—V X— Vx=— 

2 y x+Vx 

Get rid of the denominator; this may result in that an extraneous root x = 0 
will be introduced (since the denominator vanishes at x = 0). There cannot be 
other extraneou.s roots, because x — 0 is the unique root of the equation 
|/^x 4 *|/x — 0 (see solution of Problem 143). 

After simplification we gel the equation 

2.r—2 — y i = 0 

one of the roots of whicli is x:r=0. Rut this root is an extraneous one, 
since at x==0 the right member of the original equation loses its sense. 

Factor out \/x: _ 

Vx {2yx—2yx—l~i) = 0 

Solving the equation 2yx — 2yx—1—1=0 (see solution of Problem 
181), we find Carry out a check. 


25 
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196. First rationalize the deno minato r. T o this end muitipiy both the 
numerator and denominator by 'V21^x+y27 — x\ we gel 

(1/27+^+y27^)^ _ 27 
2x ~ X 

or, after simplifications, _ 

27 + V27^— 27 

X X 

wherefrom we find x — ±27. Both roots arc valid. 

Answer, x = ±27. 

197. Isolating the radical, square both members of the equation. We have 

x^ — 'lax = —X yx2±a;2 

One of the roots of this equation is j = 0. To find other roots divide both 
members of the equation by x (it can be done, since now x #= 0). Then square 

both members once again. We get i <i. 

When verifying the result, one may arrive at the wTong conclusion that the 

o 

values X = 0 and x == -^ a always satisfy the given equation. For a better 

understanding of the essence of llie error let us consider a numerical example. 
At a — —1 the given equation has the form 

X= — 1—K1—X Vx2 + 1 


Neither x = 0. nor x = 4- a — —satisfy this equation (it has no solu- 
4 4 

tion). The same result is obtained for any oth^r negative value of a. 

And here is the mistake: the quantity Va2 is consi^red to be equal to a, 
whereas it is true only for a ;> 0. For a <0 we have ya2= —a; for instance, 

yr=ip=*--(-3). 

The correct general formula (see Preliminaries, Item 3 on page 90) is: 

y^2 = |a| 


Using this formula, we find that at x — 0 (whence left member of the equation 
vanishes) the right member is equal to a —ya* = a—-la]. Por a > 0 this 
expression is also equal to zero, but for a < 0 it is equal to 2a. Consequently, 
if a > 0, the value x — 0 is a root of the equation; but if a < 0, then x = 0 

3 

is not the root. The same refers to the value x ~ — a. 

3 

Answer: if a > 0, then xj = 0, x^ = -^a; if a < 0, the equation has no 


solution. 

198. Written without powers having negative exponenLs the given equation 
has the form 


/'+(fr 


t 
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Answers and Solutions 


First method. Reject the denominator: 3^/"=5-—. The left 
member is positive; hence, the right member is also positive. Squaring 
yields ytlSBCe-^-(ihs VBlnB ■ 

v>")‘ 

Second method. Rationalize the denominator 


is rejected, since 


The bracketed expression cannot be negative; therefore 

V ‘ + (v)'-T = T ” V^‘ + (v)' = T + -f 

Squaring yields: 1 + (v) ’ 


dience ■ 


Answer, x- 


199. Solved in tlie same way as the preceding prolilem. Using the second 
method, we find 


(Vl+a2i2 —ox)2 = .j^ 

The expression '\/i + a?-i- — ax is always positive; therefore 
'\/l4'a"x2— ax = -j. " , i.e. -\-a'^x^~ax~\- 


|cF-i 


I t I- — 

Squaring it, we get x= 2a\c\ 


:2 —1 


c2-l 
' 2a|cl 


, which is the same. 


Check. Substituting x— i ~~J 


we find 


1 4" c2x2 i 


4c24-(c2_-1)2 (c3+1)2 


4c2 4c2 

Taking into account that c^ + l is always positive, we find 

■./T~. —iTv; c2+l 

VH-a2i“ = -2j7p 

Further computations show that the given equation is always satisfied. 
Answer: x=-^ f'”’ c>0wehave x= . ■ lor c<0 we 


have X: 


1—c2 


2ajc} 
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200. Factor out the expression '\/x e both in the numerator and denomi¬ 
nator of the left member, and reduce the fraction by this expression*. 

After performing these operations we get 

+ V-r — ^ 0(2r-fc) 

Fc 

Then rationalize the denominator. After simplifications \vc find 

__ 29 

8*^z2_c2 —x-4-9c. Hence, z=:-^ or x=— 

A check shows that both values satisfy the equation when c>0 and do 
not satisfy it if c • : 0. 

5 29 

Answer: At c>0 we have and x ^——^the equation 

has DO solution. 

201. Transform the first radicand in the following way: 

X4-3-4 V = (z-1)-4 V-f-4 *= (V- 2)“ 

Similarly, the second radicand is equal to —3)'‘. The given equation 

takes the form 

1 V?^-2| + l V^-3| = l (A) 

(see Preliminaries to Chapter If. Item 3). The fol lowin g three cases are pos¬ 
sible: (i) Vr^>3; {2} Vz-1<2: (3) 2<V^-1<3. 

In the first case the equation (A) takes the form: 

y^^_2-fVr^-3=l. or y~i^Z 

This result does not agree with the condition 

In the second case the equation (A) takes the form: 


~(V^^-2)-(V-f-l-3)=l or Vz-1=2 


This result does not agree with the condition either. Consider, 

finally, the third case, when the equation (A) lakes the form: 

(yjri_2) - (-3) = 1 (B) 

This equality is an identity, hence, the equation (A) is satisfied by all x 
for which 


2<Vx-1<3 

Since ■yz—i> 0, all the three members of the inequality may be squa¬ 
red, and we find 

5 < z < 10, 


• Reducing by yz + c, we assume that z =?fc —c. If the solution of the ob¬ 
tained equation had yielded z= —c, this value would not have been a root of 
the given equation. But, as we see below, we do not obtain such a root. 
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Answers and Solutions 


i.e the solutions of the given equation are contained within the range bounded 
by 5 and 10 (the values 5 and 10 included). All of them are the solutions of the 
given equation, since they suit the third case, when the given equation (A) 
becomes identity (B). 

Answer: 

202. Square both members of the equation, transpose all the terras to the 
left and factor out ~\/a + x: 

~\/a-f x (4 'Ya~i-x-^A'y'a~~x-~‘Yx)~0 

This equation decomposes into two. From the first one: ~\/a + x — 0, we find 
X = —a. A check shows that with a > 0 thi s valu e satisfies the given equation. 
If a <0, the equation loses its sense ( since ‘ \/ a — x becomes an imaginary value). 

The second equation is 4 (V® + ■* + V® ~ If solved ^ in 

o4a 

Problems 183 to 187, we get (besides the extraneous root x = 0) z — . 

A check will show that this root is also an extraneous one, which means that 
the second equation has no solutions at all. We may make sure of this fact more 
easily, if the following method of solution is applied. Let us transform the second 
equation to 

n/- 

ya-i-x—Ya—x ^ _ 

which is done by multi plyin g and dividing Ya-rx-^Ya — x by the conju¬ 
gate e.xpression + 

Dividing it by Vx (w hich is p ossible without losing roots, since x = 0 
is not a root), we get ya-f-x —Va —x = 8 V^. Subtraoting this equation 
from the above obtained ya~{-x + ya—x = -^ Vx, we find 

2 ya-^ “ ^ 


But this equality is impossible, since its loft member is a positive number, 
whereas the right one is negative. Suppose, neglecting this fact, we square both 

64 

members. This operation would yield an extraneous root x = 

/Insurer: If a is positive, then i = —a; if a is negative, the equation has 
no solution. ... .. . 

203. Here we may successfully apply the method of transferring the irrationa¬ 
lity to the denominator (see the preceding problem). 

Answer: x = 0. 

204. Answer: Xi ~ a\ xz ~ — b. 

205. Answer: 1 = ((or o>l). 

4 

For a < 1 the equation has no solution. 

206. The given equation may be represented m the form 


(Va + xf 
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or 


3 3 

(a -f r)- = ax- 


Raising 


it to the powei , we get a~ 


whence 


Check; 






(»’-!)■- 

Answer: x — —; iJ oquati<m lias no solution. 

a ^-1 


207. Put ;'i = 2 . Tlion 
The equation takers tlie form 

Hence, cj-—3, 2 ^——4. Since x musl Ih- a positive number, the second 
root is an oxlraneous one. 

Answer: 

t 

208. Pul — Then proceed as in the previous problem. 

Answer: x=17. 

209*. Cubing both members, we get 

Vl0+2j-}‘yi5-2x = 7. 

Here the isolation of one of the radicals is not essential. 

Answer: xi--'6‘, x->——^ • 

210. Cube both meuibej-s of the equation by using the formula (a-T-6)3=, 
— a^-\-Zab(a-\-b) + b^. We obtain 

1 + 3 { i{2ic-3) lv7+ ,'2jr-3) +2x-3 = 12 (.t -1) 


• Here and henceforward we do not consider cube radicals, and, in general, 
radicals of odd indices to be arithmetical, assuming that the radicaiid may be 
negative as well (but obligatorily real). The value of the radical is also consider¬ 
ed to be a real number. 


0-01338 
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Answers and Solutions 


By virtue p! the giv en equatio n the bracketed expression may be replaced 
by the expression ^12 (i—i). We gel 

Ys (2a:—3) -12 {x —1) = 3 (:r—1) 

Cube it. Transposing all the terms to the left, we find 
(:c-l)[12z(2x-3)-27<i-l)2I===0 
This equation is decomposed into the following two: 
x_l==0 and i2a: (2x—3) —27 (x—1)2 = 0 

Check the found roots. 

Answer. a:i==l; X 2 = 3. 

211. Solved in the same way as the preceding problem. 

, a-|-h 

Answer: xi = fl; x2=o; -^—• 

212. Put vT=s; then Substituting into the original equation, 

we get 2s2-|-s--3 = 0, whence 2 i=i; Z 2 =—• 

. 27 

.4njfu?cr: Xi = i; X2=—-g-. 

213. Solved in the same way as the preceding problem. 

Answer: sisasW; zz~ —g-♦ 

214. Put y'a-hx = z; then ■]/a*t-x = z3 and \/o + x = z2. 

Answer: xi= — a; X 2 = l —a. ^_ 

213. Put = 'hon y 

transformations, the equation takes the form 
42s2-.7z —12 = 0 


hence, 


Zl 


= and Z 2 = 


The second solution is rejected as a negative one {see Note 1 to Problem 181 

4 

'T * 


The second solution is rejectefl as a negative one ^ 

-,/2x-;-2 

©n page 122). To determine x we get an equation y = 


Answer: x = 7. 

216. Answer: x=±5. 

217. Put ^ x = z; then Y~^~^ xssz®. We obtain: 

- 2_1 s-fl 


Reduce the first traction by r’ - 1, and the second, by : + 1. We get: == - 
_ o 0 But the reduction ol the first fraction is lawful, provided z- — 
- 1 0, and that of the second fraction, if : + f =£ 0 Meanwhile, out of the 

two roots Zl = 2 and r, = —1 the second one gives s + 1 — 0. It does not suit, 
since at : = — 1 wo have i = —f, and the left member of the given equation 
luj;e.s its sense. 
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Answer: x — 8. 

218. Putting ■\/x=z, transform the equation to 



Heduce the fraction by c-f 2 (see the explanation to the preceding problem). 
We get 2 - — z — () 0, whence Zi — 3. 22 = The second root does not 

suit, because, firstly, tlic expression ^ loses its sense and, secondly, 2 cannot 

2-r 2 

be a negative number. 

Answer: x = 9. 

219. Here the inlr(»(luclion of an auxiliary unknown, u-^ed in the previous 
problems, is of no help. Hepresent the equation in the form 

v 0 —x-r > X —6 


and reduce it by — ^ reduction is lawful, since this n um- 

her cannot he equal to zero). .After siiupiiiicatioiis we obtain V {a — x) (x — f>) = 0. 
Answer: = Xg = b. 

220. Represent tJie given equation in the form 


12 


— n/2-x _ i\ 

V2I 


This equation decomposes into the following two; the first eq uation 

its root being x, = 2; the second one is V2(2—x)=2—VJ 
(after getting rid of the denominator). Its roots are: xg—-0; X 3 = ~ . 

10 

Answer: Xj=-2\ .r.,= v: . 

221. Answer: x = 81. 

222. Isolating the radical and squaring both members of the obtained equa¬ 
tion, we get a fourth-degree equation. But in the pre.sent case it is possible 
10 apply an artificial method. Rewrite the equation in the form 

31 - 1 - 5=12 

Putting ■\/x2 _3 j-u5 =:2 , vvc get 12=0. Take only the positive 

root z = 3. 

Answer: xi = 4; X 2 =—1. 

223. We may u.so the same method as in the preceding problem. But it is 
obvious that the equation has no solution. Indeed, the quantity -f 5x } 
exceeds 3x^ -h fix — 8 at any x. Therefore 

y 3x2 -p 5x -j- 1 ^ y 3x2 -1- 5x—8 

which means that the left member of the given equation is negative at any x 
and, consequently, cannot be equal to unity. 

Answer: The equation has no .solution. 


9 ' 
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224. Denote one of the radicands by 3 ; it is most convenient to put -f- 

-f. 4- 6 — 3 . The equation takes the form 

1/1+2-uy^==V2~3 

Getting rid of the radicals, we find 3- = 4. Only the root 3 = 2 suits {at z — 
— —2 the two radicands are negative). Solve the equation + 4y + 6 == 2. 
Check on solution. 

Answer: y = —2. 

225. * It may be solved by using the substitution method (from the second 
equation find f/ = 6~xorx — 6 — y and substitute it into the first equation^ 
but the following artificial method is somewhat more effective. The first equati¬ 
on is transformed to (x — y)® = 4, whence x — y = 2 or x ~ y ~ —2. We 
obtain two systems o! equations: 

(1) ( x-i,=2 (2) ( x-y=-2 

\ x+i;=6 I x+y = 6 

/inweri (1) X| = 4, yi^2 

(2) x.> = 2, = 

220. Represent the given system in the form 
( xj, + (x+p) = ll 
I xp{x + y)=30 

Put for tiie .=ake of brevity ip = 3|; x + y = 32* Then we have 

/31 + 32 = 11 

\ 3,:., = 30 


By Vietp’s theorem :j and zj are the roots of the quadratic equation z^ — 
— 11:4-30 = 0. We find; :i = 0, :2--=5 or :is=5, Wo get two systems: 


/x+y«6 
I xy = 5 


and 


Ix+y=5 
I xp = 6 


Each of them may be solved by applying Vino’s theorem or tlie substitution 
method. 

Answer: (1) y — i (2) x=1, i/ = 5 

(3) .rz=2, ;/ = 3 (4) x=3, j/=2 

227. Put II -then we have the following svstem 

/iNj-frcr; (I) 1 /= 1^3 

(2) .rr. 4, ,/=.-l/3 

(4) x^-3. 

228. Put .r- rz, and — y — z.^. We get the system 
/ Zi + £2 —23 
\ 312 ., = —50 

* Most prohlems of tliis chapter are successfully solved by using artificial 
moUmiis. The main difficulty here is to find out an adequate artificial method. 
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Answer'. (1) x=5, —2 

(2) x=-5^ 

(3) ar=i V2,_ y=-25 

(4) —i V2. y= —25 

229. Put ~xy:=Zi\ = We obtain the sy-stem 


{ 



We find Zi —9; Z 2 =—20 or zi — 
(1) f ary=—9 
\ — 1/2— —20 



-180 

-II 

=^9. 


Now we have two systems 

(2) ( zyz^2\) 

\ x2-y2=.9 


Solve the first system. From its first equation we find t/= —y. Substitute 
it into the second one and find the biquadratic equation 20x2 —81-0. 
Its roots are: 


I,,j = ±/-i0 + yi8t ± 1/3.45 ^ ± 1.88 
I3,4 = ± K-IO—Vl8? ± 1/-23.45 ar ± 4.8.ii 

Now we find 


:9 


1 . 86 ' 


Y-io-i-ym 


= 4.81 


Solve the second sy.stein using 

the same method. 

Answer. (1) 

x»1.86, 

y ss —4.84 

(2) 

xw-1.86. 

y as 4.84 

(3) 

X 4.84i, 

y ss 1.8Bi 

(4) 

-4.84i, 

y is: — 1.86t 

(5) 

x= 5, 

y-4 

(6) 

x==-5. 

y= —4 

(7) 

i = 4i. 

II 

(8) 

X = —4i, 

y = hi 


2^. Eliminate the constant terms by multiplying the second equation by 7 
and subtracting the result from the first one. We get 
~32x^ - 2xy + 75y"' = 0 


This is a homogeneous equation of the second degree (i.e. an equation con¬ 
taining only terms of the second degree). Dividing both members of the equation 
by ar* (this may be done since i = 0 is not a root), wo transform it to —32 — 

— 2-ii-4-75 ^ \ =0, and, solving this quadratic equation, we find = A or 

X ' \ X } X 3 
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or ^. By using this method we can find the ratio — from any homoge¬ 

neous equation of the second degree. 

Now we solve two systems: 


( 1 ) 


5x2—10^2—5 = 0 


( 2 ) 


5x2- 


and 


■lOi/2—5 = 

y 


(by the substitution method). 


(1) 1 = 3, i/ = 2 

(3) X 

(2)x=-3, y=-2 

(4) x= 


25 

' ym’ ^ 

25 

yns'' 

1 


_16 

25 

16 

yiTs 

16 

'yn3 


231. Rewrite the fii-st equation: x2—2xy + xy. Then 


we have 


:-i- zy. Write the second equation in the form 2 (x —y) = -i-xy. 

Hence, (x —y)2 —2(x —y) = 0. wherefrom x—y = 0 and x-~ys»2. We get two 
systems: 

= 2 


(x-y)2 

ence, 
^5 tear 

( 1 ) 


-y 


and 


( 2 ) 


{ X —y = 

xy = 

;) = 4, 

lation in 

(z- -r 2zy y^) = 13 xy or (x -f y)3 — 13 = xy 


I xy = 0 t xy = 8 

Answer: (1) x = y = 0; (2) x = 4, y = 2; (3) x = —2, y = —4. 
232. Rewrite the first equation in the following way: 


From the second equation: x -f- y = 4; substituting, we get 16 — 13 = xu 
Now we solve the system 

f xy==3 
I x-fy = 4 

Answer: (1) x = 3, y — i\ (2) x=l, y = 3. 

233. Solved in the same way as the preceding problem. We get a new 
system 

f xy = 6 

I X —y = l 


Answer: (1) x = 3 {2)x=—2 

y-2 y^-3 

234. Put then ^=“. and the first equation takes the form 

= ^ or 12=2-252 + 12 = 0. Its roots are =,=.4 and Z 2 = 4-- Now we 
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have two sysleuis: 



They are solved hy suhsUtuling the value of i obtained from the first e.|ua- 
tion into the second one. 

Ansmer: (1) x = y = 3 

(2)jr=—4, »=—3 

(3i j: = 3i, i)=4i 

(4)j-=—3i, y=—ii 

235. The system can be written in the form 
Multiply these equations ami divide one of them [by the other. We get 

(ryjm+yi — cdflteibtn and ('^) '^'I'^tice 

ay = (cd)'”+"a'“+"r+-' andi=(-f). 

Multiplying these equations, we find 

2m 2n 'irn tn 
^2 _ a'”+"6'”+" 

ifi may be expiossed in a similar way procee<ling from the equation 
= — , It differs from the corresponding equation for x only in the 
order in which foilosv the letters c and d. 

Answer: 

^_ ^n*-rn^ 

236. In the second equation we factor x* + y'^ into (x + y) (x- — xy -f r) 
and divide the .second equation by the first one. We get x + y =5. Adding 
3xy to both members of the first equation, we obtain (x + y)* == 7 + 3xy. 
Substituting 5 for {.r -j- y) in this cquatiort, we find xy = 6. We solve now the 
system 

I i+P = 5 
I xy = 6 

Arjsu’cr: (!) x = 3, y = 2 
(2) x-=2, y =3 

237. Multiplying the second equation by 3 and adding it to the first one, we 
gel (x + yf — 1. Confining our^lvcs to real solutions, we find x + y - 1. 
Substituting 1 for x + y in the second equation, we have xy ~ —2. We solve 
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DOW the system 

I = l 

I 11,=-2 

Answer: (1) x = 2, 

y^2 

238. Solved in the same way as the preceding problem. 

Answer: {1) z = 3, 1/^2 

{2)X..2, y^3 

239. Put — ' — - 2 . The first equation takes the form 

x — y 

Hence, s==5 and s —i.e. 


■T-ry 
x — y 


and 


x~-y 

x—y 


JL 

5 



From the equation —-— = 5 we find y = ~x. Solve this equation toge¬ 


ther with the given equation xy=iij. Use the equation 
same way. 


in the 


Ansiver: (1) x=;3, ^*=2 

(2) x=-3. y=-2 

(3) z=»3i, y = —2i 

(4) x== —3i, y~2i 

240. Eliminate the unknown z from the given system. To this end (1) sub¬ 
tract the second equation from the first one multiplied by c, and (2) subtract 
the third equation from the second one multiplied also by c. .U a result, wo get 
the following system 


( (c—<i)x~(c—b)y=(c—d) 

t a{e — a)xr-f>{c —6)y=d(c— d) 


wherefrom we find x and y: z is found in a similar way. 

1«sirer- ^ {fr —fJ) ^ ^ (g —d)fc— d) {b~d) [a ~~d) 

‘ (c — ^'*’(0 —d)(c — 6)’ “ (6——c)’ 

241. First eliminate u: for this p«rpo.se: (1) multiply the second equation 
by 2 and add it to the first one; (2) multiply the third equation by (—2) and add 
it to the second one; (3) multiply the third equation hy (~3) and add the result 
to the fourth one. Finally we obtain the following system 

{ ox — Ay 13^ “ 3G 
~4j— liy i 93=1 
-5z-13y-hl23 = 5 


Eliminate x from this system, subtracting the third equation from the second 
oiu' heforehand. We get 

(ni or — 4i/ IHc = 3U 
(h) ,r -i- 2if - 33 = —4 
(ci - W - i3y -f- 123 = o 
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Add (a) to (c). multiply (b) by 5 and add it to (c). We obtain the following; 
j ~ 17); “|-25z = 4i I —17t/ + 252 = 41 

\ —3y — 3z——15 \ y-f-z —5 

Hence we find 2=3 ar»d y = 2; x is found from (b) and u, from the third of 
the given equations. 

Answer: .r = 1; y = 2; z = 3; u = 4. 

242. Subtracting the first equation from the .second one. we get y -f- 22 -= 1. 
Hence, y = 1 — 2z. Substituting this value of y into the first equation, we find 
X 2 4 - 3. Substituting then the found values of a ami y into the third equation, 

0 

we get 322-1-2 — 2 -- 0. Its roots are ~ and 22 ~ —1- Substituting now 

the values of 2 into the equations x = s -f" 3 and y — 1 — 22 . we find two valu¬ 

es for each of the unknowns x and y. 

. 11 1 2 
Answer: (1) x — -^, y=— 

(2) x = 2, y = 3, 2 = —1 

243. Square the first equation, cube the second one, and square the third 

one on having transposed the second term to the right member of the equation. 
.\nd so we get the following system. 

{ 4 x 4 . y — 32= —3 
5x-|- 2y-f' = 1-5 
6 x —y -2 = 0 . 


, 9 C 33 

Answer: ^ = 2 = 09 ' 

244. Squaring the fir.st equation and subtracting the st'cond one from it, we 
obtain xy -j- xz 4- !/- ~ virtue of the third equation the first two addends 

may bo replaced by 2y2, We gel Zyz = 54, i.e. 

ijz = 18 (a) 


Now the third equation may he written in the form xy 4- xz =■ 2>18, i.e. 

X (y 2 ) = 3t) (h) 

Since the first equation has the fornt 

X H- (y 4- -) = 13 (c) 

X and y 4- 2 may he found from (b) and (c). \Vc get 
:.9 f x = 4 
^4 ”■* iy + 2 = 9 

To find y and 2 separately, make use of (a). Thus we obtain two systems: 
(I) Jy + z= 4 (2) f y4-z = 9 




/ tf4-2 = 
\ yz = 


18 


t y2=18 

Note. When squaring the first equation there appears a danger of introducing 
extraneous roots. But If they had appeared, tliey would have satisfied the equa¬ 
tion X y-r 2 -- - 13, wljich contradicts the equation (c). 
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Answer. (1) x = 9, y = Z+iYu, s=2—iVW 

(2) 1=9, y = 2-iVi4, * = 2+t Vl4 

(3) X —4, y — 6, z — 3 

(4) X — 4, y = 3, z ~ 6 

245. Represent the third equation in the form 

— xz — ysxy — 2 

Adding it to the second one, we get 

z2 4- 2xy == 49 (a) 

whence z® = 49 — 2xy. Substitute this expression into the first equation. Wo 
get {x 4“ y)® = 49, i.e. x -f" .V ~ ±7. First put x -f* y = 7. 

Represent the second equation in the form 

xy + 2 (x -f y) = 47 

and substitute into it the expression xy— . obtained from (a), and the 

value x + We get —1424*45 = 0, whence 2 j = 5 and r«) = 9. If 2 = 5, 
then xy=at ^^n . ~i .. = 12; but if 2 = 9, then xy = ^-— = —16. And so we have 
two systems 


(1) r^+y = 7 ... (2) fx4-y=7 

t xy = 12 \ xy=-16 

each having two solutions. Thus, we obtain four solutions: 


(1) 1 = 3, 

y = 4. 

2 = 5 

(2) 1=4, 

y = 3, 

2=5 

(3)x=^-y®, 

7_vn3 

2 ’ 

2 = 9 

<4) 

7+ ViTs 
^ 2 ■ 

2 = 9 


Now put X 4- y = — 7 and find four more solutions by using the same method. 


Answer: 

(1) j: = 3, 

y = 4, 

2 = 5 

(2) 1=4, 

y=^3. 

2 = 5 

(3).^^+y“^ 

7—Vll3 

y 2 

2 = 9 

(4,x ’-y^. 

T+yiis 
y 2 

2 = 9 

(5) x= —3, 

y=-i. 

s= — 5 

,(6) x= —4. 

»=— 3, 

z= —5 
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(7) z. 

(8) x = 


— 7-f Vll3 
2 

-7—Vna 


y~- 


-7-ym 

2 

-7-f ym 




246. Subtract first the second equation and then tlie third from the first 
one. We get 

(qS __ ^3) -j- (o5 _ b'i) X {a ~ b) ij (I (a) 

(q 3 _ -f (O' — C-) X y {a — c) ij i) (jj) 

Reduce the equation (a) by (a — b) and equation (b), by {a — c). We have 

+ ab + b'-) 4- (a + b) j: + (, = 0 (c) 

(a= 4- ac -f C-) -r (a + c) X y «/ = 0 td) 

Subtracting (d) from (c), we get 

(ab — ac-j-b~ — c^) -}-(b —c) x = 0 

ab — ac-\-b^ — c- 


Hence, 


b —c 


—(a-T-b + c) 


The unknown y is found from (c) or (d). Now find s from any of the given 
equations. 

^nsu?er: —(a + b-f-c) 

ysssab-f-bc-T-ca 
z~ —abc 

247. Putting ^ u and — ^ ~ following system: 


Vx-1 


lUi roots are: 


y = -^, i.e. 


V *'+4 

12u -j- 5e = 5 
8u yiOe — G 

1 


1 


y—i 4 


/ 


Hence, x = 17; y — O. 

Answer: x=l7; y —G. 

248. By virtue of the second equation the first one may be rewritten in the 
form 10—2y’xys=4. Hence, xy = 9. We gel the system 
/ X + Jf = 10 
\ xy=9 

Answer: (1) x = 9, i/ = l; (2) x—1, v=9. 

/ 3jp I 

—;— = z. The first equation takes the form * —2-4—=0. 
x-fy_ ‘ z 

Hence, z = l. i.e. 1/ -^=1. From this equation we find u = 2xand substi- 
r x-i-y 

tute it into the second one. 
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Answer: (1) x=6, i/ = 12; (2) x= —4.5, y —— 9. _ 

250. The first equation is reduced to the form y/ — whence 

x2.fj,2=l36 (a> 

Squai-e the second equation to obtain —jg—ar, whence 

= 36;t ~ 324 (b) 

Substitute this expression into (a). We get x- + 36jr — 460 = 0, whence x — 10 
and X = —46. Substituting into (b), we find y and obtain four pairs of solutions: 

= y — G; (3)3:!=—46, y — 

(2l3:=10, 6; (4) j:——46, (/=— 6~l/55i 

The third and fourth pairs of solutions do not suit, since the expressions 
and ~\/x ^"y, where the radicals must mean arithmetical values of 
the root (otherwise they are indefinite since the root has two values), make 
no sense at complex values of z -h y and x — y. The first and second pairs of 
solutions should be checked. 

(1) x = 10, «/ = 6; (2 ) .t = 10 . y = —6. 

251. The system makes sense only if a > 0 (see the preceding explanation). 
Square the first equation: 

y x--—xp- — ^ — x (a) 

Substituting this e.xpression into tbe second equation, we get 

■^/x2-f-— (■)/4j 5) 0 —X (b) 

Square the equations (a) and (b): 

f/ 2 — —64a2-f-16flx (a') 

y2=(y4T-f 5)-a2_2(y^+5)ax (b') 

Eliminating y from (a') and (b'). we get 

(130+10 y^)fl" = (26 + 2y4i)az 

whence x~-5a. From (a') we find y^:±,ka and then perform a check. 

.'lrj.<ni-er: (1) x —5fl, y==4a; (2) x = 5a, y —4q. 

252. Square the first equation: 2x2 — 2+'^x^ — yi = y 2 . Substitute here the 
value x^--i/^-:144rt‘^ from the second equation. We get 

— 2j~ — 24a= (a) 

wiierefroni we find y* and substitute it into the second of the given equations. 
We get 

x^ — 32a2x2 + 2AQa* = 0 

Hence. .i ± y20a and x—jr V l2<i. We find y from the equation (a). For 
each of the values x-.± y20fl we have y=-d:4a, and for each of the values 
X - I 12 a we have y — 0. A check shows that out of the six pairs of obtained 
roots some are extraneous for a>0, others, for a<0. Let us take, for instance, 
tiie pair x—yfOu, y —4a. Substituting it into the first equation, we find 
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*V^3t)a2 — * 1 / 411 ^ = 40 , i.e. 6JaJ— 2\a\~4a. This equality is an identity for 
a'^0, but it does not hold true for a<0. 

>lnsu?er: For a>0 the solutions are: 

(1) Z““|/20a, y = 4a; (2) a-=— y = Aa 

(3)x=V^12a, y—0; (4) — '\/i2a, 1 /—O 

For a-<0 the solutions are: 

(5) x = ^20a, y=—4a; (6) x=t —ij = —4fl. 

253. First method. From the second equation we find x +y — iA — 'Y.ry. 
Squaring it, we get _ 

z- _j_ 2zy = 1% — 28 Y 

whence __ 

Y xij ~ 196 — 28 Y''^y 

By virtue of the first equation we have 84 = 190 —28 Vzi/. whence zy--4. 
i.c. zj/ = 16. Substituting Yxys=iA into the second equation, we find iYy= iO. 
and then solve the system 

/ x-^^, = 10 

\ to 

Second method. Factorize the left member of tlie first equation: 

(j;_J_y)2_(y'^7/)-'=(x-i-// + ‘l^^y)(^+i/ —V .r^)=3 84 
Hence, by virtue of the second equation, we get 
Mix-r;/--V'-'‘i/)=^4 
i.e. x+y —V^==^- From the system 

I .r.t-!(- V 2=® 

. l xy-i4 


we may find x-^y and Y^'J- 
Answer: (1) x^2, —8 

(2) x = 8, yr=2 ^ 

253a. From tlie first eqiiatloji we find y — ^ , from the second j/= 

= -_Lltl£* equating these expressions, we get -pr—~ ; hence, we 

i~^x ^ 1-4-x 

have the following equation: 

(1 +m) x^Y(^Y'“) -r • 7-(2 — m) = 0 
This equation has real roots, provided 

—4 (1 -f-m) (2— m) 0 

Simplifying the left member, we get the expre.ssion 5 m-— 4 >0. whence 
2 

]mi>—;pr-. Under this condition x has real values, which means that ij-- 

z.- — l - X - ^ also has real values. 

2 

Answer: } m j -r-p^ • 
f/5 
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CHAPTER IV 

LOGARITHMIC AND EXPONENTIAL EQUATIONS 


Preliminaries 

To solve equations containing logarithms to different bases {see, for example. 
Problems 267, 268, 309 to 313) it may turn out to be convenient to reduce all 
the logarithms to one base. So, let us introduce some relevant formulas supplied 
with necessary explanations. 

1. The formula 


enables us to change tlic roles of the logarithmic base and the number. 
Example. 


logs 2 = 


_J_ i_ 

logs S'” 3 


Explanation. According to the definition of the logarithm. log 2 S is the expo¬ 
nent indicating the power to which it is necessary to raise the base 2 to obtain 
the number 8. Thus, svmboUcally, logs 8 = 3 is equivalent to 2® — 8. But 

I 

the last equality may be written in a different way: f "8 = 2, i.e. 8^ == 2. Hence, 

logs 2 j. 

1 

In general, the equality a^ = b may be wTitten as 6* — c. The former equa-- 
lily means that iog^ b = x, the latter, that log^ a — , wherefrom the formu¬ 

la (a) is derived. 

2. The formula (a) is a particular case of the general formula 


Iog^.V = 


logoo 


(b) 


which expresses the following important fact: if we know the logaritlims of 
various numbers to the base b, we can find the logarithms of the same numbers 
to the base a\ to this effect it is sufficient to divide the former by log^ a {i.e. 
by the logarithm of the new base to the old one). Instead of dividing log^, N 
by log 5 a we may [by virtue of (a)J multiply it by loga 6: 

logo === logo 6-log6 (c) 

The number by which’logarithms in one system are multiplied to give 1o- 
giiritlmis in a second system is called the modulus of the second system with res¬ 
pect to the first. That is to say, the factor log^ b is the modulus of the system 
cl logarithms to the base a with respect to the system of logarithms to the base b. 

Example. Having a table of common logarithms, we can compile a table 
of logarithms to the base 2. To this end it is sufficient to perform division by 
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log 2 — 0.3010 or multipHcation by logs 10 = 


- ^ . 

"" 0.3010 ^ 

, * logs 0.4771 


3.322. Thus, 


..lop. 3 


Explanation. By the definition of the losarithm wo have 2''*'““—3. Take 
the logarithms of this equality to the base 10. Wo got log^ 3-log 2--log 3. 

whence Iog->3 — 4 *^- t . Just in the same wav wc obtain the formula (b) from 
log 2 

the identity by taking the logaritiims to tlie base h. 

In order not to ouifuse the notations, it is advi>able to use the I'ollDwing 
method for a check: write the fraction — instead <0 ilio expro'.'ion log, 

course, these expressions are not equal to each other): treat the expressions 
log^ a, logg N and so on in a similar way. Then in>tea(i of the formulas (a), 
(b), (c) we get other formulas, which are also true. Tims, instead of (e) we get 

JL~t 

a ~~ a b 


254. First method 


Z=rl0«l0 


2 (5l0g9-l0R2) 


lO-lO'"'” 


= 10.10 


IoSt- 


loff 7 0 9 

By definition. 10 thcreforo jr= 10--^ = 22.5. 

Answer: a: = 22.5. 

Second method. Taking the logarithms, we have 


log j:= log 10-r ^4" —Io?2| log 

log x= log 10-f log 0—2 log 2 = log--^y 


too 

10-9 


Answer: j = 22.5. 

255. As in Problem 254 (second method), we have 

, . 1 . , 1 10 10 

log ar = 1 —rr log ^ = ‘Og —nr-; x --=- 

^ 1/4 1-4 

Answer: 3r=5. 

250. Pit>ceeding in the same way as in the jirevious problems, wel have 

logR = y (2 + 4-iogiB)l»BlO=‘ + 4logl6==lo|!(10^i); 

1 = 10,16 


Answer: 2=20* 
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257. First method 


2-2 log, 2 
= 7 ' -f- 


^10554 


'4 “ 4"^ 4 ” 2 


(cf. solution of Problem 254 by the first method). 
Second method 

Let us denote i/ = 49^ - — 5 ; then 


Taking the logarithms, we find that log; y — (1 — log 7 2) logy 40, or 

7 40 

log; y = (log; 7 — log; 2) 2 = 2 log; = log; y 


■whence similarly, we find that z~-^. Hence, x — ^ . 

Ajiswer'. . 

258. We have log*, loga logjx^log^ 1. whence logalogj^ —U log:X = 3. 
,4ns(iJer: xa=:8. 

259. Like in the preceding problem, we have 

I H- logb (1 -f- iogc (1 + logp X) I = 1 
logi, 11 ~ logc (1 -- logp X)) 0 


then 

1 -r b'lJc (1 logp x) ^ 1; log.. (I logp X) “0 

1 --)ogpXi=l; logpX=:^0; x=:l 

.•l«4*fC«T: .T ~ 1. 

2G0. The expression in braces must be a positive number since a negative 
number has no (real) logarithm to base 4. Therefore, having rewritten tlie given 
equation in the form ^ 

2 log 3 li -r logs (1 'i- d log- x)l 4- — \ 't 


wo siniuld take only the positive value of V4. i.e. 2. Applying similar transfor¬ 
mations fur the second time, we then obtain 


lug 3 (1 -i- log- (1 -r 3 log- x)l = 1 , I -r log- (1 H" 3 log^ r) = 3, 
log- (1 -r 3 l«g 2 x) — 2 


htnu-e, 1 H- 3 log; x 4. log- x — 1. 

2(»1. Represent the given equation in the form log- (x 4 14) (x -j- 2) — G, 
(j. -j_ i 4 ) - 2) ” 2® — 04, whence x- -j- lOx — 30 — 0, xi -- 2, x- -~ 

.. 18 . The second root tloes not suit, since the left member contains the expres¬ 

sions log- (x -i- 14) and log- (x H- 2), which have no real value at a negative x. 
Aa-s'iccr: x 2. 

262. Represent the given equation in the form 


b»ga (!f "t- 5).0.02) — 0 
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y {y + 5) *0.02 — 1 or jr- -f 5y — 50 — 0 

we get two roots: i/t = 5, j/a — —10. The second root does not suit (see solution 
of the preceding problem). 

Answer: y ~ 5. 

263. We have 

log (35 — — 3 log (5 — or log (35 — x®) = log (5 — x)^ 

hence, 

35 — X® = (5 — x)® or X' — 5x -f- 6 = 0 
Answer: xj = 2, Xj —- 3. 

264. Transforming the bracketed expression, we get 

(3a —6) (a2^ b (a — b)^ 

” b-2 ~ a(c-f6) 

Then the given equation takes the form 

1 + log X■= -1 log —y logt + ilogla (a + 6) (0—6)1 

Applying the theorem on the logarithm of a product (and of a fraction) to the 
rignt member, we obtain 

1 -f- log X = log {a — b) — log b 
Substituting log 10 for unity, rewTite the equation in the form 


log 10+log x== log (a —6)—log 6 or log (lOx) = log- 


hence, 10x = - 


263. The given equation may be represented in the form 




wherefrom, taking antilogarithms, we find 


-^= 1 / H-i i/IpZ5 

^ 1 — a ' OF 1 (Z 


yi-a 


tO-01338 



146 


Answers and Solutions 


266. The given equation may be written in a different way: 

y log* 5+log* 5+log* I—2.25 = ( y log* 5 ) * 

since log^; x == 1 , after simplifications w'e get 

log 2 5 — 6 iog,, 5 H- 5 = 0 

Solving the quadratic equation (in the unknown logx 5), we find two roots: 
logx 5 = 5 and log* 5 = 1. 

Answer'. = X 2 == 5 . 

267. First method. Putting logiex = z, we have x = 16*, hence, 

log 4 X " z log* 16 = 2z and logs ir = s logs 16 = 4z 
The given equation lakes the form 2 -f 22 -1- 4z — 7, i.e. 2 = 1 . 

Second method. Reduce all the logarithms to the base 2 by the formula (b) 

(page 142). We find log 4 = ; similarly, IogjflX= - ~ - - . We 

1 1 ~ 

get the equation + whence ]og 2 X=: 4 . 

Answer: x= 16. 

268. Solved in the same way as the preceding problem. 

Answer: x=a. 

269. Rewrite the given equation in the form 

(3)3.-,^(1)3-. 

w’hence 3x —7 = 3 —7x. 

Answer: x=:l. 

270. Represent the given equation in the form 

7 . 3 X +1 _ 3x+4 5*+2 — 5*+-3 

Factoring out 3^ and 5-'', wo have 

3«(7.3-3») = 5^{52 - 53) or 

whence x = — 1 . 

Answer: x= —1- 

271. Rewrite the given equation in the form 

9 " 2 |x 

- or 2 ^*~» = 2 “ 

^ 2“3* Wt - 

Hence, 

4 .—9=.|.. 

Answer: x = 6. 

272. The given equation may be written as 

2 -a ;2 22 x + 2 _ 2 “® or =2”*^ 

Consequently, —x2-f-2x4-2=—6. 
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Answer: xj = 4; X2——2. 

273. Represent the given equation in the form 

5(x-f 5> 17) 

2 X - 7 _ 2-2.2 * - 3 

whence 

5(j-r5) , 7(x-f-17j 

X —7 X —3 

il/wujer: x=10. 

log 4 _ 2 log 2 2 

logs “ 3log 
the following way: 


274. Since -4^^ =^, the given equation may be rewritten in 


2x-}-3(l- 
t equation in 

V 2/ I*-J _ 


Hence, 


2x-}- 3(1—x) = I 

Answer: x = 2. 

275. Represent tiie given equation in the form 


22, 


equating the e^^ponents, we find 
3 l/x-f3 


= 2 , or 2 x—SVx —3 = 0 


yx(V7-l) 

Let us denote l/x by z; then wo have 

2 s 2 —5z—3=0, whence zi = 3, z 2 =—~ 

But the second root does not suit, because the quantity z (which represents 
the arithmetical value of the radical Vi) must be positive. Thus, we have 
2 ='V'x; hence x = 9. 

Answer: x —9. 

276. The given equation may bo represented in the form 


i +— 

2 21-x 


Hence, 


, i^x-l 

4 


I , l/x-f-S _ 

' 2yx yx_i 


therefrom 3x — syx —3 = 0. Putting yz = z, we have 3z2 — 82 3 = 0; 2 i = 3* 

* 2 — --g ; the second root Zg— ~y does not suit (sec solution of Problem 275). 
Consequently, x = 9. 

Answer: x = 9, 


10 * 
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277. The given equation may be written as 

2x-2 4 


Consequently, 


" r+- ^ 


x2_1^2x —2 4 


-i = 0 


After simplifications we get x^—2x—15 = 0. 
Answer: xi = 5; X 2 =—3. 

278. Using the formula (a) (page 142), we obtain 


log.x + 2 1og.a 2(log.x-|log,.) 


i + 'ihgxo 2 —log^o 


1 


Solving for log., a, wo get 


log, a = 


7 ± 1 / 49-48 7±1 


Answer: xi = <i; x->-=^ar. 

279. By formula (b) (page 142) we find 


log, 2 


1 


log/, 2 _ 

IOg 4 X 2 log; X 


Then the given equation takes the form log^ (x -t- 12) = 2 log; 
-|- 12 = X®. We take only the positive root x = 4; at negative x 
log, 2 has no real value. 

Answer: x ■- 4. 

280. Write the given equation in the form; 

(log, 5 + 2) log| X = 1 

1 

Since lop,5— ^ , we get the equation 






Solving it for log;, x, we find 


(logf,x)i = -g- and (log 5 x) 2 =—1 


.'iHSiPcr: xj “ "^/S; X2 • 


X, whence x 4- 
the expression 
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281. The left member of the equation is the sum of x -f- 1 terms of a geomet¬ 
ric progression, and therefore we have (for a #= 1) 

-^7* <'+"> (‘+«=')('+('+“*) 

or 

1 — = (1 — a) (I -f- a) (! -f (1 _j_ a4) (1 ^ flS) 

or 

whence x -{- 1 — 16; x — 15. At o — 1 the general formula for 

the sum of the terms of a geometric progression is not applicable. In this case 
the left member of the given equation is the sum of x -j- 1 addends, each being 
equal to 1, and so, the equation takes the form x I = 16, hence, x = 15. 
Answer: x — 15. 

282. RevsTite the given equation in the form 

52 + 4 +C + -. .+2x_55G 

whence 


2-}-4-j-64-...-f2x = 56orl-f2-f-3-f...H-x=28 
The left member of the equation is the sum of the lenns of an arithmetic pro¬ 
gression. Therefore we get the equation 

<i±£>i = 28 

W'hence xj — 7, xj = — 8 . The second root does not suit, since the number x 
must ho a positive integer. 

I Answer: x — 7. 

283. Rewrite the given equation in the form 

22X2-* _;I7.2='2-« +1 = 0 

Denoting 2 * by 2 , wc gel 

2 - — 172 + 16 = 0 ; 2 , = 16; 23 = 1 

whence xj = 4; xo = 0. 

Answer: X) = 4; X 2 = 0. 

284. As in the preceding problem, putting 4* = 2 , we have 2z- — llz -f- 

+ 8 = 0 . 

Answer: Xj=~: X2=— 

I 

285. Putting 0 *^ 2 , we obtain the equation 

32* — IO 2 + 3 = 0 


Answer: xj = 2; xj — —2. 

286. Taking the logarithms of the given equation (to the base 10), we obtain 
logx = logx + i or log2x + 31ogx —4=0 
whence log xj = 1; log xj = —4. 
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Answer: = iO; xj — 0.0001. 

287. Transform the given equation so that either of its members represents 
the logarithm of a certain expression. For this purpose substitute log iO for 
unity in the left member of the equation. Now the given equation may be writ¬ 
ten in the form 


log- 




--= log-- 


Since the logarithms are equal, the numbers are also equal 

_1 ]/ 2 *' *“2_t_2 

_ _ 


After simplifications we get the equation 


Vx 

2^‘‘-5-2 2 —24=0 


] X 


Vx 


Since 2^^* = (2 ^ )^, then putting 2 ^ ==z, wo have the equation z2 —Ss— 
— 243=0, whose roots are z^—S and 22 =—3. Taking ?i = 8 , we get the 

— Vx 

equation 2 ^ = 8 , whence -1^ = 3, i.e. s = 36. 


The second root 2 =—3 leads to the equation 2 ^ t=s—3 which has no 
solutions since no power of the positive number 2 can be a negative number. 
Answer: x=s38. 

288. Find successively (see solution of the preceding problem): 


hence, 


2 loglog (5’'* + !) = log ^-^ + 5 ) 
iog[(if(5>‘+i)] = iog{iili^) 


1 /E i'x ) 




(A) 


After simplification we get 

5 “^ *- 124 . 5^^^-125 = 0 


whence 5^ * = 125, or 5^ *=—i. The second equation has no solution; the 
first one gives '\/x = 3; x = 9. 

The equation (A) may be solved in a different way. It may be reduced 
bv 5 ’ and then we get 75 ;^=— t=- ; hence, 5v1^ = 125 and x = 9- 

25 5 IX 



Chapter IV. Logarithmic and Exponential Equations 


151 


Answer: x = 9. 

289. Represent the given equation in the form 

glog * glog X- I _ glog X+ I 1 

Factoring out 5'®"^ and ^ have 

5'“S (1 + 5-') = 3'“« * (3 + 3^*) 
or 

25 /5\logx f5\2 

3iog X “ 9 • i 3; ” i 3 j 

whence log x =2. 

Answer: x~iQO. 

290. Taking the logarithms to the base 10, we get 

21ogij:~l.r>Iog2x = y 

This biquadratic equation (in the unknown log x) has two real roots: log x = 1 
and log X = —1; hence, xj = 10, xj — 0.1. 

Answer: xj — 10; xj = 0.1. 

291. Taking antilogarithms, wc obtain 

C4p"2"-'‘''' = l, or 

i.e. = hence, i2-40i +144 = 0. 

Answer: xj=s:36; X2=4. 

292. By the definition of the logarithm, the given equation is equivalent 
to 9--2* = 23-x^ or 9-2*4=-^, whence 22* —9*2^ + 8=;0. Solving this equa¬ 
tion (quadratic equation in the unknown 2*}, we find 

xi = 3: X2 —0 

Answer: xj=a:3; X 2 = 0. 

293. As in Problem 288, we get 

2(4*-2^_9):=10 (2**24.1) 

Noting tiiat 

2=‘-2.= 2*-2-4=4-.2\ and 4>-2 = 4*.4-2=4.4* 

4 16 

we obtain the equation 

22*—20.2*-1-64 = 0 

whence, like in the preceding problem, we find xi==4; X2 = 2. 

Answer: xi=4; X 2 = 2. 

294. It is convenient to transpose the last term to the right. Then, as in 

1 +^ - 1 +:^ — 

Problem 288, wo get 4-3 “* = 3*-l-27. Noting that 3 ^* = 3.32*, we get 

the equation 

t_ i 

12*3^* =>3*+ 27 
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JL i Jl 

Putting 3^* = 2 , we have 3* = (3^*)^, and so, we get the equation z^ — l2z~{- 
-4-27 = 0, with 2 i = 9; 23 = 8 being its roots. 

Answer: Xi=:-^\ xz~-^ . 

295. Taking antilogarithms (cf. solution of Problem 288), we have 
g 2* - V'iiK+i |■"^0 

100 ^Vx +0 • 25 

The equation may be represented in the form 

^ 16 \ 2 

100 \ .)V4x+T / 

Getting rid of the denominator, we obtain 

6lA^__16^ 200 , i.e. 0 ^ 4 *+! ^ 53 ^ 

whence x = 2 . 

Answer: x == 2. 

296. Represent the given equation in the form 

4 log 2 -f 2 log (j — 3) = log (7x -r 1) H- log (j — 6) + log 3 
w'hence, taking antilogarithms, we find 

2* (x — 3)= = 3 (7x -f 1) (z — 6) 

The roots of this quadratic equation are xt = 9; X 2 = —3.6. The second root 
does not suit, since it yields z — 3 = — 6 . 6 , which means that the expression 
log (x — 3) has no real value {the same can be stated about the expressions 
log (7z 4 - 1) and log {x — 6)]. 

Answer: z = 9. 

297. Represent the right member in the form 

-logs (0.2 - 0.2.5^-3) = -logs 0.2 - logj (1 - 5^-=) 

Represent the addend (z — 3) in the form log^ Transposing the terms, we 
get the equation 

logs 120 + logs 5^-3 -F log 5 0.2 = 2 log^ (1 - 5 ^“^) _ (j „ gx-sj 
or 

120.0.2.5^-» = i — 

Answer: z = 1. 

298. The given equations may be represented in the form 

Equating the exponents, we get the following sj-stera 


Answer: 



6z—4y = i 
z—3sf=0 
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299. Taking antilogaritiims of the first equation, we get the following 
system of equations: 


{ 


xy = 

x-{-y = 


i 

jO 

3 


Answer: = -r2=~; S2 = 3. 

300. In algebra, consideration is usually given only to the logarithms of 
positive numbers to positive bases, otherwise a number may have no (real) 
logarithm. Therefore, we consider the known quantities a and b {logarithmic 
bases) to be positive; tlie unknown quantities x, y {“numbers”) must also be posi¬ 
tive. 

Taking antilogarithms, we find 


xy ■- a-. 


The system ha.s two solutions: 

(1) X zssab-. 


!/ 


==:6-* 


a 



(2) 1= —.42, i(=-^ 

But the second solution does not suit, .><1000 at po.<itivc values of a and b, it 
yields negative value.s of x and y. 

Answer: x—ab'^; j/ss-p-, 

301. Taking antilogarithms, we get the sy.stem 

10 x—y 

from the second equation we find j/ = -|-x; substituting it {into the first 
equation, we have two solutions: 

(1) x, = 9, i/I —7; (2 )x2 =—9. 1/2=—7 

The second solution does not fit, since it yields x y < 0 and x — y <0 
(see solution of Problem 300). 

Answer: x — 9; ^ — 7. 

302. Taking antilogarithm.“, we have 

f x—y = xy 
\ x+i, = l 

This system has two solutions: 

— 1-fV-^ 3 — 1/5 

- - -, -- 


Xl 


-1-1/5 

2 


a-fVs 
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The first solution yields 


The second one gives us 


x — y^xy~ •—2-}-V5> 0 
x—y=^xy^ —2—1/5 <0 


The second solution does not suit, since the base of the logarithms xy must 
be positive {see Problem 300). 


Answer: x = 


-1 + 1/5 . 3—1/5 




303. Taking antilogarithms, we get the following system 

, X 

i~\ --—; TO = 6* 

yy 


f x+y = e2 
I xy=M 


This system has two solutions: 

a2 _L 'y'a 4 _ 454 


(1) z,. 


( 2 ) 


c2 — l/g* — 4d* 


a2— Y a* —46* 


a2+l/c*—46* 
2 


Considering the given quantities a and b to be positive (as the logarithmic bases), 
we must distinguish between the following two cases: 

(1) a* < 46*, i.e. a <1/26, and (2) a* > 46*. i.e. a > V^* In the first 
case the system has no solution, since x and y are imaginary numbers. In the 
second case x and y arc not only real, but also positive, since both the sura 
X ~r !/ — and the product xy ~ 6* arc positive. 


Answer: 


+ l/fl* ~ 46* 


flC—a4 — 4^4 


304. Taking antilogarithms of the first equation, we obtain the system 
( 4xy=9o2 

\ x~y = 5a 

Both solutions are suitable, 

9 


Answer: (i) Xi = 




-a; (2) X2 = - 


ya = 


305. Since in the second equation the unknowns x and ij are preceded by the 
logarithm symbols, both of them are positive (if a solution e.xists). As far as the 
quantity a is concerned, it may be negative as well (since the logarithm symbol 
is followed by the positive number a"). But in this case it should be written 
log (a-) 2 log j a 1 instead of the equality log (a-) = 2 log a. For the sake 

of brevity let us denote logx ~ X; log y ~ Y\ log | a | = A. Taking loga¬ 
rithms of the first equation in the given system, we get the following system 
A' + r = 2/1, A'2 + r* = lOA® 
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Squaring the first equation and subtracting the second from it, we get XY — 
~ —ZA^. Thus, we have an equivalent system 

X -f y = 2/1, XY —3A\ 


Consequently, X and Y are the roots of the equation z^-~2Az — 3A-^-0. Hence, 
one solution is X = ZA, Y=—A, i.e. z = |cp, The other solution 

is 2 = j^, = 

A check shows that both solutions suit. 

Answer: x, = i<il3, y, = _: X 2 = j^, y 2 ^\a\\ 

306. From the second equation we have y — x = (l/2)^ = 4. Hence, y=:x-f 4. 

Substituting it into the first equation, we get 3*• = 576 or G*^-2^=:576. 

Answer: x = 2; y = 6. 

307. The given system may be written as 



Since x and y must 1 m» positive, we get the following system 
( xy = a 


y 


Answer: x=:'\''ay b; 


Vo 

ta 


The given system may bo written in the form 


logo x-T-j logo y - — • 


whence 


Y 10gbx4-logby=:-|- 




X 1/^ = 0" 

3 3 3 3 

Multiplying them, we have x^y^ = aH^ or xy — ab. Divide the last equation 
by each of the previous ones. 

/ a2 62 

Answer: x = -j—; y=-. 

6 a 

3(©. The solution is similar to the preceding one. 

Answer: x~ay^^', i/ = —jpr. 

b y b 

310. Using the formula (a) (page 142), write the first equation as 
= whence logpu^l, 
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i.e. u ~ V. Substituting it into the second equation, we have u* -f- “ — 12 — 0. 
Only positive solution is acceptable (see solution of Prohlem 300). 

Answer: u — v — Z. 

311. Put ^a = u; then 
and 


log*,- V‘l = logu “'‘ = 4 ■ 

y' a * 

similarly. 

Consequently, the second equation may be written as 



We get the following system: 



x^-\-xy-j-y^ = a^ 


x-|-y = . 


2a 

V3 


(1) 

( 2 ) 


which is equivalent to the given one. Squaring the equation (2), we get 

x2 + 2ij/ + y2—(2a) 


Subtracting (1) from (2a), we 

find 



o2 


And so we obtain the system 

f 2<1 

(2) 


a2 

1 = X 

(3) 

which has only one solution 

a 

vf 



Note. When squaring an equation there is a probability of obtaining extra¬ 
neous solutions. It is Just the case here: equation (2a) has extraneous solu¬ 
tions as compared with equation (2). For instance, the values x~y~ -- 
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satisfy equatioD (2a), but do not satisfy equation (2). In other words, the 
equation — Is not equivalent to the equation x-i-y — ' • 

it is equivalent to two equations: x-f-y -=—and x-~y~ -. Never¬ 

theless, the given system is equivalent to the system of equations x-f y = 
2 a .... .. 2a 

-the 

1/3 


^ xy — --^, since the latter contains the equation . 
Y'i J 

fact which eliminates the possibility of equality x-\~y = 
2 a ^ , 2a 


1/3 


for a =^Q 


( at a = 0 the equations ^4 //“-^^ and -coincided 

1/3 Vs / 

But had we taken instead of the system (2)-(3) the system (l)-(3), i.e. the 
system 

+ = ( 1 ) 

o2 

(3) 

it would not have been equivalent to the given one. Indeed, in addition to 

the solution x = y==— r =-, it would have had another solution x^ j/= ° 

1/3 ^ 


y3’ 


Therefore, when squaring one or several equations, it is always necessary 
ler to clear out the problem of equivalency, or to check by substitution 


either . _ 

the suitability of the solutions 

Answer: x = y = —^ . 

1/3 

312. Taking into consideration the formula (b) on page 142, we have 

■y^. 


therefore, the first equation is reduced to the form x = 


Now we solve the system 

f X — y2 

\x2_.5y2 4-4=0 

Answer: xj == 4, yi = 2; X2 — 1. y2 — !• 

313. With the aid of the formula (b) on page 142 we may write tlje given 
system as 

h>g2 ^ + Y + y 2 


1 


1 


l0J?3 


1 1 

log'. 2 H- 2* ^ -f- -ry log4 y = 2 


Taking antilogarithms, we find 


X 1/yz-T 

«y^= 


(a) 
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MultipIyiDg all the equations (a), we obtain 


whence 


(xyz)^ = 4.9.16 
xyz ~ 24 


(b) 


(we take the arithmetical value of the root, since by virtue of the given equa¬ 
tions X, y, z must be positive). Square each of the equations (a) and then divide 
them by (b). 

2 27 32 

Answer: ^ = y~-^\ 2 = y. 

314. From the first equation we find a:-{-y==2**y 3 ^ , from the second, 
ar-f-j/ = 3-2**y, consequently, 

x~y 

3—= 3 or -^=1 

Hence, z-f-i/ —3'22s=: 12. 

Answer: z=:7; y —5. 

313. The given system is reduced to the following one: 


x-ru 7 

10 ” X 


x2——40 


Dividing the second equation by the first one, we get x —y=s 


4x 

7 


the system 


70 


and 


X—y 


4x 

7 


Solving 


we have xj ~ 7, y, = 3; xj = —7, y^ = ~3. The roots xz, yz do not satisfy 
the second equation of the given system, since the numbers xj -{- yz and xz •— 
— yz are negative. 

Answer: x = 7; y = 3. 

316. Represent the given system in the form 


wherefrom we get 


: l-li 

2‘' =2 ^ . 3^=3 


y X y ' y 


Put —--t\ then from the first equation we have —5^ —3 = 0; fj = 3, 

lx X 1 

— —’ i «- Hence wo find the expressions x—3y 

and X — ~ y; substituting them Into the second equation, we find 

xi=—2, yi = 4; Xa^y.yj^y 

. 0/31 

Answer: —2, yi=4; ^2 = -2 • 
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317. The given system is reduced to the foHosving one: 

{ x-\-y~2 

From the first equation (see solution of Problem 316) we find ~ = 3or —= ——. 

>J y 2 

3 1 

The second equation gives = —2, The roots 

yz are rejected. 

Answer: x = “, y = ^. 

318. The given system is reduced as follows: 

I v^P=4-Vi 
12 1/^^ = 3+Vs 

Putting — Vs = s, we get uu —4—u; 2uu —S-t-u. 

Answer: x^■=i4^ {/i=l; X2=l. 

319. RewTite the given system in the form 

ay = xP, bx — 1 / 

Since x and ;/ must ho positive (as the logarithmic bases), the original system 
is only solvable at positive values of a and b. Front the first equation we find 

p 

y sss _ ; substituting it into the second equation, we get x^'^ — Rejecting 

the root x — 0 (since x must be positive), we obtain the equation = a^b. 
If pg = 1, then this equation either has no solutions (for a^b ^ 1), or is an 
identity (at a^b ~ 1). In the latter case the original system has an infinite 

gP 

number of solutions (x is an arbitrary number, and y — ~ ; or y is an arbitra- 

n 

ry number, and x — If pq ^ 1. then we get the following solution: 

Answer: z —j/^6 *a # !)• 

CHAPTER V 

PROGRESSIONS 

Arithmetic Progression 

320. By hypothesis, ai = 5, d — 4. Substituting these values into (3) and 
performing some transformations, we get the equation 

2«= + 3« — 10 877 == 0 

Its roots are: nj = 73 and = —74.5, only the former being suitable. 

Answer: 73 terms. 
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321. By hypothesis, 

«i + («t + ti) + (at 4- 2d) 4- (ai + 3d) = 26 
flj (ffi d) (flt -J~ 2d) (fli 3d) = 880 

The first equation gives 4ai + 6d == 26, whence at ~ — . Substituting 

it into the second equation and simplifying the parenthesized expressions, we 
get 

13 —3d 13—d 13-fd i34-3d ... 

2 ' 2 * 2 * 2 

Getting rid of the denominator and multiplying the numerators (it is most 
convenient to multiply the first numerator by the fourth and the second by the 
third), we find; 

9d« — 1690d2 4- 14 481 = 0 

Denoting the roots of this biquadratic equation by d', d", d", d'”', we find 




; from the equation <zi = 


we find the corresponding values of the first term; 


Uj = 2; oJ==ll; Qj: 


13-V1609 . 13 + yi609 


Answer: the problem has four solutions: 

(1) 2; 5; 8; 11; 14; ... 

(2) 11; 8; 5; 2; -1; ... 

13-VT«0Si 39—VTBOii 39+l/Tii09 13 + yi(i09 

(3) -j-; - - -; -^-: 

i3+ynio9, 39+yi»o9, 39—yisw , 13 —t/tbob . 


322. Denoting Wp and ctg by oj and d, we get (by hypotbesi.':) the following 
system: 

f a, + d (p — 1) = <7 
\ o, -j- d (g — 1) = p 

Hence, d -- —1 and ox = {> -f- g — i. By the fonnula (1) we find: 

^ ip ‘I — 1) — (« — 1) = p + 9 — « 

Answer: -- p -j- q — n. 

323. Natural two-digit numbers fonn an arithmetic progression with com¬ 
mon difference d — i: its first terra oj ~ 10, and the last one — 99. By the 
formula (1) we find the number of terms n ~ 90. The formula (2) gives: 


An swer: 49U5. 
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324. Let us denote the odd numbers bv n, (« 4- 2), {n -f- /j) (n (i) Then 
me even numbers contained between them will be 1) '<) 

By hypothesis, , , <>i. 

+ {o -H 2)2 + (n -f 4)2 -f (» -f G)^ = (n -f- 1)2 4. ^ (,H-5)2-f 48 

»2 + ((n + 2)2-(« + l)2)4-[(n-i-4)2-{rt-43)Zj 4K«-!-(it2-(,2 4-5i4-4H-^0 
whence 

«= + (2n 4- 3) 4- i2n 4- 7) 4" (2n 4- H) - ''.S - 0 

or 


„2 -f G« — 27 (I 

Hence, « — 3 or » = — 0. 

Answer: (1) 3; 5; 7; 9 or (2) —9; —7; —3: —3. 

325. The terms a^', 04: rtf-J . • a-io constitute an arithmetic pro^rression 
with common difference 2d and l)ie number of terms 10. Usintr tlie lunmila (3! 
(in which oj should be replaced by a^ and d, by 2d), we find 

f;>/T2 4-2rf-9) 10 _ 


rt2 4- 9rf =r 25 


Substituting <22 4- d, we have 

Of 4" HW = 25 (aj 

In the same way, proceeding from the progression n^: <7;,: n^: . , a,,, wc find 

in the same way 

4- Od 22 (b) 

From (a) and (b) wo may find a, and d, and then all the terms of the prof^res- 
Sion. But since it is required to find the medium terms only. i.e. a,o = a, 4^9^ 
and a,j = a, 4- lOd, then from (a) and (b) wc immediately have: o,n = 22 and 
fljj =s 25. 

>lnsu7cr: the medium terms are equal to 22 and 25, respectivelv. 

326. Put hi ^ ia j-)‘4 ho - (n- 4- j^). 6.-. — (a ~ j)2. Wo' find ft, — 

— ft, = ftg __ 1,2 = — 2flT. Hence, the terms ft,, ft,, ft, constitute an arithmetic 

progression with common difference d = —lax. Bv the formula (3) we have 




^ \2 (n4-x)2 — 2ar (n — 1)] n 


= I«^4-(3 —o) ax-\--x-\ 


Answer: (a2_j-(3 — n) axx^] n. 

327. By the fomiiila (3) we have 

_ 2 «, 4 -d(/.|-l) 

.S,=.- - - 


2a, d (ri; —11 

■ “ 2 

2«,4-d(na~l) 

•>3 -rj-n. 


11—01338 
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or 


1l 


= Oi*f — (»1- 


1 ) 



+ 4-("2—11 


Multiplying the obtained equalities by (« 2 —«3)t («i —^‘ 2 )’ res¬ 

pectively, and adding the products, we find: 

(fio—/J 3 ) -}--™ (hi — %) ~ 

~ai ((no-—n3) + («3—(«i —n!2)l + 

4- 4 (”2“ " 3 ) + (»3 —-f (^'3— i) ("i - «2)) 


The bracketed expressions are identically equal to zero, consequently, 

c, S-> 

— (wo-ns) 4 -^(n3-n,)-|--p (nj-nolx^O 
' 02 '*3 

which coinphdes the proof. ^ 1 , 0 ^ 

328. By hypothesis, .S'lo — Expressing 6s and 6ia by the formula,(3) 
and taking into account that <7,-1, we find 

f24-0t/) i0 ^ (2~4(/)o 

-.> — o 


whence f/ -■ —3. 

.dnsircr: -!-i; —2; —5; 
32fh By hypothesis. 


- 8 ; ... 


| 2 n;-|-d(ra—l))?t 


= 3n“ 


Since n -f- 0, then, reducing this equation by n, we get 2flt + rf« — d — 6n or 
2 aj — d = (6 — d) 71 (a) 

l’)V hvpothe^is. the cqiialitv (a) must be satisfied at any ri, but the left member 
oUai contains no wbereas the right member varies with n, provided the factor 
6 — d is non-zero. Only in the case 0 — d — 0 the right member is independent 
of n (is ecpial lo zero), therefore we must have d — 0. Then from (a) we find 

- d ^ th i.e 


2(71 • 


= 1 = 3. 
2 


/Bi.mvr: 3; 0; lo; 21; . . - 1 t* • -i 1 » / • i j- 1 

330. The nurnhers which are not exactly divisible by 4, yieldnig the remain- 


have the form 4it -i- 1 (A-—any natural number). They form an arithmetic 
■e^'^ion witli common difference 4. The fir.st two-digit number of this form 
rtbtained at k = 3); the last one i.s 97. By the formula (1), where 
97 iuul d - - 4, we find n = 22. The formula (3) yields the requir- 


der 1 
progression 
is 13 (it is 
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To determine for what values of k the numbers of the form 4A: 4- 1 will be 
two-digit, we may also make use of the following system of inequalities: 

/4fc+l>10 
Xik+i <100 

wherefrom we find 2 < /r < 24 : hence, k may have values equal to 3; 4i 

5; . . 24, the total number of which n = (24 — 3) -4- 1 = 22 

Answer: 1210. 


Geometric Progression 

331. The geometric mean of two (positive) numbers a and 6 is a positive 
number x determined from the proportion a : x = x : b. To insert three geomet¬ 
ric means between the numbers 1 and 250 means to find the three numbers 
W3» u* which satisfy the conditions: 


1 : U 2 = “2 • 1^3 = 03 : Ui = uj : 256 

Hence, the numbers U) = 1 , u^i 1 * 3 , and uj — 256 form a geometric 
progression. By the formula of the «th t erm of the progression, 256 = 1 - 7 ^. 
This equation has one positive root g — {^'256 = 4 (—4; -f 4i; —41 are discard¬ 
ed, since they are not suitable). Now, by the same formula, we find: u, = 4- 
ua = 16; U 4 — 64. 

Answer: 4; 16; 64. 

332. By hypothc.sis. o, -f 1/3 — 52 and u| — 100. or uj — ±10. By the 
property of the geometric progression, ^,03 = u| = 100 ; hence, uj and ws are 
the roots of the equation a* — 52« + 100 = 0, whence u,' = 50 and ai — 2 
or ttj = 2 and uS = 50. 

Answer: ( 1 ) 60; 10; 2, or (2) 50; —10; 2 , or the same numbers following 
in the reverse order. 

333. By hypothesis: (1) uj ~ ut — 0 and (2) us — ua = 36. Using the for¬ 
mula =: rewrite these equations in the form: ( 1 ) uxq^ — u, = <j; 

(2) uxq* — mg^ = 36. Dividii»g (2) by (1), wc get g- = 4. hence, g = ±2: from 
(1) we find: u, == 3. 

Answer: ( 1 ) 3; 6 ; 12 ; 24; 48; . . . 

(2) 3; -O; 12; —24; 48; . . . 


334. By hypothesis, aj-f-U 4 = 27 and i/jUa —72; but since 
or a 2 U 3 = uju^, we have a system of two equations: 


— =:ili 

aj a3 


(1) a, -f a* = 27 and (2) uju* = 72 

whence a, = 3 and U 4 ~ 24, or uj = 24 and a* — 3. From the formula a* = 
— a, 9 ® we find g — 2 , or g — 1 / 2 . 

Answer: 3; 6 ; 12; 24, or in the reverse order: 24; 12; 6 ; 3. 

335 . By hynothesis: (1) u, + "i = 35 and (2) u, + a, = 30. As in Pro- 
olem 333, for determining g wo get the following equation 

l-f.g3 35 
gii-X-g) "“30 


11 * 
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or, when reduced, 


We find; 


q 0 

(1) q = 3/2; Uj — 8; (2) q — 2/3; ui ~ 2/. 


We get two progressions; 

(1) 8; 12; 18; 27; 40.5; . . . 

(2) 27; IS; 12; 8; 5-i-; . .. 

whose first four terms are equal, but follow in the reverse order. 

336^*111 fhe second of the given sums we replace each term by the preceding 
one multiplied by q (by the definition of the geometric progression). We obtain 

mq -f" Uzq -f UiQ -f “4? + “5? = 

q {Ui + U2 4* “3 ~i" "T Uj) = 62 

By hypothesis, the parenthesized expression is equal to 31; hence, g —2. Using 


the formula 5„ = 




we have 31 


U l(25-1) 

2-1 


wherefrom 


13 


<7—1 

Answer: 1; 2; 4; 8 ; . . . 

337. By hypothesis, we have; 

(i) U2 4* ^3 4- + 05 = 19-5; (2) o, - »2 T 4* 

The problem is similar to the preceding one. 

Answer: u, — 1.6 and u$ — 8.1. , . . • j »i -.,4 

338. The terms and ii« are equidistant from the beginning and the 

of the given sequence; therefore u;Ufi — 0 , 09 . Since, by hypothesis, ujug 7, * 

then luuf — 2304; besides, also by hypothesis. U 4 4- uo — 120. From these 
iwo eqSions we find = 24; nj = 90, and nj = 96; = 24. Let take 

the first solution. By the formula u„ = a,?''-' wc have: 

(1) 24 = u,g’; (2) 96 = 

Dividine (2) by (1). we find q~ = 4, whence ij = 2 or i; ~ —2. In the first case 
the equation (1) yields u, = 3, in the second, n, = -3. In the first case the 
nine terms of the progression are: 

3; 6 ; 12; 24; 48; 96; 192; 384; 768; 

in the second: 

-3; 6 ; -12; 24; —48; 96; -192; 384; -768 
Taking the solution uj - 96; u', = 24, we find the same two sequences of the 
terms, but in the rever.se ord«. 

Answer: (I) Oi 3; ^ ^ n 

(2) 11, = -3; q= ~2 

(3) u, = 76.3; «f = 1/2 „ 

(4) u, = —768; q ~ !■'- 

339. Bv hypothesis: (1) «i H- tie T “a ”1"" 

Since u, is'thc geometric moan of u, and u,. wo ha ve iiiua 
of (2) wc may write ni = 13 824, whence n, = V 13 82i 


(2) uitiaiig ” 13 824. 
= ii|; therefore instead 
In the given case, by 


to'cforing SrSt is'easy to ffnd that = 24. Subsli'tuting it into (1) and (2) 
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we get the following system of equations: «i -{- M 3 — 102; ujus — 576. Solving 
it we find: u, = 6 ; ul = 96, and ut = 96: U 3 = C. Thus, we gel two progres¬ 
sions; 6 ; 24; 96, and 96; 24; 6 , which differ only in the order of the terms. 
Answer: 6 ; 24; 96. • . • .u , 

340. It follows (by hypothesis) that the sum of the even terms is twice that 
of the odd terms, i.e. 

“4 +Mfi-f- ...-■f-« 2 n _o 

MiH-MaH-usH- . • • +“2rt-i 


Replacing the terms m^; mh;,. . « 2 n by the expressions = u,g; u* - 

— uag; . . U 2 f, q — 2. 

Answer: q = 2. 


Infinitely Decreasing Geometric Progression 

341. To prove the fad th.it the given numbers conslilule a decreasing geo¬ 
metric progression we have to check wlielliet the r.itios ^ and arc equal and 
whether each of them is less than unity. We have: 

u, 1 V2-H I . V2 + l ._ I 

~-2-V2' 1/2-1 l/2(l/2-l)'V2-l 2-1-V2 

n., 1 1 2 -1/2 (2-1/2) (2+ V2) 1 

2 ' 2-1/2 


( 1 ) 

( 2 ) 


Since —2. 


“2 _ “a . 


:q.= - 


) 


2 2 ( 2 -)-l/ 2 ) 2 -fl /2 

• < 1 , the given numbers form a decreasing 


Ml M2 ■ 2*!-1^2 

geometric progression. By the formula of its sum wo find 

V24-t (V2-H)(2H-V2) _, , 


s = 


( 1 / 2 - 1 ) ( 


2-H/2/ 


■(y2-l)(l/2+l) 


mT’as hi tho'^'p^rm'ding problem, we find that the bracketed e.vpressiou 


is eaual to 3(1/3 — 2 ) ^ expression then takes the form 

1/3-1 

(4l/3-h8)..«*'‘^^^>^ ^ 


1/3-1 


yi-i 


-11(1/3-1-1) 


i4Rsujer: —G(\/3-f-l)- 

343. By hypothesis, ^2 

uj=4 and « 3—“5 = ^ 

By the formula S^l from the .second equality 

. 32 
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Taking into account that uj — 4, we got the biquadratic equation 81g^ ■— 

2*1/2 1 

4-8 = 0, whose roots are: gi .2 = ± and ? 3 .* = db y. The negative 

roots are not suitable, since, by hypothesis, all the terms are positive; both 
positive roots are suitable, since they are less than unity. And so, we get two 
infinitely decreasing progressions. 

Answer: 5' = 12 (3 4* 2 yi) and 5' = 6. 

344. By hypothesis. 


U| 4 - “4 == and ttj 4" “3 — 36 

Using the formula 've get a system of two equations: 

f u,4-ui^ = 54 f ui(i4-5)(l —g4-g2)==54 

I “194-“19^—36 Iui9(i4*9}~36 (2) 

Dividing (1) by (2), we obtain the equation 


1 - 94 - 9 ^ 3 

9 2 


whence 91 = 2 and The suitable root is ^3 — i < !• We find from 

(2) ui = 48, 

Answer: S — 96. 

345. First method. By hypothesis, 

(1) ui -f- U 3 4- uj 4- • • • = 36 

( 2 ) Ua -j- u* -f* a<j 4- . . . == 12 

The terms of the first and the second sums also constitute infinitely decreasing 
progressions with one and the same common ratio g-. The first term of the first 
progression is equal to ui, the first term of the second-progression, to ua i.e 
to u,o. Expre.ssing the stims of the first and second progressions by the formula 
for the sum of an infinitely decreasing progression (where instead of q we take 


9 *, and instead of uj in the second case we take u^q), we obtain ( 1 ) -■ ^ 36 

and (2) -• _ ^ = 12. Dividing (2) by (1), we get q — 1/3, and from the first 

equation we find ui = 32. 

Second method. Since U 2 — Uj?, W 4 = u^q and so on, then instead of u-y 4 - 
4- U 4 4* 4- • . . = 12 we get u,g 4- U 39 4- U 59 4- . . . = 12, or 


9 (ui 4- U 3 4- 4- . . .) = 12 


( 1 ) 


Dividing the expression 4- 4- U 5 -r . . . = 36 by (1), we find g = —. 

On the other hand, the sum of all the terms of the progression is 12 4 - 36 = 48. 
By the formula for llie sum of an infinitely decreasing progression we have 


whence ui«=32. 

,4 00 32 32 

Answer: 32; y ; y ; • •• 
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346. By hypothesis, 

"t" • • • = -f + ■ • • “ 


The addends of the second sum also form an infinitely decreasing geometric 
progression with the first term «f and common ratio q^. Expressing the sums of 
these progressions, we get 


56. 448 

1 _, 1 — 


or 

U, = 50 (1 — q) 

( 1 ) 

= 448 (f - ?*) 

( 2 ) 

Dividing (2) by (1), we find 

u, = 8 (1 + ?) 

(3) 


Eliminating ui from the equations (1) and (3), we get 
8 (I -f g) = 50 (1 — q) 

whence o — 4-. From (f) we find ot = 14. 

4 

3 

Answer: Ui = 14, ^ • 

347. Solved in the same way as the preceding problem. For determining u, 
and q we get the following system of equation>. 



( 1 ) 

( 2 ) 


Eliminating from these equations, we get the equation 3?= - IO 9 + 3 = 
= 0. Out of its two roots only one. namely g = y. is suitable (the other, q = 
3, being more than unity). From the equation (1) we find uj = 2. 

2 2 

Answer: 2; y ; y 5 * 

348 Solved in the same way as Problems 346 and 347. To determine a, 
and q wo obtain Ibo following system of equations: 


I un=6 

< ui * “i 

i—q 8 1 — 


( 1 ) 

( 2 ) 


Equation (2) is equivalent to the equation u, = 8 (1 + y) Eliminating u, 
from the system u,u = 0, u, = 8 (1 + q), we get the equation 4,' + iq - 
~ 3 = 0 with two roots: q, = — 3 ' 2 , ,, = 1 / 2 , but the first root is not suitable, 
since its absolute value is more than unity, from (1) we find u. 12. 


Answer: 12; 6 ; 3; 
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Arithmetic and Geometric Progressions 


349. By hj'potiiesis, we find: 

d = 16 — 14 == 2; fli = 14 ~ d = 12 
+ a2 -f <*3 = 12 -i- 14 -f- 16* = 42 


Consequently, in the required geometric progression (1) q — 2 and (2) ut + 
-f nifj uxq- = 42, whence mi = 6. 

Answer: 6; 12; 24; . . . 

350. The first three terms of the geometric progression are: 3; 3?; Sq-. By 

hypothesis, fl| = 3; oj == 3^ -f 6; since oj ~ — n,, w'e have aa = 2a-> 

~ fl, — 69 -r 9. By hypothesis, this third term is equal to the third tenn of 
the geometric progression, i.e, 3q^. Thus, we get the equation 6g 4- 9 = 2q-, 
whose roots arc: q = S and q —1. In the first case the geometric progression 
is 3; 9; 27; . . . and the arithmetic one is 3; 15; 27; .... In the second case 
we get two sequences of numbers: 3; —3; 3; —3; . . . and 3; 3; 3; ... which 
may he considered respectively as a geometric progression ^^'ith common ratio 
q = —1, as well as an arithmetic progression with common difference d = 0, 
Answer: (1) 3; !5; 27; . . .; 3; 9; 27; ... 

(2) 3; 3; 3; . . 3; -3; 3; -3; ... 

351. The problem is similar to the preceding one. By hypothesis, cj = ui — 

— 5; consequently, i:.-, = = 5q\ Then, also bv hypothesis, a* = us — 

=^- Of;-; .j/3 == 5q^. Hence: (I) 5r = 5 -r 3rf, (2) = 5 4- 15d. Elimi¬ 

nating d, wc^get the equation q* — oq- 4 = 0, whence 9- *= 4 or 9^ = i. 

“ ^7”* the fourth term of the arithmetic progression is equal to 20 in 
the first ca.sG, and to 5 in the second. 

Aotc. Ill either of cases wo obtain two different geometric progressions, 
the arithmetic progre.^sions being the same. Namelv. in the first case we have 
the following geometric progressions: 5; 10; 20; . . . and 5; —10; 20; . . the 

arithmetic progression ^with common difference d = = 5j being 5; 

10; 15; 20; ... .In the second case we get 5; 5; 5; . , . and 5; —5; 5; —5; 
the corresponding arithmetic progression containing equal tenns: 5; 5; 5; 

Answer: 20 or 5. 


352. By hypothesis, a, — a,; an — wherefrom we find: 

(I) d -= flo — — Ut {q 1) and (2) Od — a^ — a, = wj (92 — Eliminating 
d, wo get Ui (q- — 1) ^ Gw, (9 — 1). Since «, ^ 0, then 92 — 1 = 6 (9 — 1) 
whence <7 5 or 9=1. From the condition Uj -j- mg + mq- = 93 we find 

ui = 3 and «] == 31, respectively. 

Answer: (1) 3; 15; 75, (2) 31; 31; 31. 

353. By the formula (2) on page 32 we find a^ = 729; consequently, in the 

geometric progression we have; w, = a, = 1; m ^ ot — 729. It is required 
to find the medium term which is the fourth one both from the beginning and 
from the end. Hence, the first term the required medium term u; and the 
last one 1/7 form a continued proportion: «, : == u, : u^ Hence u- = u,u- 

and u| = 729. ’ * 

Answer: m ~ ±27. 

354. By hypothesis, at -j- oj -f* <*3 ~ li>- Since a- — Oi — 03 — a-,, then 
20. — ai -f- 03, and from the given condition we have'2^2 -{- az — 15.'Hence, 
do = 5. Then at ~ 5 — d; flj — 5; ag = 5 -7- d and. by hypothesis, uj — qj -f 
-f- 1 -- 6 — d: lu ~ n. -f 4 — 9; U3 — Cj -p 19 = 24 -j- d. Since lis = «i«3. 
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it;;> 


we have 

«j 2 ^ (G — d) (24 -i- d) 

whence we find d — 3, aj — 2 or rf = —21, a, = 26. 

Answer: (1) 2; 5; 8 . (2) 26; 5; —16. 

355. By hypothesis, Q| ~ -I- 1; </2 ~ >*2 = uj 4* 3; hence fZj 4 - 

4 - 02 4 - Qa ~ (til 4 - uo 4 - Ma) 4" (1 4- 04- 3), or. by virtue of the}^condition 
“J 4- U 2 4 - U 3 = 20, we get 

Qi 4- <*2 4- **3 " 26 4" 10 " 36 

Then proceed in the same way as in the preceding prublem. 

Answer: 2; 6 ; 18 or IS; 0; 2. 

356. Suppose the required nunibers are: u,< 7 : ihd~'> then, by hypothesis, 

the numbers u,, i/,r/ and — 64) constitute an arithmetic progression and, 
consequently, 

Ui<l — uj = (utq' — 04) — Ui<i (!) 

Furthermore, by hypotliesis, the uuinbers uv, (utq — 8 ); {tii'r — 64) form a 
geometric progression and. consequently. 

— 8 ) : ui “ (m)?' — 64) : (ujy — 8 ) (2) 

After simplifications the system of equations (1) and (2) take.? the form 

lij itr—2ri 4- 1) = 64, fi, (q — 4) =“- 4 

whence r; = 13 and u, — or r/ = 5 and Ut -■ 4. 

Ansiifer: (1) ~ ; - CM 4; 20; 10(6 

357. Suppose the required numbers arc: ui. and f/j. If these numbers are 
the terms of a geometric progre.ssion, then 

u,U3 (1) 

and if they are the terms of an arithmetic progression, then 

2u 2 — «i 4 - «3 (-) 

Eliminating Uz from ( 1 ) and ( 2 ), we lind (u, 4- “.4' — 4 u,u 3 (»i -- « 3 )‘ = 6 . 

whence ui — Us, and from (2) we find uz — uj. Hence, uj — «2 1 / 3 . 

Answer: possible, if the three numbers are equal. 


CHAPTEK VI 

COMBINATORICS AND NEWTON’S BINOMIAL THEOREM 
Notation: 

total number of permutations of m elements taken n at a time 
= total number of permutations of n elometns 
C^= total number of combinations of m elements taken n at a time 
— is (/f4-l)th term of the expansion of the binomial (x4-a)'« 
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.358. By hypothesis, 

0.1 1*2.3... n 1 

i’n .2 “ 3 1.2-3 ... n(n+l){n + 2) 30 

whence (n-f-l) (n4-2) = 30. The roots of this equation are: ni = 4, 
■The second root does not suit. 

Answer’. n = 4. 

359. By hypothesis, or 

5n(R—l)(n —2) (n+2) (n+ 1) n (n—1) 

1.2*3 “ 1.2.3*4 

whence 


Answer: ni = 14; n 2 = 3. 

360. The required term 


r5=(_i)«cf. 


16*15.14*13.12-11*10*9 aS 
1.2*3*4.5*6*7.8 ' x* 


Answer: 12 870 . 

361. We have 

^ n+l = 


« . 2(12-n) 


This expression contains a to the power H- 2 

—^ = 7, whence n —6, i.e. rt-j-l=ii7. 

Answer: the seventh term. 

362. We liave 


. By hypothesis, 


_ , , . n 21 —« 

By hypothesis, -g— 

Answer: the tenth term. 


Vb 

21 —n 


-, whence n = 9. 


363. After simplification we get (a^ —a We have: 

1 l lO-n n 


By hypothesis, -^=0, whence n = 4. 

Answer: = 240, 

364. Let X be the exponent of the first binomial. Then the sum of the bino¬ 
mial coefficients is 2-^. The sum of the binomial coefficients of the second hi no- 
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<nial is We get the equation 

2* -h 2=^*^ = 144; 2* (I -j- 81 = 144; 2^ ^ 2^ x = 4 


Answer. 4 and 7. 
365. We have 


i (m — 1 ) 
__ = 


105, whence m = 15; then 


r.3=(-i)'^ci?(^)'N9.)3 


455 

x3 


. HOO 

Answer: —r • 

366. By hypothesis, hence, m=15. Then we have 

r„+, = CJ'j. (x2))6-'»™C?^janx30-3n 


®y hypothesis, 30--3n=:0, n = 10. 

Answer: ^jisas 3003^1®. 

367. By hypothesis, = i.e. m2 — 5m—50 = 0, whence m = 10 (the 
♦oot m«=.—5 is not suitable). The medium term 

r. = Cf„(-l)3^ j/-^j''(o-^)‘=-252 
Answer: tlie medium (sixth) term is —252. 

368. By hypothesis, 1 + m + "* — -pheii solved in the same way 

•as Problem 367. 

Answer: the required (seventh) term 7*7 = 84. 

369. By hypothesis, 2^=128, whence m=7. We have 

Tn+i-~C’j'x X 

«y hypothesis, —^+-|' "heBce » = 3. 

Answer: the required (fourth) term I’4c=35x^. 

370. We have ua = ii,g&= _L(i-f-/)6. The multiplicand ~ is equal lu 
/ ;| 

= According to the binomial theorem the factor (1 + t)* is 

«qual to i+5i-+-10j2-l-iOi3-f-5/*4-{^. Honco, 

ua === _ 5(2 - 10i» — lOi* - 5i^ ~ (“ 

Now replace the powers of imaginary unit by their expressions: 

(2 = __1; iS = iH = —i; 1* = = —a — -4-1; 

i* = — i; <• == —1 
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Wote In the given example, where the base is 1 -r i general, when the 

base is a binomial of the form a ± ai), involution may be done in a much 
simpler way. Namely, square 1 -f- t. We get (1 -|- t)" — 2i, hence (1 -i- 0 ~ 

= (1 + + i) = (20®*(1 4- 0 == —4 (1 -f 0- 

Answer: ug ~ —4 + 4*. 

371. We have u, = i ^ 1 + i . Since y = —i, u^ = i (1 — i)«. Then 

sve may proceed in the same way as in the preceding problem. We may find the 
modulus and argument of the product of six factors, each being equal to 1 — i. 
The modulus of the quantity 1 — i is 1/2, the argument being equal to —45°. 
Hence, the modulus of the product is equal to — 8, and the argument, 

to o(—45®) = —270°. Consequently, 

(1 „ ,-)0 = 8 [cos (-270“) 4 i sin (—270°)] = 8i 


Answer: u^ — —8. 

372. By hypothesis, the numbers Q; C%; form an arithmetic progression. 
Hence, ('Jj 4 “ 2Q, i.c. 

, n (» — 1) (n — 2) n (»— 1) 


Since n ^ 0, both numbers of the equality can be divided by n. We get the 
equation »* — 4 14 — 0 with the roots nj = 7 .ind ua = 2. The second root 

is not suitable, since at n = 2 the expansion of the binomial has only three 
terms, whereas, by liypothosis, there is a fourth term. 


«=s7. 

373. Solved in the same way as the preceding 


problem. On reducing by 


^—“ (this number is non-zero, since, by hypothesis, 


we get —21n4-98 = 0. 

Answer: n~t'i or n = 7. 

4 .T- 1 

374. Rewrite the first addend in parentheses in the form * 


the second, in the form 


a fourth term of the expansion is 


‘ . By hypothe.‘4is. 56a ^ =56a^-^. Consequently. 


5 —X 6x 

~ *■ J-4T 


= 5.5 


Answer: x~-2 or x= —5. 

375. Represent the given expression in the form 
x-l 2(3 ~x) 

(2 » +2 


By hypothesis, 


4(x-l) 4(3-x> 

i5-2 * 2 =240, 
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i.e. 

Hence, 


4(3C- i) 4(3-x) 

2 * = 2 * 

Hx~l) . 4 ( 3 — 1 ) 

X * 4 — X 


Answer: r=2. ^ ^ 

376. The seventh term 7? of the expansion of the binomial {2^-j-3 is 

1 _ 1 

r7=C* ^}« 

and the seventh term from the end is 

1 

7’: = C« (2^)8{3 

onsequently, 

I t X- 12 X- 12 x-t2 

T-j' 7" = (3 3)® = 2 ^ 3 ^ ii 

^ 1 ^ x-i2 

6y hypothesis. 6 st5-~-.i.c. 0 ^ =i6’‘. Hence, —^—1. 

i4nsu?cr: xa=9. 

377. Byliypollresis.C|r3(x">sV-=10«, i.c, 10i’+2'‘'”'»=t0<i or j'’+='“**=105. 
Taking logarilhm.s of this equation, wo get (3 + 2 log x) log r = 5. Solving 
the la.st equation, we got 

5 

(log I,) - 1 and (log xj) = — y 
-- 1 

do«er: x, = 10; :r,=--W 

378. By hypothesis, 

3 logx4-7 

(*^'i)^ = 200, i.e. 

Dividing both members of this equation by 20 and then taking logarithms, we 
get after simplifications 

(log x)- + 3 log X — 4 = 0 

Hence, (log xj) = 1, (log xj) — —4, 

Answer: x, — 10; — 0.0001. , ,, , 

379. Solved in the same way as the preceding problem. We get the equation 
j.logx-2 _ jOOO. Taking logarithms of the obtained equality, we find 
(log xi) == 3 and (log xo) == —1- 

Answer: xj ~ 1000; zz — 0,1. 
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380. Solved in the same way as the two previous problems. 

Answer: T|=:10; a:o = -r-4=-. 

■ >^10 

381. Answer: Xi = 100; xz- 


382. Answer: xj = 1000; = 

383. By hypothesis, 
vhere 


ym' 

i 

‘ VT6 ■ 

^ft+i = 30 
6-2fe 


(B> 


= ^12 


and 




By hypothesis, the exponent —is twice as large as the exponent - _ 

0 —. 4 — 27; ^ 

i.e. —_— = 2—^—, whence Ar=l. Then, after simplifications, the equa¬ 
tion (aj takes the form: 

4 2 

23:3_ti3:3_j_5^Q 

I so the substitution = 

— *1 /5 

xi = b‘\/b\ — 

384. By hypothesis, 5C|„ = f.X, consequently, wc have the equation 
, ni (m —l)(m — 2) 

om __ 

Since m =# 0, both members of the equation can he divided by m. We get tm ~ 
= 7 and nu ~ —4. The second root is not suitable, because m should he a posi¬ 
tive integer. 

By byputhesis, T* = 7-20; hence. 


_ f ^ 

CiiZ ^P{2 = )‘=140 

Afisiver: jr = 4. 

3S.'). Uy hypothesis, wo have C^ —m = 20; _m == 20. Out of the 

two roots wij --8 ami ^ 2 =^—5 only the first one is suitable, since the expo¬ 
nent of the binomial is assumed to be a positive integer. Rewrite the bioo- 

mial in tlio form {2~ *’* + 2**" “)8, By hypothesis, 

7 - 4-73 = 56 




k. 
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2 

After simplifications we get 56.2*- — 56-^ — 56. Putting 2'<^ = y, we obtain 

the equation y- — y ~ 2 ~ 0. wherefrom yt — 2 and ijz = —I. Since 2-' = v 
cannot be a negative number, the only suitable root is — 2 and hence = 
— 2, i.e. z = 1, 

A newer: x — i. 

386. Since the binomial coefficients of the terms equidistant from the be« 
ginning and the end are equal, instead of the coefficients of the last three terms 

we may take those of the first three terms, i.e. j -f m -f- —- ^ = 22, whence 

m = 6 (see the preceding problem). Hence, the binomial is (2- + 2 )®. By 

hypothesis, 

Ta + n = 135 
or 

1 -X X I~X X 

C|(2 = )2(2'“)‘+C^(2 2 )J(2=)2=135 
After simplifications we obtain 

2 *^- 14 - 22 -:*; =0 or 2-2* + -~ = 9 

As in the preceding problem, we find: ( 1 ) 2* = 4 and (2) 2' = -^ . 

Answer: zj — 2; zj — —1* 

387. The numbers aj, aj, a^, which arc respectively the first, third and fifth 
terms of an arithmetic progression, form an arithmetic progression themselvG.s, 
so that 2^3 — a, -f* <^ 5 - Since, by hypothesis, a, = C’|„; as = C%^\ a^ = then 

2frt (m — 1) , m(m —l)(m—2) 

1-2 m 


Reducing by m (m ^ 0), wc find the enuation w® — 9m + 14 = 0. whose 
roots are in\ — 7, m 2 = 2. Since, by hypothesis, the e.xpansion of the binomial 
contains at least six terms, then m > 5, hence, only mj = 7 is suitable. The 
binomial is 


By hypothesis 


iiog(io-3*) i:^iog3 
[2-= +2 J- 


7'e=21 


or 


Hence wo have 
consequently. 


log 32log (lCi-3-’'-') _ 9 j 


2{*-2) log 3+log(10~3*^) _ j _ 2 {) 


(z — 2) log 3 + log (10 — 3^) = U 


Taking aiHilogaritlirns, we get 

3X-2 (10 _ 3.V) i 
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or 

-|('l0-3-) = l 

Then proceed in the same way as in Problem 385. 

Answer: xi ~ 2; xj = 0. 

14 

388, By hypothesis, the numbers constitute a geomet¬ 

ric progression; consequently, 

^Cg.CjS. = (CS.)2 

Both members of the equality can be divided by (m — 1)“ {m — 2) since 
none of the factors (m, m — 1, ni — 2) is equal to zero (it follows from the given 
condition tiiat m ^ 3); we get m ~ 9. By hypothesis, — 16.8, or 

Cf/ loglog 51^6 [- i 1ob(6- > 

Hence we get the equation 

4- logfj:—1) —logo —log(6— V^)= —t 


Taking antilogarithms, we have 

10 V7^=:5(6—ys?) 


Hence, xj — 50 and xj — 2. The first root is not suitable, since at * ** 50 ihe 
number 6 — Vbx Is negative and, consequently, has no logarithm 
Answer: x 2. 

389. By hypothesis, 

log (3-C3,)_logC'l„=l 
or 

log-^ = logl0 

'3C^ 

hence — to. After simplifications we find the equation m-—3m —18 —0, 

whose roots are and m.>——3. Consequently ?a = 6. From the condi¬ 

tion 9r3 —ff,—240 wo get the equation 



whence 

or 


Hence, 


9 , 23*-2 _ 10 


9.23* 


—23**2=tl6 


Answer'. x = 2. 


23*=;2« and x = 2 
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ALGEBRAIC AND ARITHMETIC PROBLEMS 

390. The weight of the round is made up of the weights of the projectile 
c^hargc^and^shell. TIte weights of the projectile and shell tahen together make 

■J" + weight of the round. Thus, the weight of the charge 

makes 1 — ^ = A of the weight of the round, which amounts to 0.8 kg. Hence. 

the weight of tlie round is equal to 0.8 kg: ^ = 9.0 kg. 

Ansiver: 9.6 ky. 

39J. Out ol the total number of workers, men make i009o -- 35% == 

The number of men exceeds that of women by 65% —• 3590 = 30%, wliicli 

amounts to 252. Consequently, the total number of workers is eoual to ^ 

= 8 «, 30 

Answer: 840 workers. 

392. The profit percentage Is calculated in relation to the prime cost (taken 
for 10U9o). Hence, the selUng-price (1386 roubles) makes 100% + 10% «= 110% 
of the prime cost. Consequently, the prime cost is equal to 

-55^^=1260 (roubles) 

Answer: 1260 roubles. 

393. The loss is calculated in relation to the prime cost (taken for 100%). 

Hence, 3348 roubles make 100% — 4% = 9C®o of the prime cost. Consequently, 
the prime cost of the goods was equal to ’ 

3348-100 ..., c , ., , 

-—-= 3487.5 (roubles) 

Answer: 3487 roub. 50 kop. 

394. The copper content of the ore is %. 

Answer: 15.2*’,j. 

395. The price was reduced by 29 kop. — 26 kop. — 3 kop., which amounts 
to % ol flic old price. The number = 10 (j approximately repla- 

ced by a decimal fraction. 

Answer: 10.34‘’o. 

396. Solved in the same way as the previous problem. 

Answer: 10.94'’<i. 

397. By hypothesis, 2 kg of raisins make 32% of the total weight of the era- 

2'100 ^ 

pes. The weight of the grapes is equal to — = 6.25. 

Answer: 0.25 kg. 

398. Let us denote the number of tourists by t. In the first case the collected 
money amounts to 75x kop.; hence, a sum of (75z -f- 440) kop. is needed for 


= 3487.5 (roubles) 
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organizing the excursion. In the second case the collected money amounts to 
80x kop.; hence, {80i — 440) kop, is needed. Consequently, 75x -f 440 = 
= 80x — 440. 

Answer: 176 persons. 

399. let us denote the number of persons by i; then each was to pay —. 
By hypothesis, 

(x-3)(^+4)=72 

Answer: 9 persons. t j 

400. Let the price of one copy of the first volume amount to x rouD., and 
that of the second volume, to y roub. The first condition yields the equation 
60x -h 75y = 405, With a 15% discount the price of one copy of the first 
volume amounts to 0.85x roub.; with a 10% discount the price of one copy of 
the second volume comes to 0.9y roub. From the second condition we obtain 
the equation 

60-0.85x-r75*0.9y=:355 y 


Solving the system of tlie two equations, we find xs=3, j/ = 3. 

Answer: the price of the first volume is 3 roubles; the price of the second 
volume is also 3 roubles. . i.* 

401. Lot the first item be bought for x roub. Then the second item was bought 
for (225 — x) roub. The first item yielded a profit of 25%. Hence, it was sold 
for 1.25x roub. The second item which yielded a 50% profit was sold for 
1.5 (225 — x) roub. By hypothesis, the shop sold the two items for 225 roubles 
and made a total profit of 40%. Hence, the two items were sold for 1.40*225 » 
= 315 roub. We get the equation 


l.‘.i + ll(225-i) = 315 


Answer: the first item was bought for 90 roubles, the second, for 135 roubles. 

402. 40 kg of sea water contain 40*0.05 “ 2 kg of salt. For 2 kg to amount 
to 2% of the total weight, the latter must be equal to 2 : 0.02 = 100 kg. 

Answer: 60 kg of fresh water should be added. 

403. Let us denote the lengths of the legs (in metres) by x By hypo¬ 

thesis, xS -{- y“ = (3 1/5)^ After the first leg is increased by 133y %, i.e. by 


133 — : 100 = 1 y of its length, it is equal to 2 -i-x. Increased by 16 y% the 
second leg is equal to 1 ^ y. Thus, we get the equation Zjx+ I jy = U. 


404 If we take 12.5% of the flour contained in the lirst sack, then 87.5% 
of the hour is left in it, which amounts to 140 kg ; 2 = 70 kg. Consequently, 
, . 70-100 

the first sack contains -gj-y. 

Answer: the first sack contains 80 kg, the second, 60 kg. 
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405. Both factories together could fulfill ^ of the order per day. By hypo- 

2 2 

thesis, B has an efficiency of 66-^ i.e. y of that of A; consequently, the 

efficiency of both factories is 1 y of that of A. Hence, A can daily fulfill 

: 1 y = — of the order, while B. ~.y = i of the order. Before A was 

closed down ^2 ~ order was fulfilled. To fulfill the remaining ~ of 

the order B needs another 4 - : = 25 days. 

t» 30 

Answer: the order will be completed in 27 = {25-f 2) days. 

406. The 14 students, who obtained correct solutions, make 100% — 

— (12% + 32%) = 56% of the total number of the students of the class. 

The total number of the studeni.s is = 25. 

Answer: 25 students. 

407. The weight of the cut-off piece makes 72% of the total weight of the 
rad, hence, the weight of the remaining part (45.2 kg) amounts to 100% — 

— 72% =5 28% of the total weight of the rail; 1% of this weight is and 

72% amount to 72 = 116 ^ kg » 116.23 kg. 

2o 35 

Instead of determining one percent of the weight of the rail we may set up 
the proportion x: 45.2 = 72 : 28. ^ f 

Answer: the weight of the cut-off piece is (approximately) equal to 116.2 kg. 

408. The weight of the piece of the alloy (2 kg) makes 100% 14 A% *= 

2 

= 114y % of the weight of the copper. Hence, 1% of the weight of the copper 


amounts to-^ kg. Consequently, the weight of the silver, which comes to 

114 y 


14 - 2 -% 


of the weight of the copper, is equal to 



Instead of determining one percent of the weight of the copper, we may set up 
the proportion ^ 


3 :: 2==14 


Answer: the weight of the silver is 


2 ^ 

7 

J_ 

4 


: 114 
kg. 


i. 

7 


12* 
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3 17 

409. The money received by the second worker amounts to ^'^•^' 2’='30 

of that of the first, or, in percent, ^.100?S = 23y%. The total received 
by the three workers (4080 roubles) makes 

100% + 231 % +43 i % = 106 -I % 

of what w’as paid to the first worker. One percent of the money received by 
the first worker comes to —roub-, hence the first worker w-as paid 
166| 


166| 


•100 = 2448 roub. 


The second worker received 23of this sum, i.c. 


The third worker earned 


2448-23 

100 


2448-43-^ 


100 


= 571.2 roub. 


= 1060.8 roub. 


Answer: 2448 roub.; 571 roub. 20 kop.; 1060 roub. 80 kop. 

410. H the first box contains i kg of sugar, then the second contains 

kg, and the third, ’'8- By hypothesis, i + ^i+^z = 

“ 4 17 

= 64.2, whence i = 30 (kg). Of this number we take first , and then gg . 


Answer. 30 kg; 24 kg; 10.2 kg. . ^ , i 

411. Let us take x tons of the first grade; it contains 0.05x tons of nickel, 

and then it is necessary to take (140 — x) tons of the second grade, containing 
0.40 {140 —x) tons of nickel. By hypothesis. 140 tons of steel contains 0.30-140 
tons of nickel. Consequently, 0.05x-}- 0-^^ —x) — 0.30-140. Hence, 

X — 4(1. 

An.'iiver: 40 tons of the first grade and 100 tons of the second grade. 

412. The piece of the alloy contains 12 kg.0.45 = 5.4 kg of copper. 
Since in the piece of the new alloy this amount of copper makes 40% of its 
weight, the piece weighs 5.4 : 0.40 = 13.5 kg. Hence, it is required to add 
13.5 kg — 12kg = f,5 kg of pure tin. 


disrsolved'll! tlic .same wav as the preceding problem: (1) 735 g.0.16 = 
117.0 g; (2) 117.6 g : 0.10 = 1176 g; (3) 1176 g — 735 g = 441 g. 


Answer: 441 g. 
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414. Let X denote the weight of copper (in kg). Then 24 — jr is the weight 
of zinc. The loss of weight is x (for copper) and y (24 — j) (for zinc). Conse- 

quently, + y (24 — jr) = 2. Hence, x = 17. 

Answer: 17 kg of copper, 7 kg of zinc. 

415. Let us denote tne number of 25-metre lengths by x, and that of 12.5- 
metre lengths, by y. For a 20-kilometre (20 OOO-melre) track 40 000 m of rails 
are needed (two lines). By hypothesis, 

•> 

06 y 

25x-{- 0.50.12.5y = 40 000 and 12.5}?+ .25x == 40 000 

Answer: 1200 pieces of 25-melre rails and 1600 pieces of 12.5-metre rails. 

416. Let the number of students be x. During the exchange each student 
received x — 1 photographs and all the students received x (x — 1) photo¬ 
graphs; by hypothesis, we have the equation x (x — 1) = 870. 

Answer: 30 students. 

417. Let us denote the smaller number by z and the larger number, by 
y <. y). The first condition yields = x-fl2, and the second condition, 

= y — 24, i.e. y — X = 48. Solving the system, we find x = 6. y *= 54. 

Since 6 < 54, this solution is suitable. 

Answer: 6 and 54. 

418. Let the smallest number be x. the next one, y, and the largest, z. We 
have three equations 

y >- I = 2 _ y; xy = 85; yz == 115 


From the first equation we find z == 2y — x; substituting it into the third 
equation, we get 2y2 — xy = 115 or, by virtue of the second equation, 2y“ = 
»= 200. Out of the two solutions (xi = 8.5, y, = 10, Zi 11.5; xj = —8.5, 
k 2 ^ —10, Z 2 = —11.5) the first one i.s suitable (since X[ < yj < :,), and the 
second is not (since xj > yj > h)- 
Answer: 8.5; 10; 11.5. 

419. Given 


x-^y + z 
3 


and 


x2+_y2_^22 


It is required to find . From the first equation we have x^-f- y- 4 - 

+ 2 (xy-F yz-F zx) 9 a^. By virtue of the second equation we have 

•^*"F y*“F 2* ~ 3^- Hence, 36*F 2 (xy -F yz + zx) — 9 o*. 

Answer. . 

420. If the length of the sheet is x cm, and width, y cm. then the box has 
the following dimensions: length—(x — 8 ) cm, width—(y — 8 ) cm and height— 
4 cm. By hypothesis, 4 (x — 8 ) (y -- 8 ) — 768 and 2x -F 2y — 96. 

Answer: 32 cm X 16 cm. 

421. Let the tens digit be x, and units digit, y (x and y are positive integers 
less than 10). We have the following system of equations: 

i 2 i±i:.= 24 ; (iox+j,)-(iOi,+i)=i8 

xy a 
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Out of the two solutions ^ a: ~ 6, y ~ 4 and z~ ^ only the first 

one is suitable. 

Answer: 64. 

422. If the number of tens is z, then the number of units is equal to z -f 2. 
We get the equation 

[lOz -f (x -f 2)J Iz + (x -f 2)1 = 144 

2 

whence z — 2 and z = —3 ; by hypothesis, the second solution is not suitable. 

Answer: the required number is 24. 

423. Let the required number be z. If the figure 5 is adjoined on the right 
of it, then we get the number lOz -f- 5. By hypothesis, we have 

lOz + 5 = (x + 3) (z - 13) 

Answer: 22. 

424. Let the larger number be z, and the smaller, y. If three digits (zero 
and the two digits of the smaller number) are adjoined to the larger number, 
then the digits of the latter express the number of thousands, and thus, finally 
we get lOOOz -j- y. And from smaller number we get the number lOOOy -f lOz. 
By hypothesis, 

lOOOx + y ^ 2 (tOOOy + lOz) 590; 2z -f 3y = 72 

Solving the system, sve find z = 21, y = 10. Being two-digit numbers, they 
satisfy the condition of the problem. 

Answer: 21 and 10. 

425. If the units digit of the factor is z (z an integer, less than 10), then the 
tens digit is 3x. The factor is equal to 3‘lOz -f z = 31z. The incorrectly writ¬ 
ten factor is lOx -f- 3x = 13x. The true product is equal to 78‘31z, the product 
obtained by mistake is 78-13z. By hypothesis, 78*31x — 78‘i3x — 2808. 
Hence, x = 2. 

Answer: the true product is equal to 4836. 

426. The speed of the first train isx km/h, that of the second, (x •— 12) km/h. 
We have the equation 

96 96 _ 2 

X— 12 x~3 

Answer: the speed of the first train is equal to 48 km/h, that of the second, 
to .36 km/h. 

427. Let the rate of the first person be v km/h, then the rate of the second 

is equal to (e — 2) km/h. The first spends h, the second, ® obtain 

the equation 

24 24 

y—2 v~^ 

Answer: 8 km/h; 6 km/h. 

428. Let the speed of the train bo x km/h; then the speed of the boat is 
(x-~30) kni/h. The train spends ~ h, and the boat, ™^h. We get the equation 

80.5 66 ,15 

X— 30 x~'^’^60 
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Answer: the speed of the train is 44 km/h, that of the boat is 14 km/h. 
429. Let the first tailor shop produce z suits a day; then the second shop 

makes z -f- 4 suits per day. The firet shop has completed its order in days; 

hence, the time given for the fulfilment of the order has been + 3 j days. 
The time given to the second shop has been the same. Consequently, 


810 , , 900 , . 

— + 3 = 7 + 4 +® 


Answer: the first shop produces 20, and the second, 24 suits per day. 

430. Let the speed of the ship going off to the south be x km/h, and that of 
the other ship, (x -f 0) km/h. Since the directions of their travel are mutually 
perpendicular, by the Pythagorean theorem we have 

(2^)- ^ (2 (X -i- 0)1- - 6U^ 


Answer: the speed of the first ship is equal to 18 km/h, that of the second, 
to 24 km/h. 

431. Two dog’s leaps cover 4 metres; three fo.x's leaps, 3 metres. Consequent¬ 
ly, each time the dog runs 4 metres the distance between the dog and the fox 
is reduced by 4 m —■ 3 in — 1 m. The Initial distance between them is 30 times 
greater. Hence, the dog will catch up the fox, when it covers 4 ra *30 = 120 m. 

Answer: at a distance of 120 m. 

432. In one minute the minute hand turns through 6®, while the hour hand, 
only through y . At four o'clock the angle between the Iiands is equal to 120'’. 

During x minutes (he hands turn through Gj and yx degrees, respectively. 


By hypothesis, Or —— x 120. 

g 

Answer: 21 tt minutes. 

11 

433. Let us denote the time spent by the train to cover the A-C section by t 
(hours) and the required speed, by v (kimh). By hypothesis, the distance A D was 

covered by the train in "I- fa at a speed of v kni/'h, and J5C, in-y h at a speed of 

0.75'i; km/h. Hence. AB ~ t>-~km and BC = 0.75 ■t'-— km. By hypothesis, 
on the return trip the C-B section was covered at a speed of v, and the B-A sec¬ 
tion, at a speed of 0.75v. Hence, the lime spent on thb C-B section was 


i,e. * h, and the time spent on the B-A section was ~ : 0.75 v, i.e. h. 

2, 2 Z-i). /5 

By hypothesis. 


2-0.75 


+H3L = A + , 

-f 9 


Answer: 10 hours. 
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434. Suppose the cyclist travelled at a speed of a km/h; then the required 

speed was (a — 1) km/h. The cyclist actually travelled — h, while the schedu- 

30 " 

led time was h. By hypothesis. 


30 30 3 

V —1 V GO 

The negative solution v = —24 is not suitable. 

25 km/h. 

435. Let the scheduled speed be x kra/h. The actual speed was (x + 10) km/h. 

The scheduled time is -^h, but actually it was h. By hypothesis, 

80 80 _ IG 

X x-fl0~G0 

Answer: 5(1 km/ll. 

436. The lirst half of the distance was covered by the train in x hours. Then, 
to arrive in Urao the train had to cover the remaining portion of the route in 

* — y The speed of the train in tlie first lialf of the route was — km/h, 

420 ■ ^ 

in the second, -j- km/h. By hypothesis. 


420 420 





The equation has only one positive root. 

/l/fswv'f; 21 hours. 

437. Lot the speed of the first train be x km/’h, that of the second, y km/h. 
If! the tirst case the iirst train covers lUj- Idlomclres before they meet, the second 
1(1// kihunetres. Consequently. ‘ ’ 

I0.r lOy = 65 o 

in the .-ei'niid ca.'^e the first train covers 8x kilometres, and the second (which 
.spent oil route 8 h + 4 h 20 min = 12 .ill), 12 yy. Consequently, 

12— (/= 650 


Answer, the mean speed of the first train is 3S km,h, lliat of the second is 
30 km/h, 

438. Lei the speed of the first train be ,r km/h, and that of tlie second, ij km/h. 
The ilislancc of 600 km is covered by the first train in — hours, and by the 

second, in hours. By hypothesis, 

600 , 6tX) 250 200 

X y ' X ^ y 
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Answer: the sj*eed ol' the first train is 50 km/b, that of the second is 4U kiB/h. 
431). If the distance is x km, then at a rate of 3.5 km’h the commuter would 

cover this distance in hours. And since he would be one hour late, the moment 


he started out was separated from the train leaving time by ^ ~ J hours. 

In an hour, during which he had walked 3.5 km, there remained “ 2 j hours 

till the train departure, and he bad to cover the remainder of the distance of 
(z — 3.5) km. At a rate of 5 km/h the commuter covered this distance in 

_2 g 

—hours. Since he arrived half an hour before the train leaving time, we 
have 

X ^ X—3.5 1 

33 —" 5 T 


Ansu'vr: 21 km. 

440. Let tlie speed of the cyclist he x km min, and (hat of the car. 1 / km.%in. 
The car had travelled ID minutes, and the cyclist. 10 H- 15 = 25 minutes when 
he was caught up by the car. By this moment they liad covered one and the 
same distance. Consecpieritly. 25.r ^ • M)y. By the time the car on its return 
trip encounlerc<l the cyclist the car had covered 50j^ km, and the cyclist, C5i- km. 
The .sum of tliese distances is equal to twice the distance between A and B. 
Therol'orc G5x -I- 5d« ~ 38. Solving the system of equations, we find x — 0.2: 
if - 0.5. 

Answer: the speed of tlie cyclist is equal to 0.2 km/niin = 12 km/h. and 
that of tlie car. to 0.5 km/inin = 30 km/h. 

441. Let tlie trains pass each other in x hours after the fast train departure. 
Tlien. by the time <if tin* encounter the mail train had travelled (z-b 3) hours. 
Each train had covered lt»8t» : 2 — 540 (km) before they met. Hence, tlie speed 

of the first train i.s equal to ~ km/|i and that of the second, to km/h. Rv 
•f z -f- 3 ^ 


hynothesj.s, —^ 15 . Only one root is suitable: z — 9. 

z z -f- 3 

Answer: in 9 hours after the fast train departure. 

442. Let the first cyclist (ravel z hours. Reasoning in the same way as in 
the preceding proliieiu. we .set up the equation 


36 

z —1 



X 


.Answer: the speed of the first cyclist is equal to 14 km/h and that of the 
second, to 18 km'li; the first is 3 hours on route prior to the encounter, the second, 
2 hours. 

443. Let the distance AB between the starting points be z km, and let 
the fir-sl hiker cover it in y hours. By hypothesis, the second hiker covers 


the distance BA in {f/--5) hours. Hence, the first covers— kilometres per 

hour, and the .second, —kilometres per hour. During an hour the distance 
tj — 0 
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between the hikers is reduced by km, during 3-i- hours, 

•T \ 1 i / ir 

—r- ) . Since they meet in 3-s- hours, we have — 4- 
/ —0 / ■' 3 3 \ y ' 

j =x. Since x rjfc 0, we can divide both members by x. We get: 

4(^1^)- 


by;i3|( 
y-i I 


Hence, we find y. The value of x remains undetermined. 

Answer: the first hiker covers the whole distance in 10 hours and the second, 
in 5 hours. 

444. Let us denote the point of encounter by C. Let AC ~ x km; then, by 
hypothesis, CB —• (x 4- 12) km. Furthermore, by hypothesis, the first hiker 

covers the distance CB in 8 hours. Hence, his rate i.< equal to km/h. 

o 


In the same way we find that the rate of the second hiker is km/h. Conse- 


X 4-1 ^ 8x 

quently, the distance/I C is covered by the first one in x : —hours, 

8 x-j-iZ 

while the second covers the distanceFC in hours. And since the second 

X 

travels 6 hours more than the first one, we have 
9(x + 12) 8x 
X x+12 


X 4“ 12 

When solving this equation we may introduce an auxiliary unknown — = 2 . 

We get 92 — ~ 6. Out of the two roots = y ^nri 32 = —the second 

one is not suitable, .“ince both quantities x ^ AC and x 12 = CB must be 
positive. From the equation we find x - ■ 36. Hence, AC = 36 km, 


CB = 48 km. 

Answer: AB — 84 k[n. The rate of the first hiker is 6 km/h and that of the 
second one is 4 km/h. 

44.'). The problem is similar to the preceding one. Let the dirigible fly 
to the passing point x km: then the airplane has made (x4-100) km. The 

speed of the dirigible is equal to - km/h and that of the airplane, to 


—j- km/h. From its terminal to the passing point the dirigible flies 

1 j 

X 100 3 r 

x;—1——r=—hours; whereas the airplane covers the distance between 
3 x-t'IUU 

I -g" + lOOj 

the airport and the passing point in - hours. We obtain the 




Chapter VII. Algebraic and Arithmetic Problems 


is: 


Consequently, — rT?^ — ± » whence z = 200; the second root is not suitable, 

x-f-ioy o 

Answer: the distance between the airports is equal to 500 km; the speed 
of the dirigihie is 100 km/h and that of the airplane is 150 km/h. 
446. First method. The problem may be solved in the same way as the pre¬ 
ceding one. We get the equation 

= i.e. 

\ x — a I m x — a y^n 

Hence, 

a y« 

Then we find the speeds of the hikers; 

j:— a , X 

ujsBs— and 1^2 = — 


Second method. Let us denote the point of encounter by C. Since the first 
hiker covers the distance CB in m hours, we have CB=:svim km. Similarly, 
CAssVin km. By hypothesis, CA—CB = a. We get the equation nyj —mv|~a. 

The section AC is covered by the first hiker in —— hours; hence, the dis¬ 
tance between the starting and the encounter points he covers in ~ hours. 
Similarly, for the second hiker; hours. Since they start out at the same 
time, we have n ~ — m — , whence vj; i; 2 = V”'V'”* Let us solve this 

Vi V2 

equation together with the first oue. For the sake of symmetry it is useful 

to make the following substitution: t==-^— . Substituting the expres- 

y n y m 

sions i;i = ynTand — into Ibe first equation, we get (n — V")^— 

= fl» whence t— • ■• /=: ■- - 7 =.', now we find 

n y OT — m y n 

fly» ayoi 

^ym — m'V^n nym —myo 


Note. The problem is solvable only if n~\/m > m~\/n\ dividing both mem¬ 
bers of this inequality by the positive number V«f we get V” > V«'‘, 
i.e. n > m. This condition can be obtained immediately from the given one: 
since the first hiker covers a greater distance before they meet, his rate is higher 
than that of the second hiker. On the other hand, the first hiker has to cover 
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a shorter distance to arrive at B than the second to arrive at A. Consequently, 
the first will reach B faster than the second w’ill reach A. 

Answer: the speed of the first hiker is - — — km/h and that of 

^ nym — rnyn 

the second, -—_ km/h. 

n y m — 

447. Let the first body make x degrees in one second, and the second, u deg- 

360 360 '' ” 

rees. From the first condition w’e find-- = 5. Each second the distance 

y X 

between the bodies {as measured along the arc) is increased by {x — y) degrees. 
Every 100 seconds the distance must be increased by 360®. Therefore, 
100 (z — j) = 360. The obtained system has two solutions (xj = 18, yi = 14.4; 
X 2 ~ —14.4, yn = —IS). Both of them are suitable, since they have one and 
the same physical meaning, only the numbers of the bodies and the direction 
of motion being changed. 

Answer: 18°; 14°24'. 

448. Let us denote the speed of one body (in m/min) by x and that of 
the other, by y, assuming that x > y. Let the bodies move in the same direc¬ 
tion and come together at some point A . Let the next nearest encounter take 
place at a point B (these points may coincide: for instance, in case the speed 
of the first body is twice toat of the second; in this event by the moment they 
come together once again the first body will complete two revolutions, wWeas 
the second, only one). 

Moving from ^ to 5 (this path may overlap itself for one or both bodies), 
the second body lags behind the first one so that by the moment of the nearest 
encounter the delay will be equal to the full circumference. Since the bodies 
come together every 56 minutes, during which the first bodv covers a distance 
of 56x metres, and the second one, 56y metres, the circumference is equal to 
56x — 56y. 

Let now the bodie.s move in opposite directions. Then the sum of the dis¬ 
tances covered by them during the interval between the two nearest encounters, 
i.e. during 8 minutes, will make (he whole circumference. Consequently, the 
circumference is equal to 8 x -f 8y. Thus we have the equation 56x — 56y — 
= 8 x -f 8ij. 

By hypothesis, in 24 seconds the distance (along the circumference) between 
the approaching bodies decreases by 40 — 26 = 14 metres. During this time 
the bodies do not come together; therefore the decrease in the distance bet¬ 
ween the bodies equals the sum of the distances covered by them in 24 seconds = 

y minute. And so wo get the second equation 
2 ^ 


/l/iiji'cr: 20 nu'min; 15 m/min; 280 m. 

4411. Let X and y be positive numbers expressing the speed of the points 
in corresponding units (if c is the circumference in metres, then the unit of speed 
is 1 nusec. and so on; it is not clear from the given conditions in what units the 
length is measured). Assuming that x > y, we have the system of equations 

tx —;u = c;- = n 

y X 
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(for the setting up of the first equation : 
a substitution, we find the equation 

nty^-{-ney— 


the preceding problem). Making 

Its positive root is 1 / = ^ —~ second root is negative ) 


2 nl 

Answer: the higher speed is numerically equal to 


c { 1 / n'^-}-4nf +”) 


tlie 


lower, to 




2nt 


450. Let the speed of the ship in still water be x km/h. Then we have the 

80 , 80 . 1 
«iuat, 0 l. -^+—^ = 8^. 

Answer: 20 km/h. 

451. Answer: 9 km/h. 

452. Let the rate of the current of water be x km/h, and the speed of the boat 

20 20 

in still water, y km/h. The first condition yields the equation -7 -h ;-= 10; 

’ y "f" X y X 

03 

the .second condition, the equation 7 - "- - = ;rT^ • solving this system it is 


convenient to put 

Solving the system, 
we find 


_1 _ 

y+x' 


1 


1 


20tt + 20f=10; 2y = 3«, 


3 • , c 


_5 

i. 

6 

453. Let the raft float down the river over the distance (a km) between .1 
and B in x days. Then its rate, equal to the rate of the current of water is 

~ km/day. By hypothesis, the speed of the ship going downstream is equal 

to ™ km/day. Consequently, the speed of the ship in still water is — 

km/day. And since the speed of the ship going upstream is equal 

to ~ kra/day, its speed in Stillwater is j km/day. We have the equation 

a a ® 1 ® 

___ ^ 


Answer: 12 days. 
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454, Let the speed of the body Mt be x m/s, and that of Afg, y m/s. By the 
moment of the first encounter Mx has been in motion during 21 seconds, and 
A/a, during 21—15 == 6 seconds. Thus, we get the equation 
21x -f 6y 60 

By the moment of the second encounter Mi has been in motion during 45 se¬ 
conds, and Afo, during 45 — 15 = 30 seconds. Let C be the point of the second 
encounter; then Mi by the moment of the second encounter has covered the 
distance AB -{• BC^ and M^, the distance BA -f- AC. Tlie sum of these distan¬ 
ces is ZAB, i.e. 180 m. And so we obtain the second equation 
45x -f- 30y = 180 


Answer: the speed of the body Mi is equal to 2 m/s, and that of the body 
A/a, to 3 m/s. 

455. Let the speed of the messenger when going uphill be equal to x km/h, 
over the level ground, to y km/h, and downhill, to s km/h. Before returning 
the messenger has covered half the distance, i.e. 14 : 2 — 7 km; he has gone 
3 km uphill, 4 km over the level ground, then {on his way back) another 4 km 
over the level ground and, finally, 3 km downhill. By hypothesis, 


l + A+A + l = 34,i.e. ±+±+1 = 3-1 

I z 5’ z 5 


The other two conditions yield: 


±-l-±-^l-3l 


111 

We find —, —, — and then x, u, z. 

X y z ^ 

Answer: uphill—3 km/h, over the level ground—4 kro/h, downhill—5 km/h. 
456, Let the quota be x pages a day and the time limit, y days. Then, by 
hypothesis, 

(x 4- 2) {y — 3) = xy and (x 4- 4) (i/ — 5) = xy 
Answer: 120 pages, 15 days. 


457. Let the operator make x parts in y days. Then he produced parts per 
day. By hypothesis, if he had turned out ^ -j- iO parts, he would have comple- 
ted thejob in j — 4-j-days. Hence, {|-+ loj = 1 . The other condi¬ 

tion yicids the equation — a) (y + 3) = x. We get the following system 
of equations 

I 

1^ — Sy-fS 15 

Multiplying the second equation by 2 and adding the product to the first one, 
we get — — 50. Substituting this value into the second equation, we find y = 
= 27. Consequently, x = 50^ — 1350. 
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Note. This problem may be solved in the .same way as the preceding one, if 
instead of the unknown x we introduce the quantity z denoting the number of 
parts produced daily. We would obtain the same system of equations, where 

the quantity — would be replaced by z. 

Answer: the worker made 1350 parts in 27 days. 

458. Let the daily quota of the typist be i pages, and the time limit, y da\>; 
then the job involves llie typing of xy pages. By hypothesis, typing j + 2 pages 
per day, the typist would spend y — 2 days. Hence, the job involves 
{x -f 2) (y — 2) pages. Consequently, 

{x + 2) (y ~ 2) - xy 

Reasoning in the same way, we get another equation: 

fz -r O.eOi) (y — 4) — xy + 8. 


Answer: the quota was 10 pages per day, and the time limit, 12 days. 

459. Let the first worker complete the task in x hours. Then we have the 

equatio,, 1 + ^^ = !-. 

Answer: the first worker can do the job individually in 12 hours, the second, 
in 24 hours. 

460. If the first pipe fills the swimming pool in x hours, then the second 
fills it in (j 4- 5) hours. The given condition yields the equation ~ 4 ^^^5= j - 

Answer: the first pipe fills the pool in 10 hours, the second, in 15 hours. 

461. Let the first worker, working individually, be able to complete the 
task in x liours, and the second, in y hours. Then in one hour the first ful¬ 
fills JL of the whole assignment, and the •second, — . By hypothesis, 


7 J —l4-Lss 4- . Since then thoy worked together for another 4 hours, they 

X ' y Q 

did of the job, which was equal to 1 — | Z. Thus, 

we have the second equation '”4 — = ^- Subtracting it from the first 


3 3 11 

equation, we get — whence i=18. Then wo find —and y--24. 

Answer: it would take the first worker 18 hours and t^e second, 24 hours 
to do the whole assignment. 

462. Let us denote the required numbers by x and y. Four high-power cranes 
operated 2 4 3 = 5 hours; two low-power cranes worked three hours. There¬ 
fore (see solution of the preceding problem) 


The second condition yields 
4 


4.5.±.4.2.3.-i-=t 
^ y 

.4.5.—-|-2.4.5~=1 
X y 


Answer: 24 hours, 36 hours. 
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463. Let one three-ton truck be able to deliver the load during x hours, and 
one five-ton truck, during y hours. By hypothesis (see solutions of Problems 461 
and 462), 

30.8-i- + 9-6.-i-=l and 9.8.—4-30.6--^= — 
r- y y X 15 

Answer: x = 300; y = 270; 30 five-ton trucks will deliver all the material 
in 270 : 30 = 9 hours. 

464. Let it take the firet typist x hours and the second, y hours to do the 
whole job. When the first was busy typing for three hours, the second was busy 

only for 2 hours. Both of them did 1 = ^ of the whole work. We get 

the equation 

y 20 


When the assignment was completed, it turned out that each typist had done 
half the work. Hence, the first spent hours, and the second, — hours. And 
since the first had begun one hour before the second, we have 




The system has two solutions, but one of them is not suitable, since it yields 
negative value for y. 

Answer: 10 hours (the first typist), 8 hours fthe second typist). 

465, The problem is similar to the preceding one. We get 


2 , 1.5 __lt. 
x'^ y 30 ’ 


where x and y are the times (in hours) for each train to travel the distance 
between A and B. Out of the two solutions yielded by the system only one is 
suitable. 

Answer: 10 hours; 9 hours. 

466. Let X litres of water per minute flow in through the first pipe, and >/ 
litres per minute flow out through the second pipe. By hypothesis, a full bath 
containing 2 X 9 X 2.5 = 45 litres can be emptied in' one hour, if both pipes 

60“ 


containing 

are open. Hence, the amount of water is reduced by 
_3 
4 


• litre per minute. 


Consequently, y — x- 


On the other hand, when only the first pipe is 


45 


used, the bath can be filled in — minutes; when only the second pipe is used, 
45 


(he bath can be emptied in — minutes. By hypothesis, 

45 45 _ _ 

^ y ~~ 


The system of equations 
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has two solutions (a:, = 2±: j,. =3 and X2=-3; !,2 = -2 i) . The second 
solution is not suitable (z and y must be positive numbers). 

Answer: 2-y- 1/min; 3 l/min. 

4 

467. Let the time limit be x days; then the daily plan is ~ cubic metres, 
navvies completed the job in x - » days; hence, "the daily output 
"’as j-g cubic metres. By hypothesis, _ jp dvo roots 

yielded by this equation (zi = 40 and x^ = —32) only the positive one i.s siii- 
tahle. Hence, the daily plan amounted to = 200 cubic metres. The over- 
fullilment by 50 made 


30.100 

200 


:2.3% 


Answer: the original lime limit was 40 days, the daily overfulfilment of 
the plan heiiig 2.3 per cent. 

4fi8. The first team repaired x km per day; then the second repaired 
(4.5—x) km per day. The first worked days; the second, days, fly 


hypothesis, '^’*'** "equation yields two roots: xi = 2 and xn- 

~ 22.5. The second root is not suilable, since the number 4.5 — x must bo 
positive. 

Answer: the first team repaired 2 km, and the second, 2.5 km daily 
469. Let the first worker be able to do the whole job in x hours, and the se¬ 
cond, in y hours. Hence, half the assignment was done by the first in — hour-^- 

the remaining half will be done by the second in ~ hours. By hypothesis 
= 25. The other condition (see solution of Problem 461) yields 


10 


-L+± 

^ y 


Answer: one of the workers (either tbo first, or the second) can do the whole 
job in 20 hours, the other, in 30 hours. 


13-01338 
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470. Let one tractor be able to plough the field in x days, and the second* 
in y days. We have (see the preceding problem) the system of equations: 


±-j-±, 
X y 


It can be replaced by the system x~\-y=‘2k; xy=2kt. _ 

Answer: it would take one of the tractors + days and the 

other, {k — 'Yk^~2kt) days. Tho problem is solvable for -j->L 

471. Lot all the three dredgers working together be able to complete the job 
in X days. Then the first one working alone can do the job in {x -f- 10) days, the 
second alone, in {x + 20) days, and the third alone, in 6x days. In one day the 

first dredgeralone fulfills —of the job, the second alone, —and the third, 

2 + 10 x+20 

7 ^, and all of them together, — of the job. Thus we have the equation 

02 X 


1 


2 + 10 




1 


_+-1=± 

2 + 20 ~ 1)2 2 


Answer: the job can be done by the first dredger alone dn 20 days, by the 
second, in 30 days, and by tho third, in 60 days. 

472. The second worker can complete the assignment in x days, the first 

7 

can do it in ( 2 + 3) days. In 7 days the first worker will fulfill —-s-ofthojob, 

x + d 

1 4 

! 5 -S’ days the second worker will do-of the whole job. Thus, 


-1^ 


we obtain the equation 


2 + 3 


,+. 


Answer: it would take the first worker 14 days and the second one, 11 days 
to do the job individually. 

473. Let it be possible for the first tractor to plough the whole field in 2 
days, for tho second one, in y days. The first condition yields 

x ' y 8 

The first tractor can plough half the field in days, the remaining half will 
be ploughed by both tractors in 4 days (the whole field was ploughed by them 
in 8 days). And so we have the second equation -^ + 4 = 10, hence 2 = 12 

(days). From the first equation we find y — 2A (days). 

Answer: it would lake the first tractor 12 days, and the second, 24 days to 
plough the field. 

474. Since the workers began working one after another, the intervals bet¬ 
ween the starting times being the same, and the first to begin worked five times 
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as long as the last to begin, the number of workers was equal (o 5. If the last 
to begin worked x hours, then the total of the working Jjours amounted to 
^ +.2x -f 3z -f- 4x *f Sjt = J5ar. By hypotlicsi.';. the men could have finished 
the Job in 6 hours, if they had begun at the same time. Consequently, li;j- — 
= 5*0, whence x — '1. Tlie job lasted as long as the first worker digged i e 
for 5x hours. 

Answer: they worked 10 hours. 

475. Let the first worker be able to complete the task in x hours; wo get 
the equation 

±+-J_+_L = l 


Answer: i = ~ (5^ _ 2 -f 1/25/2 + 4/ + 4). 

476. Let the first tap fill the tank in z hours, and tlie second, in \j hours. 
In one hour the first tap fills ~ of the tank, and, by hypothesis, it was open 


hours; hence, the water from the first tap filled 


of the lank. Similarly, 


1 

3 ^ 

we find that the water from the second tap filled — of the tank. Since, when 

1.3 ^ 

this was done, the tank was full, we have 
3 ' X ■*" 3 * y ” IS 

The second condition yields the equation 



The system may be solved in the following way. If we put — then the 
first equation takes the form 


1 1 
'3*2 


3 2 

whence = Z 2 =-^. Transform tho second equation to 


Substituting 


T + '^fs^ 

y 3 2 

— =y, we (inii 1 , = 9; Iienco, = SubsUtutini; 

2 

we find y = 6 and x=9. 

Answer: one of the taps fills tho tank in 6 hours, the other, in 9 hours. 

13* 
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477. If the daily quota of bricklaying was x thousand bricks, and the actual 
number of bricks laid daily was y thousand, then we have the system of equa¬ 
tions 


fl20 

120 ^ 

i ^ 

y 

l3y- 

-4x = 5 


Answer: the daily quota of bricklaying was 10 000 bricks and the actual 
number of bricks laid amounted to 15 000. 

478. The consecutive amounts of water (in litres) in the three vessels 
(I, II, ill) are tabulated below: 




0 

1 r' M 11.2 

I 

X 

T" 

To 



3/1 , \ 

3/1 . \ 

II 

y 

TlT^-4 




1/1 \ . 

9 r 1 /1 \ , 1 

III 



To 


By hypothesis, cacli of the expressions in the last column is equal to 9. 

Alternate solution. First find the amount u of water contained in the second 
vessel after the first pouring. By hypothesis, the second pouring reduced this 
1 3 

amount hy-^w, leaving there 9 litres of water. Consequently, = 9, i.e. 

u = 12. Now find the original amount z of water in the third vessel. The first 

I 

pouring left it unchanged; the second one increased it by-^u = 3 litres, so that 
the third vessel turned out to contain (z 4- 3) litres. The third pouring reduced 
this amount by (= -f 3). Consequently, -Jq (z 4- 3) = 9, i.e. 2=7. Then 

find the original amount of water x in the first vessel. The first pouring left 
2 

in it - z litres; the .second pouring left this amount unchanged; the third pouring 
1 2 

increased it by (2 4-3) = 1. Consequently, 4- 1 == 9, i.e. x — 12. 
Finally, find the original amount y of water in the second vessel. After the fir.st 
pouring it was increased by-jx=:4an(l became equal to 12 litres (as it has been 

found). Consequently, y — 12 — 4 = 8. 

Answer. 12 litres; 8 litres; 7 litres. 

479. If for the first time x litres of alcohol was poured out, then (64 — x) 

64 —X 

litres of alcohol was left; for the second time ——x litres of pure alcohol was 

^ I 

poured out, leaving 04 —x-—x = ^(64 —x)^ litres of pure alcohol. 
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We get the following equation 

i (64-1)2 = 49 

Answer: for the first time 8 litres of alcohol was poured out and for the 
second, 7 litres. 

480. Having poured x litres of alcohol into the second vessel and made 
it full by adding water, we have in the second vessel litres of alcohol per 

litre of the mixture. Then x litres of the mixture, containing gliucs 

of alcohol, is poured hack. As a result, the first vessel now contains ^20 — J 
2 

litres of alcohol. Then 8-^ litres of the mixture is poured out from the first 

f4 , ) 

ve.ssel \ make ^ of the total amount of tl»c mixture / . Thus, the amount 

of alcohol is reduced by -I-, i.e. now the first vessel contains y ^20 — x-f—j 

litres of alcohol. Since the amount of alcohol contained in hoih vessels i.s ct)ri- 
stant and is equal to 20 litres, and by hypothesis, both ves.sels now contain 
the same amount of alcohol (i.e. 10 litres each), we have 


3(20 -^+20)"" 


Answer: 10 litres. 

481. Let X litres of air ho let out of the vessel, and the .“amo amount of nitro¬ 
gen put in. The remaining amotint of air of (« — x) litres contains 
(8 — x) 0.16 litres of oxygen, Thu.s. 8 litres of the mixture contains this amount 

of oxygen, i.e. 1 litre of the mixture contains I of o.xygen. Comse- 

qucnlly, when for the second time x litre.s of the mixture is replaced by .r lilrtss 
<if nitrogen, the remaining amount of the mixture of (8 — x) litres contains 

0 .11> _ x)''^0.02 litres of oxygen. Henco, in lelalion to 


the total amount of the mixture (8 litre.s) the oxygen content i.s-^^— 4 x 

o 

X 100= _ By hypothesis, == 9. Out of the two roots (x, 2, 

X 2 -= 14) only the first one is suitable, since it is impos.^ihle to lei out mure 
than 8 litres. 

Answer: 2 litfe.s. 

482. Let the first woman have x eggs, and the second one, y eggs. If the first 
had sold y eggs, then, by hypothesis, she would have received 72 roubles. Cmise- 
72 7'^ 

queritly, she sold her eggs at — roub. per piece and received -^x rouh. Rea^^oning 


in the same way, we find that the second woman received — y rouh. 'I lius wo 
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have 

two equations 

32 72 



— ys= — x; x-4-y=100 

X ^ y 

From 

the first we find 

( — ) whence -^ = -|-^the negative value 

iL- 

—is not suitable ^ 

2 j 

1 . 

X 

I 


Answer: the first had 40 eggs; the second, 60 eggs. 

483. With the notation of the preceding problem we get the following 
system 



From the first equation we find x:y = '\/n: '\/m. Divide then a into parts 
proportional to '\/n and '\/m. 


Answer: the first had 


1 "l/n 


litres; the second, — 


litres. 


* l/m-fV” 

484. Let the first engine consume x grams of petrol per hour, and the 
second, y grams; then 500 grams of petrol was consumed by the first engine 

in ™ hours, and 384 grams, by the second in ~ hours. By hypothesis, 

£22_™js= 2. If the first engine bad consumed y grams of petrol per hour, 
X y 

then during — hours of operation it would have consumed — .y grams of 


petrol, and if the second had consumed x grams per hour, then during — 
384 

liours it would have consumed —x grams of petrol; by hypothesis, 


GOOt/ 384-r 
X ~ y ' 

Answer: the first C[igine consumes 60 g/li; the second, 48 g/h. 

9 

485. Suppose we need x kg of the first alloy. Then x kg will contain | hg 

3 

of gold, and (8 ~ x) kg of the second alloy will contain (8 —x) kg of gold. 

5 

By hypothesis, 8 kg of the new alloy must contain kg = 2.5 kg of gold. 
2 3 

Consequently, ~^x -- (8 — x) = 2.5. Hence, x ~ 1 (kg) and 8 —x = 7 (kg). 

Answer: 1 kg of the first alloy and 7 kg of the second. 

486. See solution of the preceding problem. 

Answer: 9 pails from tho first barrel and 3 pails from the second. 

487. Let the third alloy contain x parts of the first and y parts of the second 
alloy, i.e. x kg of the first and y kg of the second alloy. Then (x -f i/) kg of the 
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third alloy will contain | j kg of the first metal and 

of the second. By hypothesis. 




Reducing the dividend and divisor to a common denominator (15) and dividing 
them by y, \vc get 

(.y + 0):(io| + <,) = ,7-7 

whence — — . 

y 3o 

Ansircr: 9 parts of the first alloy, and 3.5 parts of the second. 

488. Let the larger wheel make x revolutions per minute, and the smaller 
one, 1 / r.p.m., y > x. We have two equations: 


y — x = 400; 


^ ^ 5 ! 

J T 60 


The second equation may he transformed to xy = 300 (y — .r), i.e. xy -■ 120.000. 
Answer: The larger wheel makes 200 r.p.m.. the smaller one. 000 r.p.m. 

489. Let the circumference of (ho front wlieel he equal to z dm, and that 
of the rear wheel, to y dm. We have two equations: 


X 



y 


and 


180 180 
x-f-O y — 6 


The first one is transformed to 18 (•/ — /) = xy, the second, to 39 (y — j) = 
— xy -f 504. From tliem wo find y — x — 24; xy -■ 432. 

Answer: the circumference of the front wheel is 12 dm; that of the rear wheel. 
36 dm. 

2 

490. 600-y — 400 tons wa.s unloaded during the first and the third days; 

600 tons —• 400 ton.? = 200 tons was unloaded during the .«econd dav. Let x 
tons be unloaded during the first day; then (400 — x) tons was unloaded during 
the third day. The reduction of the amount of goods unloaded on the second day 

(as compared with the first day) came to (x—200) tons, which made 

r 

of the amount unloaded on the first day. The reduction of the amount of goods 
unloaded on the third day relative to that on the second day wa> 

200-mi - I) U-200} tons, which made % „r Irl?! o, 

of the amount unloaded on the second day. By hypothesis, 


x-200 (X— 200) lOQ 


We find two roots: xj — 250; X 2 — 160. The second one is not suitable, since 
by hypothesis, the amount of the unloaded goods was reduced from day to dav. 
whereas at x == iCO the amount of the unloaded goods would bo 160 tons oi. 
the first day, 200 tons on the second day. and 240 tons on the third. 
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Answer: 250 tons was unloaded during the first day, 200 tons during the 
second, and 150 tons during the third. 

491. Let the first solution weigh x kg, then the second weighs (10 — x) kg. 

The percentage of anhydrous sulphuric acid in the first solution is 2:1:122=. 
= “ and that in the second, By hypothesis, 


4. Since, by hypothesis. 


The equation has two positive roots x, : _ 

X < 10, the first solution is not suitable. 

Answer: 4 kg and 6 kg. 

492. The first alloy contained x% of copper, the second, (x + 40) %. The 
first alloy weighed 2_^ feg, and the second, ^~1^ kg. We get the following 

Cualon: 522 + J|0 =.50. 

X ‘ x-f-40 

Answer: 20% and 609o- 

493. Let the speed of the freight train be x m/s, and that of the passenger 
train, y m/s. In 28 seconds the freight train covered 28x (m), and the passenger 
tram, 28tf (ra); we obtain the first equation 

28x + 28y == 700 


The freight train passes the signal lights during — seconds, and the passenger 

■ . 210 ^ 
tram, during — .seconds. Thus, we get the .second equatien 

400 210 


Answer: tlie speed of the freight train is equal to 10 m/'s, i.e. 36 kia'h and 
tiiat of the passenger train, to 15 m/s, i.e. 54 km/h. 

494. If the mirabcr of the eight-wlieel tank-cars is equal to x, then that of 
the four-wheel cars, to (x -f- 5). If one four-wheel car weighs y tons, then one 
eight-wheel car weighs 3y tons. The net weight of the oil contained in a four- 
wheel car is equal to (40*0.3) tons, i.e. to 12 tons, .^n eight-wheel car filled 
with oil weigh.s {3y -f- 40) tons, and a four-wheel car, (y -f 12) tons We have 
the first equation 

X (3y -}- 40) -f (x 4- 5) (y -f- 12) = 940 

The weight of oil contained in all the eight-wheel cars is 40x tons, and that of 
all the loaded four-wheel cars is (x 5) (y 4 12) tons. Thus, we have the second 
equation 

40x - (x 4 3) (y 4 12) - 100 

Answer: there are 10 eight-wheel] tank-cars, each weighing 24 tons, and 15 
four-wheel cars, each weighing 8 tons. 

495. Let the fir.st machine drive x in per day, and the second, y m. In the 
first case the first machine would have done 30% of the work, i.e. it would 

have driven I™*’ second, 4m 
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the first equation 

iSx + = 00 

In the second case the first machine would have driven —.60i/(rn) in -.ao-JL 

3 3 j- 

days. The second machine would have done the work in —-GO-— cla\j. And 
so we have the second equation ^ 

j : y ~ 

The obtained system is easily solved, if we put Only the positive value 

3 ^ 
z = -7- is suitable. 

4 

Answer, the first machine drives 2 metres of the tunnel per day. the second. 

1 metres per day. 

496. Let the first crow he able to repair the whole .section of the track in 

X days, and the second, in y days. By hypothesis, we have the loliowinu' >vsteiu 
of equations • 

I 

1 

l UK) 30U - 

Answer', the first crew can complete the whole repair job in 10 davs the 
second, in 15 days. 

497. Let the first portion of the goods ^amounting to ||.69()-.= .375 tons) 
be transported in i hours, and each throe-ton truck accomplish y trips per liour. 
Then each 1 j-ton truck made (p i) trips per liour. By hypolliesis. tlie remain¬ 
ing portion of the goods (i.o. 690 — 37S = 31.0 ton.s) was transporled in (j- - 2) 
hours, the three-ton trucks making (y -h 1) trips per hour, and |i-lon trorks, 

(p -i- 1) -f 1 = (p -r 2) trips per hour. Wo get the system of equations 

{ 5.3rp+ 10-1 4-a:(y-fl)=375 

5-3 (x-2) (p-1-1)+i0.|-1(1 — 2) (p + 2) = 31,0 

-After simplifications these equations take the form 
f 2xy-^x=25 
V 2xj/4-3x— 4i^ = 27 

Subtracting the first equation from the second one, we gel 2x~4i/ - 2 . lioiice 
2y ~ X — 1. Suh.stiluting it into the first equation, we get x- = 25, i.c. x 5 
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The first portion of the goods was transported in 5 hours, the second, in 5 — 2 == 
=- 3 hours. 

Answer: all the goods were transported in S hours; at the beginning the three- 
ton trucks made 2 trips per hour and 1-^ton trucks, 3 trips per 
liour. 

498. If X is the width of the track, then the area of the sports ground together 
with the track, is equal to (a -f 2x) (b + 2x) m^. And so we have the equation 
<« -h 2x) {b -h 2x) = 2ab. 

Answer: ['\/(a + 6)2-{-4a6 — 

499. Let X denote the number of chairs in each row; then the number 
of rows is — , We get the equation 

(x-fb) — cj=i.la 
After simplifications we have 

1 Ocx- -f- (a -p 106c) X — lOab =« 0 

Hence, 

- . . — (a+106c)± V(T+!06c)'- + 400a6c 

If the radical is taken with the minus sign, then x < 0; if it is taken with the 
plus sign, then x > 0. 

chjsji’cr: the number of chairs in each row is equal to 
V (a + 106c)2 + 400abc — (a + i06c) 

20c 

500. Let U.S denote the speeds of the bodies (in m/s) bv r, and ^ 2 ; let i»i be 
iHgher lhau rj. The first condition yields the equation‘ ac. + aiv = d; the 
second, 6 c, —■ 61^2 == d. 

Answer: Cj——^ —= -Lj _ -phe problem is solvable only 

if a<6. 

501. Let us denote the speed of the motorcyclist (in km/h) by x, and that 
of the cyclist, by 1 /. We get the following system of equations 



Answer: the speed of the motorcyclist is equal to pm/h. 

^ _ At 

and that of the cyclist, to d V 

0 O 2 . If it takes the cyclist x hours to cover the whole distance, then the 
hiker requires (x-j-c) hours. Lot us denote the distance AB (say, in kiloino^ 

res) by y. The hiker covered km botore lie met the cyclist, while 
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the latter covered — km. We have the equation ,, since u -== 

X ^ jr-fc X ^ 

=i=0, we have + — = or i^—{a + 2b—c)x-bc = 0. This equation has 

one positive and one negative root (since the product of the roots is equal 
to the negative numher — 6 c). Here only the positive solution is suitable; 

a 26—c q- -f- 26 — c)2 -}- 46c 

ar- - -. 

The distance y remains undetermined. The quantity x + c may be found either 
from the above expression, or from the equation --— . li .., 4..1 — Duttin<» 

x-fc X r r> 

X + c = 2 . We get the equation -j - ^^=1. We take only the posi- 

22 — c * 

live solution. 

Ansu'er: it takes the cyclist 

0 4" 26 — f -f- * 1 / (o 26 — c)2 -f- 46f I 
2 

and the hiker 

0 + 26-h e + 4* 26 — c)2-j.46c la 4- 26 c)-l-"]/(fl4'264- c)2 — ^[a-^b] 


hours 




hoii 


to cover the whole distance AB. 

503. Let us denote the distance (in kilometres) by x. By hypothesis, accor¬ 
ding to the schedule train A must catch up with train in — hours after 

V 

depai'tuie. Actually, it caught up with train B after having covered (x — a) km, 
i,c. in —— hours. Consequently, both trains travelled ■— hours loss than 

required hy the schedule before they met. Train li Itad to travel ~ iiours to 


meet train A. but actually it covered a distance of ~.r at a speed of 11 and 
a distance of —x — a at a speed of ~ e|, covering the whole distance in 

21' 

x-a \ 

hours. Consc 4 |ucntly, 


Answer: the distance to the terminal station is equal to 
The problem is solvable only if ej < 2v. 
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504. Let the interest be zYq. Then the originally deposited sum was 
roub. At the beginning of the second year the total sum was —~—\- 

-{-154-85, i.e. |1~4-100^ roub. At the end of the second year this sum 

turned inte |1^4-10oj roub. Hence, we get the equation 


/ 1500 


+‘“)(‘+ 4 )= 


420 


Answer: 300 roub., 5%. 

505. Let us denote the output of machines A, B, C hy x, y, z, respectively. 
By hypothesis, 

We find x and y in terms of s from these equations; adding them, we get 
, 100 (m-}-n)4-2ni/» 

10 000 —mn ' 

The required percentage is equal to 

, 10000 —/an 

.4/jsu’rr: 100»- . 7 ;;? - ; —;—tt'o-• 

100 (m -{-n) + 2mn 

500. Let us take for the unit of measurement the output for the preceding 
year. Then the output for the first year is f + compared with it, the 

output for the second year is increased by i.e. by ^ 1 - to be equal 

to 

\ ^100/ ' \ ^100/ 100 I ^100/ V ^100/ 

If the output for the third year is increased by x%, the increase amounts 

i^+wo) hypothesis. 

lr_La.A+JL\_L.+ /i + -£-\ + 

3 1100' \ ^100/ 100^\ ^100/ \ ^looriouj lOO 


5 )( 


‘ + i5o) 


507. Let the prime cost of the total quantity of goods amount to m 

nut 

roubles. Then the prime cost of the first batch sold makes < 1 % of m, i.e. 
roubles. By hypothesis, the profit made by selling this batch is p% of this 
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sum, !.e. roub. The prime cost of the rest of the goods is equal 

. ma /, a \ . . „ 

^0 '"■“'loo'”"* \ ~"iOo) prime cost of the second batch sold 

amounts to 6% of this sum, i.e. to m A roubles. The profit made 

on selling the second batch is g%] consequently, this profit amounts to 
(^—j^) 1^* roubles. The prime cost of the remaining goods is equal to 


100 


'(‘ 100)100 too) (‘~iou) 


Let the remaining goods be sold at a profit of jr%. Then the profit made on 
their selling amounts to m (l—roub. The total profit is 



<7 , 

(i ^ i 

1 Mr] 

} lOU 

'lOO'’* 

\ iw) ' 

t 100/ looj 


By hypothesis, the total profit must be r% of m roub, i.e. roub. Con¬ 
sequently, 




lOU 


1'he quantity m is reduced. 

, lUO 100 V lOtj/ 

Answer: -j- 


508. First metlwd. Let us assume that each of the cut-off pieces weighs x kg. 
For the sake of brevity, let us call the first alloy (weighing m kg) "alloy 
and the second, “alloy B". Out of the two newly produced ingots the first one 
contains (m -- j) kg of alloy A and x kg of alloy B. and the second, .c kg of alloy 
A and (n — x) kg of alloy B. By hypothesis, the copper content in bo'th alloy's 
is the same, which is possible only if the amounts of alloy A and alloy //, contai¬ 
ned in tlie new alloys, are proportional. We get the equation 


m — x X 

-i-- whence x 

X n—X 


mn 

nt -f- n 


Stcond method. Let u kg be the weight of copper in 1 kg of alloy A , and v — 
the weight of copper in 1 kg of alloy B. Then the first ingot contains (m — x) u -i- 

+ XV kg of copper, i.e. 1 kg of the first ingot contains kg of 

copper. The weight of copper contained in 1 kg of tlie second ingot is expressed 
in a similar way. Equating the two expressions thus found, we gel the equation 
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in three unknowns (x, u, v): 

n ((m — i) u -}- xv] — m |(« — a:) y -f arul 
which may be transformed to 

(u — v) {mx nx — mn) = 0 

By hypothesis, alloys A and B are of different copper content, i.e. the quan¬ 
tity u — V cannot be equal to zero. Consequently, 

mx -}- nx — mn = 0 

Answer: each of the cut-off pieces weighs kg. 

509. Let there be originally x, roubles in the first pile, x^ roubles in the 
second and so on, and roubles in the nth pile. As is obvious, the first pile 
is treated in a special way, since at first an nth part of the money is taken from 
it and only by the last shifting operation an nth part of the nth pile is put into 
it, whereas each of the rest of the piles first is enlarged on the account of the 
preceding pile and then an nth part of it is taken away. Therefore, let us consider 
any pile, except for the first one. Let k designate its number. Originally, it had 
Xh roubles, then some amount of y roubles of (A- — l)th pile was put into it, 
and, finally, an nth part of the total sum -f x* was taken from it. After this 

operation pile k had (y -{- x^) roubles. By hypothesis, we have the equation 

+ (i> 

A rouble.s must remain in the preceding (A — l)th pile, if it is not the first 
(i.e. if A 2) (the money in the first pile amounts to A roubles only after it 
is replenisljcd from the nth pile). Hence, prior to the shifting operation it had 
A -f- y roubles. By hypothesis, tl»e money taken from it makes an nth part of 
A 4- y. i-<?. 

y = l(.4+!,) (2) 

i 

Hence, y--- —Substituting it into (1), we get x^ —A. 

Thu.«. each of the piles, except, perhaps, for the second and first (previously 
excluded from consideration) originally had A roubles: 

X3 X* — . . . — x„ = A (3) 

The unknown .tj may be found in the following way. By hypothesis, at first 
an ntli part i.s taken out of the amount of xj roubles. There remains Xj ■ roub¬ 
les. At the end of the shifting process a certain amount of money (y roubles) 
from the la.st pile is put into the first pile. Wo obtain the equation 


n 


y-l-x, 


( 4 ) 
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Reasoniog (conformably to the nth pile) in the same manner wo find as 
before V —-—Substituting it Into (4), we get 

(n—2) n . 

(=> 

to find X 2 we have the equation 

+ = ^ ( 6 ) 
where is determined by the formula (5). Solving the equation, we find 
n (n-f)-(K-2) . 


n2-2;i , n2-2n + 2 , , 
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GEOMETRY AND TRIGONOMETRY 


CHAPTER VIII 

PLANE GEOMETRY 


510. Let a and b be the legs of the right-angled triangle and a, its hypotenuse. 
By hypothesis, a -f- h -f e — 132 and a- -{- -f a® s= 6050. Since a- = 
c', then 2a“ = 6050, whence a = ’\/3025 = 55. Therefore o -f- d = 77. 
Squaring this equality and taking into account the relation a® H- 6® = 3025, 
w’O got ab = 1452, Consequently, a and b arc the roots of the equation 

_ 77 ^ + 1452 = 0 

/iM.'jM'er: the legs of the triangle are equal to 44 and 33 respectively, the 
liypotenu.se, to 55. 




511. The altitude BK (Fig. 1) of the parallelogram ABCD is equal to 
20K~lp. Since /^BAK^a-, =-3^. Similarly, AD — ^^ 


We find: 


S = ADBK=^ 


4nip 
sin a 

The diagonals are found by the law of cosines. 

Answer. 

Sin a 


BD-- 


2 1/ p2-|- ;7 j 2—2mpcosa 


AC:^ 


2Vp^-h m"-j- 2mp COS a 


512. By hypothesis, AC = 30 cm and BD — 20 cm (Fig. 2). The altitude AE 
may be found proceeding from the similarity of the right-angled triangles BBC 
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and AEC (having the common angle f), or, which is easier, hv comparing two 
expressions of the area S of the triangle ABC. .Namely, 

S = jAC.BD and 5.-:= i/JC/li' 


Answer: 2i cm. 

513. l-'rorn the triangle BDE, wlicre BD=i2 cm and BE-. 13 emt we find 
0£ = Vl32 — 122.-.'> (cm) (Kig. 3). Consequently, dD-.= /1£'_ Bi’=: i-/|C _ 


e 



A J) £ C 

Fig. 3 


— —5 = 25 (cm) and DC!=£-EC-\-DE=--'ib (cm). 'I'lie si<!es are found 

from the triangles ADB and DCB. 

Answer: VTCO 27.7 cm, y?C = Vf309 = 37 cm. 

514. Let ABC ho the given triangle 
(AC ■■■ CB~b). It j;} required to deter¬ 
mine the area S of the triangle 0j0.>0-, 

(hig. 4j. 

Wo have S~~ O.s0;('0jC, where 0 .j 03 = 

AB and 0,C~--AB. AB^ — U^. 

Alternate solution. The triangle O^O^C 
is equal to the triangle O^BC. .since they 
have the common ha.'^o O^C and equal 
altitudes. The triangle OiOjC is equal 
to the triangle 0,AC (for the same rea¬ 
son). Hence, the triangle is equal 

to the square OtBC'A. 

Answer: S h'^. 

515. J3y hypothesis, the line-segment 

AB - a is divided hy the point M in ' 

the ratio m:n (Fig. 5). Therefore AM ~ and MB In the 

in -f- n rii -4- n 

same way 

= and NC K DLA=- 

•nA-n ,n-]-n 



i'.-0i338 
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Consequently, 

LM = MN = NK = 


■-KL-. 




_I .-.— _ 

(m-f-np ' m-J-n 


|2fl2 




Furthermore, all the angles of the quadrilateral LMNK are the right ones (since 
the triangles ALM and BMN are congruent, we have ^LMA = — 

— /.NMB\ hence, aLMA •+- = 90®; therefore 

Consequently, the quadrilateral LMNK is a square. 


^ ^ fl2(m2+n2) 

Answer: b =— —;— 75 — . 

[m -f- n)2 

Alternate solution. Subtract the total area of the four triangles from the 
area of the square ABCD. 




.'jIG. By hypothesis, ^ /J/.4 = 30= (Fig. 5). Consequently, 


AL = 


ML and AM 


yz 


ML 


Hence, 


AD^AM + MD = A.\f + AL =i-(l -J-Vs) ML 


Consequently, ^ 

area ABCD: area Z.3/A'A’ = .‘1B2 : il/Z],2 = (l-1-1/3)“: 4, 


area £A/A'A-= ^ a^ea ABCD 

Afis'wer: the ratio is - - „ — 2 (2—1/5) ^0,54. 

(1 + V3f 

517. Let us denote AM (Fig. 5) by i. Then AL^MB = a-x. Consequently. 

area KLMN = id/- = + AM^ = (a - x)2 + 

25 

By hypothesis, {a~-x)^-\-x^ Solve this equation. 

/iHSi/'er; the required segments arc equal to y and — . 

518. A preliminary. It will become clear from the solution how to find the 
position of the verlice.s of the inscrilwd rectangle KLMN (Fig. 6 ). At the moment 
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slrifctTonrfhe «cTI„ye thematically, beginning with the con- 

Solution. Find the line-segments MB = x and BN = ». Since AB = i 

are congruent (prove it!): conse¬ 
quently DL — BN — y and LA = 3 ~ y. The triangles LA M and MNB 
are similar, since their acute angles ALM and NMB arc equal (as angles wiili 
mutually perpendicular sides). And since, by hypothesis, ML is three times 
greater than AIN , we have LA = ZAIB, and, also, AM = i.e. 3 _ y -= 3x 

and 4 —x = 3s. Hence, x = 4, y = -|-. Now we C 

have * * /\ 


ML - 3 Vl06 Z_ 1^ \ 

ML - g— /! L B 

Fig. 7 

Airnecr: the sides of the rectangle are equal to as 1.29 m and 
■ " . o,o7 m. 

= The triangle ANL, in which, by hypothesis. d4:=-i„ 

2 

and >1 A^=~£i has it5 angle A in common with the triangle ABC. Hem'o, 
their areas are in the same ratio as the products of tile sides: ^ 


1 Therefore 


- * 3 S' 


-v t .1/- sA BC — 35 AW t = Syi nc “ 

TVo/c, The triangle LMN, as well as the triangle ADC. is an eaiiilalenl o„„ 
/'j/Jv"-'* ' ^ method may bo used for determining the area of the Iriangle 


14 * 
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520. We have (see Fig. 8) a + 6 + c = 2p; hence a + b — 2p — c and 
o 2 -I- 2ab + b- = {2p — c)'^. But a- + b- — c- and ab = ch (sec solution of 
Problem 512). Therefore + 2ch = ip- — ipc + c", whence 

_ 2 p 2 

"""hTTp 
2pVi 


, , , 2p{k-{-p) j 

Now we have a-f-fc — —r-r-ar:— 


of tlie equation 


T-\^2p hi-2p 

2p (h r p) ^ .. 2i&. 


. Hence, a and b arc the roots 


k -t 2p 


h^2p 


2p2 


„ _ |/( p IAp— 

The problem is solvable only if p > h (V- + ' • 




Fig. 9 

521. Either of the sides AC and BC (Fig. 9) of the triangle ABC is equal 

2P— 2ii 


P — a. Let X be the length of the line-segment CM (.r CM-~CN). 

The perimeter 2p of tlie trapezoid A MSB is obtained from the perimeter 2F 
of the triangle ABC hy subtracting CM -- t’A’ - 2.r Inna IP and then adding 
M\ t«» llie difference thu-s obtained. From the similarity of the triangles ABC 
and MXC we find 

AB-MC 2ax 


Hence, 


2P- 


cs hence 


AnswiT. C M CA — 


(P-o){P~P) 


P~~2a 


(P — a){P — p) 
P~2a 
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It IS required to determine the distance NP = x between the point N 
.10) and the base and tlic distance NM = y between tlie point .V 

tile side AB^c. From the similarity of the triangles AMN and ABC 


522. 



Fig. 10 



Fig. 11 


(where BC^b) we find i.o. and from tile .similarity 

of the Iriiiiigles NPD and DAD we have , i.e. i. = !lzj;. xhon we 

solvo these* two equations. 

, (1C ab 

Answer: i - ; u —— . 

a 1 a-\-b 

Ij't ABC (Fig. 11) is the given triangle. Since DE is ii midliiie of 
the Iriaiiglc and DE = CD. we have C/)=i= i dC. Consequently, z f-dD = 30“. 
AB VS 


Therefore CD ~ 


3 


>V.s 


Answer: S 12 cm-. 

024. Put s BO, ij~AO (Fig. 12). 

Then the are« S of the rhombus ADCD 
is equal to 2jij. By hypothesis, = 

—; beside.s, from the right-angled 
triangle AOB, where AB-:^~2p = -^,\vc 
findjT^ f .Squaring both mem¬ 

bers of the first equation and subtracting the second one, we find j 



Fig. 12 


Answer: S tr 


cm^. 


• The solution is independent of whether n is the larger or the smaller hase. 
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523. Let X denote the altitude BE (Fig. 13). Then AE = x and FD = xy3. 
Since AD^^AE-yEF-^-FD, a=^x-{-b-yx~\/S, Hence, z=--^=:-= 

ys-fi 

(a—6) (V3—l) 

4 

526. By hypothesis, AD = 44 cm and BC — 16 cm (Fig. 14). Hence, AE 4- 
-{- FD = 28 cm. Denoting the length AE (in centimetres) by x, we have FD = 




! 28 — a;. By hypothesis, AB ■ 
< 172 _ 3,2 anrf cf^ = 252 _ 


= 17 cm and CD — 25 cm. Consequently, BE* 
(28 — x)*. And so, we get the equation 


172 _ x2 = 252 — (28 - J)2 
whence j — 8 (cm). Hence, we find the altitude h: 

Vl72~x2 = l5 (cm) 

, , « (fl 4- 6} /i 
Now we find S — -—^—. 

Answer: S — 450 cm^. 




527. Denote the side of the inscribed square (Fig. 15) by x. From the 
similarity of the triangles AiiTL ( wherein AK= ^ , , , and LK^x\ 
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and 4£i?(vvhOT0inyi£ = -|. and = ,ve get the equation = 

a Vs , , a 

wherefrom we find x = y 3 ( 2 _y 3 , 

•S = H(2-V3)- = 3(7-4V3)a2. 

V hypothesis, /IZ) == 36 cm and DC = 14 cm (Fi^ 16) The areas 

S,: 52 = 36:14=^ 

4 

Consequently, 5.='||'5, where S = + s, is the area of the triangle ABC. 

divides the area i' into two equal parts 
which means that this line intersects the base AC between the points A and B 



(hut not between D and C). We gel the triangle AGB, whose area O', is equal 
lOjS. Since the areas of the similar triangles AGE and ABB are in the same 
ratio as the squares of the sides AG and AU, then 


whence we find 
lienee, 


18 1 

-5:-5 = 362:^G2 

AG 3 


= 20 


30 (cm). 

GC = dC — sic != (36 + 14) _ 30 , 

Answer: 30 cm and 20 cm. 

529. See the solution of the preceding problem. From the condition 
dB : BC = 1 : 8 we find that the area of the triangle BUC (Fig. 17) is 1 of 
the area 5' of the triangle ABC. Since, by hypothesis, BD 4 . we have” 

En:K.=:^S:^S 

Answer. EF=^3. ^ ^ 
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the triangle ABC. Since these triangles are similar, EB^ :JDB^ : AB~ = i :2: 3. 

By hypothesis, hence, and DB — . 

y 3 3 

/Bfsieer: the side AB is divided into the following parts: , 

^(y2-l)a.Kl^(V3-y2). 

531. By liypfjtlicsis, the area of the triangle ABC {Fig. 19) is equal to S, 
and that of the triangle KBM, to g. Three vertices of the quadrilateral coincide 


a 




wUli the points A'. B, and M: and the fourth vertex /. may be arbitrarily taken 
on the side AC. Indeed, tlie area .S', of the quadrilateral LKBM is the .sum of 
the area g of the triangle KBM and the area of the triangle KI.M. and the latter 
remains unchanged as the vertex L intwcs along the straight line dC parallel 
to the base KM. f.et the altitude BE of the triangle ABC pass through the point 
E of the base .-W'. Placing the p(»int !, at the point A, wo get the quadrilateral 
KBME. whose diagonals are mutually perpendicular; consequently, Sx 

-L KM-BE. And since g-~ KM-Bl). A', : </ — BE : BI). But since the 


triangle ABC 
Consequent ly. 


is similar t<» the triangle KB.M, we have A' 




BE 



\/Sg 


7 


BE- : BDK 


Sute. If the point I. does not coincide with the point E. the solution is modi¬ 
fied: find 

■S' I \ KM- un t- ~ A'-W • A7.... i AM/ (BD + NL ).. -L KM-BE 


and then procood in the same way as above. 

.532. Let the line-segment EF -- j (Fig. 20) divide the area of the trapezoid 
ABCl) (M) «, BC - b) into two equal parts. Then 

{(I - c. j") i Ij (x “j- b) F .1/ . . , Iff , ’ i \ r \i 

I -- L-O--, 1 . 0 . {a -l-x) b L^{x-i-b) EM 



Chapter VIII. Plane Geometry 


217 


The altitudes FL and FM cannot be found separately (the length of one of them 
may be taken arbitrarily), but the ratio FL : FM is of a definite value. Namely, 
from the similarity of the triangles HFD and CFK (wherein IID -- « — x 
and CK — X — b) we find 

a—X X—b 

TT'^Tm 

Multiplying this equality by the preceding one. we gel 

a2_x2 = i2 —62 

whence _ 

Alternate method. E.xtending the nonparaliel sides, we get the similar triangles 
BGC, EOF and AGO. Their areas S\. Sz, i>3 arc proportional to the squares of 



and since q = 1 - (J, 


q {x- — b-} ■ 
x^ -h’ ■■ 


: q (a- — x=*) 


DG 


Answer. ^ = 

533. By hypothesis, BE—HF—a (Fig. 21) and EF — b. Hence, EG~^= 

/•hIF 


and 


By the theorem on proportional linc.s in the right-angled triangle {BDE) 
BF~ a? 

we find . . . . . Now wo find the side of the rhombus 


/.-(if 


(AD). The isosceles triangles ADD and BEF are similar, since their angles 
(all of them are acute) are respecti%'ely equal (as the angles with mutually 
perfiendicular sides). Consequently, 

AD:DD = BE:EF, 
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AD: 




T~a : b 


■wherefrom we find AD and then the area of the rhombus 5- 
Answen 


AD-a. 


b y4a2 — b2 ■ 

534. Let AB = 27 cm and AC = 29 cm (Fig. 22); then the median AO « 

lateraMfl£C is a parallelogram (prove iti) with sides of 
aH and z9 cm. 

The area of the triangle ABC constitutes half the 
area of the parallelogram obtained, on the other hand, 
the area of the triangle ABE is also equal to half the 
the parallelogram ABEC. Consequently, the area 
iDc IS equal to the area of the triangle 

A B^t, whose sides are known (^15 = 27 cm; BE = 29 cm; 
AE — 52 cm). Now the area of the triangle may be 
computed by using Heron’s formula: 



•5 = Vp IP— 0 ) (p —t) (p — c) 


Answer: 270 cm^. 

335. By the law of cosines a2= 62 + c2 —26c cos/4, and 
since 5 = 16c sin/f, i.e. sin 4 = 11 = , we have 


Fig. 22 


cos4 = ± yi —sin 24 = 


We get two solutions; both of them are suitable (in one case A is an acute 
angle, in the other it is an obtu se one). 

Ansit'en a = j/^624-c2 —Ihc or a=|/^6= + c2 + l6c. 

536. From the triangle ABC (see 
Fig. 23) we have 

= 6“ 4- c 


and since cos B ■ 
= —cos A , then 


— 26c cos B 
cos (180° — A) 


m- — 6- -f- c- -t- 26c cos .4 
From the triangle ADC we find 
m- — a- d’ — 2ad cos D 

Equating this expression to the preceding one, we get 
26c cos A -f- 2ad cos £> = — 6= + 



( 1 ) 
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In the same way, considering the triangles ABD and CBD, we get 

2ac cos A 4- 2&<i cos D ~ a~ — b- ~ {(P — 4) (2) 

Equations (1) and (2) yield cos A and cos />, and then we find nr and Proceed 
as follows: multiply (1) by 6, and (2), by a, and then subtract the first equation 
from the second. We get 

2 {a^ — 6-) c cos A = (a* — &-) (a — 6) — (cT^ — (a b) 

Dividing both members of the equality by (a® ~ 64 we obtain 

2c C0Si4 = fl~6- 7- 

a — b 


Now we find 


-/t 2 == 52 ^ c2 4- (2c cos A) 6 = c2 4 a6 — 


(d 2 _c 2 ) 6 _ 


a(c2-52)4&(a2.-rf2) 

a — b 


Similarly, we find 


2dcos D = a —64 


<1 — 6 


and then 


n 2 = 62 4 <i2 ^ (2(i cos D)b = 


52)-|-5(a2_c2) 

0 — b 


Note. The line-segment AD ~ a is smaller tljaii the broken line ABCD. 
Therefore the problem is solvable only if a < 6 -i- c -i* d. But this condition 
alone is not sufficient, which is seen from llio following. Let a > 6 and c d 
(if these inequalities are not fulfilled then we can always change the notation 
to make the inequalitie.s valid). Draw a straight line BL parallel to the side CD 
to complete the parallelogram DCBL. Now we find: BL = CD — d and DL -- 
= CB = b. In tne triangle ALB the side LA — DA — DL — a — 6 is larger 
than the difference of the sides yli^ - c and BL = d. Therefore another condi¬ 
tion should be satisfied, namely a — 6 > c — d. If cither of the conditions is 
not fulfilled, then at least one of the expressions obtained for and n- will 
turn out to be negative. 

The two conditions a<6 + c4danda — 6>c~c/are quite sufficient 
for the problem to be solvable. Indeed, the first condition may bo written in the 
form a — b < c ->r d. Consequently, wo can construct a triangle ABL with 
the sides AL =■- a — b, AB — c md BL = d. Extending the side ALhy LD = 6 
and constructing a parallelogram DLBC, we get a quadrilateral ABCD, which 
is a trapezoid with the bases AD — a, BC =■ b and nonparallel sides AB ~ c 


and DC = d. 
Answer: m2 — 


a(c2„62).f.b(</2-J2) 

a — b 


a(d2_52)45(a2_c2) 

n^— -r- 

a — b 

537. For the notation in Fig. 24, where £,A ~ tiO^ we have 
BD'^ AD'^’j- AB^ — 2-BA ./ID-cos 60'^ — a- -f b- ~ ab, 
AC‘ = fl*4- 6“4* a6 
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Since AC is longer than BD, the given ratio y is equal to (but not 

to I • From the equation 

a^ + >f‘ + ab 19 (t) +*'I"T 19 

o2 + i2_a6 ~ 7 /^\2 J r^'T 

I b I +*"T 

we find these values give one and the same 

parallelogram (we may alter the notation in Fig. 24, denoting AB by a and AD, 
Answer: the sides are in the ratio 3 : 2. 

538. Let 0 be an arbitrary point within the equilateral triangle ABC 
(Fig. 25). Join the point 0 with the vertices. The sum of the areas of the Iriang- 


S 



les AOB, BOC and COA is equal to the area of the triangle ABC. Denoting the 
side of thi.s triangle by a, and the altitude, by h, we get 



(0A- + 0t + 0.1/)-^ = ^ 

Hence, 

h = OK -f OL -{- OM 

539. By hypothesis, BC =■- 47 m and CA ~ Om 

(Fig. 26; the drawing is made not to scale); hence, 
BA ~ 56 ra. Consequently, AD -AE — 9 -56 — 504. 
Let AD ~ jj then DE == x + 72 and, hence, 
>4 ~ 2x -1- <2. From the equation x (2r -f- 72) = 

— .504 wo find x ~ 6. 

Answer: AE ~ BA m. 

540. The problem is reduced to finding one of 
the legs of the triangle GAB (Fig. 27), given,the 


hypotenuse OA ~ m and altitude BD — -jj-. Let us denote the larger leg by x. 


and the smaller one, by ij. The area of the triangle GAB expressed in two 
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different ways (see solution of Problem 512) gives the equation xy -- a— , i.e. 

2.rt/ = am; besides, x-y- ~ m^. Adding and subtracting these equations by 
members, we get 

■*■+*/= V nt‘^-Vom 


and 


jr — y^'l/in^ — am 
Both x and y can serve as the requited radius. 

Answer'. —( — am), or — '\/m- — am)- 



I’ig. 27 Fig. 28 


541. Since the radius of the circle is equal to 13 cm atid MO cm, then 
cm. ;WC:-18 cm (Fig. 28). Lot us denote MB by r. Then /!.)/ -25 —.r. 
.Since AM’MB:^MD-MC, we have 


(25 —j-)x = 18-8 
Hence xj--l(j, ‘J. 

Aii.fwer: the segments are 10 cm and 9 cm 
long. 

542. From the triangle EBO^ (Fig. 29), 
wherein we find 



From the triangle ADOt, wherein Z Z ^AB - y ^ 90" — ~ J , 

*" find ^ O q I 

r = 0,/J = 4/)-Ulll /'ikv-—'), ‘ ' 
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Since (from the triangle ABD), we have 


col 


R:r=~ 




fi cot (45"-^ 

Answer: — ---- 

r sm a 

543. By hypothesis, a — BC = \Z cm, b = CA = 14 cm, c = AB = 
— 15 cm {Fig. 30). Denote OE = OF by B. The area of the triangle ABC is 


L 



equal to the sum of the areas of the triangles BOC and AOC. Since the areas of 
these triangles are equal to and respectively, then 


^Anc — 


27/? 


On the other hand, by Heron’.s formula 

Sapc = V21 (21 - 15) (21 - 14) (21 - 13) = S4 cm^ 

Equate the two expre.ssions for the area. 

o 

Answer: cm. 

544. In the right-angled triangle OEB (Fig. 31) the angle EBO is equal 
to 60^. Therefore 


Hence, 


BO=^EO- 


V3 


From the triangle ABD we find 


211 

" ys 

i;(y3+2) 

ys 


2fi (1,^ + 2) 

ys 


and rljC>=;?{y:i+2) 
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hence, 

^C = 2/i(y3 + 2) 

Answer: AB = BC = —iy^+-\ AC = 2R('V3 + 2). 

V 3 vv' T ; 

545. From the triangle ABD (Fig. 32) we have 

BD^~\/BA^—AD1^^ iS cm 

Since 

BCBD=^BA'2-, 

then 


Consequently, 


BA"^ 

era 


^C = yfiC2-Z?/12 = 40 cm 


Answer: the scniicircumference is equal to 20n. 

546. Since the angles D, and E of the quadrilateral ODBE arc the right 
ones and DO == OE (Fig. 33), this quadrilateral is a square. The sought-for 


B B 



Fig. 32 Fig. 33 


arc DE is equal to one fourth of the circumference of the circle. Let us denote 
its radius by B. From the similarity of the triangles ADO and OEC we have 

AD OE 
AO ~~ OC 

Since 

AD ^ y Ad 2 ~ OD2 = y 152 _ /^ 2 , 

then 

yi52-/*2 B 
15 ~ 20 


Hence, B~i2. 
A ntwer: Grt. 



224 


Answers and Solutions 


547. The area S of the quadrilateral ADEB (Fig- 34) is 


have 


S =Sabc—^oec 


cra2 


To find SdeC' ws notice that the triangles DEC and DBC have tlie 
common vertex D and one and the same altitude (not shown in the drawing) 
} 

and that -t nc — ^ Consequently. — -CB. The 



B 



Fig. 35 


unknown segment CE is found proceeding from tlio property of secants drawn 
from one |>oint (C). We have CE'CB.^CD-CAs whence CE~ — 7 rnr~ • Hence, 


CE 


.CDCA 


CB 


^ 1.2 cm- 


.S' - - 10 .S cm-. 

'AS. Tlio iiiva >■ of the triangle ABC (Fig. 35) is equal to the product of 
il.s perimetor ‘In ~ 2 a--f-h“ and “ (r is the radius of tlie inscribed circle): 


On the other hand, 


S ~ (a-h c 

S=:lACBG = ah 


l-hpiating the two expressions, we find 

ah 

a -f- 1 / rt- 42 

'] he segment /O:.' is found from the proportion 
DE‘AC^ BF:BG 
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where 

AC==:2a^ BF^h—lr and BG=^h 

J^ote. We may find r in a different way: the straight line >10 i« the biserf nr 
of the angle A. Hence, the line-segments GO = r and Ofi ^- r are nroJlr 
tional to the sides >1G and AB, iTe. propor- 


f/flZ ^ /,2 


Answer: 


■y q 2 a 

2a(yi^2-a)^ 
ya2 + l,^-^-a *2 

549. Since OB.04 ^ OC-OD (Fig. 30) and OB - OC then 04 - on 
The opposite sides AB and CD of the quadriiateral ABCd'sltc equal to eacli 

n 




Fig. 37 

other; hence, the given lengths (Om and 2.4ra) belong to the sides AD and nr 
[AD - Om UC - 2 4,nl. The lines HC and 40 cutting cqnarsegme,Its off 
are parallel, which means that^lhe quadrilateral 

BOo"„d dOO^wrifni^" "f "■« '“'-gK- 

, B0:A0^BC:AD 

whence 

.„ BO.AD 2-0 

nc 2.4 

hence, 4C.-.3 in. Now find the altitude of the Iraperoid 


h = BK == y4/i2 —4K2. 
4«sn;rr; S ~ 10.08 m^. 

550. By hypothesis, 4B = Bm, 


= /32_( 


0-2.4x2 


2.4 in 


uyimiiiusis, no = um, AC == 7m, BC = 9m (Fig 37) T m n 
Bn and Be bo the required radii of the circles with their cciitrclatV,' B and o! 
t5-0i33<J 




226 


Answers and Solutions 


Then == 6, = 9, wherefrom we find the 

radii 2?^, Rjj and Be- 

Answer: = 4m, Rb — 2in, Rc “ Ifm* 

551. Draw parallel to AB and OzP parallel to DC (Fig. 38). By hypo¬ 
thesis, AB =~ CD. Denote CD by x. Then OzP — -r, OzE — ~x. From the 
triangles OiEOz and OxPOz we have 

0,0| = 0,£2 + -?-i2 and 0,05 = 0iP2 + i2 


Equate these two expressions and take 



than the sura of their radii, but exceeds X 
intersect each other; hence, they have 


into account that 
0,£ = O^A ~EA^ OiA — OzB = 
_ 5 __ 2 = 3 cm 
and, similarly, 

0\P “ 0\C "f* O^D ~ i cm 
Then we get 

9 + -|-i2 = 49 + i2 

whence x- == 32. Therefore 
OiOl = 49-f 32 - 81 

A nswer: OiOz ==» 9 cm. 

552. Since the distance between 
the centres of the circles is less 
e difference between them, the circles 
I common exterior tangent and [no 



common interior tangent. Put OtC ~ x and O^C — y (Fig- 39). We have 
X — y = OiOz = 21 cm and x : y = OiA : OzB — 17 : 10 

.-! nsirer'. OjC = 51 cm, OzC — 30 era. • » «»• 

Two tangents to the circle O, (AfD and ilM) pass through the point M 
(Fill. 40). Hence, MD == MA. In the same way we prove that MD ~ MB. 



Consequently, 

MN = 2MD = AM-{■ MB = A B 

To find AB draw the straight line 0^6 parallel to AB. From the triangle 0,0,^ 
wherein OjC ^ AB, OjOj = + r and 0,C = - r. we get 

AB= +7)2 - (ft - r)2 

or 

AB = 2yWr 

Atiswer: AfN = 2\''Br. 

554. Let MN be a common tangent to the two circles (Fig. 41). Since .4^1/ = 
= MP =- MB, MN is the median of the trapezoid ABCl). We have MN — 



Fig. 40 Fig. 41 


— AB ~ 2yHr (see solutron of the preceding problem). Let us now find the 
altitude BG of the trapezoid. According to the theorem on proportional lines 
in the right-angled triangle {EAB), 
we have ff 


\BE-r^0^02--n-^r 



oao. Denote the radius of the required circle hv x. Draw the straight lino 
MN \\AB through its centre O 3 (Fig. 42). Since AB i.s perpendicular lo the 
radii 0,4. O^B and O 3 D, then AM — BN — x, ami. hence. 0, W -- li — x 
and O.N - r — Furthermore, we have 0^3 /t -f and O.O, = r-4- a- 
Consequently. ' ^ “ 

MO 3 - V(7( + jr)2—= 2 yiTx 


15 * 
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simiiariy, 

N03=2'V7x 

And since MN~2~\/Rr (see Problem 553)^ we have 

2 y + 2 VTx = 2 V7b 


whence 


TA= 


Answer: the radius of the circle is 


yH+Vr 

lir 

(Vn+y-rf 


556. Since 5 =- 2 -sin C, where C is the angle between the chords, the 
problem has no solution for 5> i<, 6 . If then we find sinC 


J 1 • . . - ' 

and there e.Kist two triangles with the sides a and b and area 5 : in one tri¬ 
angle f is an acute angle, in the other it is 

■ flZ62 ’ 



obtuse. In the first case cosCi 


Y< 

y-s^- 


in the second case cosC = 

Hence. 

c2 = 02 __ 2flfe cos C = a2 + 62 2 VaSpTTiJz 

{the minus for an acute C, the plus for an 
obtuse one). At 5 a 6 we get a right-angled 

triangle, so that c 2 —j 22 _|_b 2 , 7)10 radius of 
the circle circumscribed about the triangle is 

found by the formula /? = 


■2siuC ■ 


Answer: R = 


-2y— .v os.. 1 , .1 • , 

— -. tor o > — ah there is no solu¬ 


tion, for 5 < —i 76 ~-tv\o solutions (the minus sign if the angle between the 

chords is acute, the plus one if it is obtuse). At S =~ ah we have one solution 
(the cliorcls’are mutually perpendicular). 

557. By liypnthesis (Fig. 43), = A 2/?2 —aj —I /2 and A^lis — 

= fl 3 -: /? VThe altitudes of the triangles 0.4j/?i, O/I 2 B 2 and OA 2 B 3 are 

; 063 = —, respectively. Hence, we determine 


the areas of these triangles. Then we find the area of the sector it 

is eciuiv! to one sixth of (he area of the circle; therefore 




Similarly, ^oa 2 DB 2 -"-^ — Subtracting the area of 

each triangle from the area of the respective sector, we find the area of the 




Th^ area of the portion of the circle contained hclwcen the cliords d,fij and 

«2 , >5 

the area contained l)t'twe<‘n /I,/?, and /f yv 

A 1 B 3 is ^ • • /[ f In. 

S,l—Vs—^(.i-3V3-r(i) /V J 

Answer: the ratio of the areas is ei|ual ^ ^ 

. ji-l3(2~-V3) 

'" 7=3(2--1/3) • 

hSS. For dclprminins till' radius OK = r (Fi(-. 44) of tho inscribed circle let 
us make use of the forinula for llie area of Hie triangle: .S' -= r,r (p is thesomineri- 
nictcr of Ihe triangle). By liyp otliesis, A D ^ 14,4 cm, DC 25.0 cm, llicreforo 
AC ■= 40 cm. Hence./tfi =-- yAD-AC = 24 (cm), UC == \ UC-AC == 32 (cm) 
Con.Hujueiilly, p cm and S — .384 cm'^. 

Answer, the area of the circle is equal to G4a cm*. 




Tl!!-' joining the points of langency of the two parallel lines AB 

d CD (l-ig. 4.J) js the diameter of the circle. Therefore the inscribed angles 
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LEN and LMN (and, similarly, the angles MLE and MNE) are the right ones. 
Hence, the quadrilateral LENM is actually a rectangle. ABD is an equilateral 
triangle (since AB — AD and £A = 60®); the line-segment LN (the altitude 

of the rhombus) is equal to the altitude of the triangle i.e. LN — -. 



The area S of the rectangle is 
equal to 

~Z.A''2.sm /, LOB — 

/ BAD 


(the sides of the angles LOE and 
BAD are mutually perpendicular). 

1 / a Vs ' 


Hence, S 


^ V3\ 

” 2 \ 2 ; 


Answer: S = 


2 

3fl2 "l/S 
16 


sin 60®. 


560, It is required to determine the area Si of the figure MCNF (Fig. 46) 
and the area Sj of figure KDNE (the areas of the figures KALG and LBMN 
are equal to Si and 52, respectively). Since, by liypothesis. ACsskR, then 


B G 



OC=='l-OM\ hence, z OCil/==30®. Then we have / .V0iV= i80®—2-30®= 120® 
and Z KON — The area of the quadrilateral CMON is equal to 
and the area of the sector MONF, to Hence, = 

similarly, — -3^ Ji 2 . 


Answer: S 




5*2 


/?2(2V3- 


3 ’ 6 

= (Fig. 47), the altitude BE = 


h of the trapezoid is equal 


561. Since /_ A~ 

to By the property of the circumscribed quadrilateral, BC-rAD — 
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= AB^CD = AB. Therefore 

Answer: AB~~\/2S. 

562. Given the area 5 = 20 cm^ and altitude Z?£' = 2r = 4 cm (Fig. 48), we 
find the half-sum of the bases — =5 cm. Consequently, .4/i = 5 cm 

(see the preceding problem). Now we find AE AB'^ — BE^-Z cm. But AE 


B C 



is the half-difference between the bases of the trapezoid. Knowing the half-sum 
and the lialf-differoncc. we find the bases themselves. 

Answer: ylD=8cm 
DC=2 cm 
AB — CDzsZ cm 

563. The area Q of the trapezoid ABCD (Fig.49) is equal to 


DC-\AD 

2 


BM = {BC-{-AD) R 


{R is the radius of the inscribed circle). Since this trapezoid is circumscribed 
about the circle, BC-i AD=^All-i-CD. But AB= 


Therefore 


Q-^2R^ 


2R 

“sina ’ 


and CD- 


sin ^ 


= 2/?2 


, no ■ aH-B 
4/t^ sin —cos • 

sin a sin fl 


sin a-b sin p 


Answer: 


"-TlZ-S 

y sill —^ 


sin a sin p 



2 2 

564. Since the lateral side AD {Fig. 50), perpendicular to the bases, is equal 
to 2r, the inclined side CD is greater than 2r. Consequently, the least side of 
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preceding problem). Since 


OC 


the trapezoid, equal to yr, is the (smaller) base BC. To find the larger base 

.4/) draw straight lines OC and OD which are respectiveJv the bisectnr<! nf tlm 
ang es MCD and NDC rvhose sum amounts to iSOS Vence?^ iTco + Tofll' = 
- 90 . From the right-angled triangle ODN we find ZA'OD + ioDiV = 90“ 

Co,jsequently /AOfl= /il/CO, and the triangle OZ)iV is simillr^^^^^^^^ 

OCiM. We obtain the proportion ND ; ON = OM : j!/C, where ON = 0,W = r 
and MC = L (by hypothesis). Hence. ND = 2r, and AD = ztiV-f ND = 
= r 4- 2r = 3r. 

9r2 

Answer: S = -j- . 

ofii). The triangle OMC is similar to the triangle OND (Fig, 50) (see the 

r = -ir=2, then ,— = 2 and ^^ = 2. i.e. 

A /> = 20.1/ 2r and MC == 

ON i 

■=-<^=-' 7 rr. From the right- 

angled triangle OND we find 
r2 j-(2r)- = 42, whence, 

r=^ (cm) 

Now we find AD^AN-\-ND=^ 

40 

= r42r = 3rs=—IL cm and 
fi 

•^0 —- cm. The altitude 

•l/A of the trapezoid is equal to 

jr=:——- cm 

V5 

/l«5uvr: v9 = 14.4 cm2. 

The centre 0 of the first 
circle {Fig. 51) divides the alti- 
^ Consequently, the diameter .1/A' is equal 

/y.l/:.-~/i. The second circle is insciilwd in the triangle 



tude BN 
to ~ and hfjjce 


Fig. 5i 

h in tlie ratio BO: ON 


BDE, whose altitude i.s equal to one third of the altitude h of the titanelo slSC 
lienee, the raditis r.-^O.M ia nno ihi^t «r fha ..,.r}:..c 


’ ..-- •••. siv.ua tKttU Ut tliV aiblbuue /( ui.... 

Hence, the raditis r, ^^Oj.!/ is one third of the radius r^^O.W therefore, 

then tlie area of the 


if S is the area of tiie circle 
1 



/ a Va \ 2 na- | 

1. 

\ e / 12 J 


circle 0^ will be .s’, o — S. And since there are three such circles, their total 
area (4 will j)e 
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Reasoning in the same way, we find the total area of the next three circles 
<^ 2=-^01 =-^5 and soon. 

Thus, we obtain an infinite sequence of addends 

■5-t 01 + 02-i 03+ • =5 + ~5 + -^i’ -f.-^ S 

The terms of this sequence, beginning with the term “5 {the addend S is 
treated separately), form an infinitely decreasing geometric progression 
= g = . The sum of this progression is equal to 

\~q~ 1 “ 8 
9 


To get the required area the addend S should be added to the above su 

Answer: the required area is equal to ~iS = ~na 2 . 

o Jo * 

367. To find the area of the trapezoid 
BMNC (Fig. 52> it is required to find 
llie base DM ana altitude since CN 

is known. First deterinioe CD.-x. We have 

x(DC^i-x)^AD2 

or 

X (5 + x)= 150 
C/) —^ = 10 (cm) 


Hence, 


From the similarity of 
HMD and CND it 
DM CN DM 6 


the triangles 
follows that 



“■ ir=To’ 

f .L . MN nd 

Irom the proportion - 7777 -~-rrrr» where 


9 (cm). 'Ihe altitude A/.V is found 
wiiere N D ^1/CD'^~CN-. We get 

MN ~ 4 cm- 

Answer: 5'= 30 cm^. 

5G8. fx‘t Oj. O 2 and O 3 be the centres of equal inscribed circles and let r 
be their radius (Fig. 53). Since AOx and t’Oj are the bisectors of the angles A 
and C, each being equal to 60*. then Z OidZJ 30*; hence, /!£) = £+ = r VS. 
Furthermore, DE—OiOn^-’Ir. Therefore 2r{l'\/3) a. 

Ansu,en +ki+l> . 

2(y3^1) 4 
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569. The required area LMN (hatched in Fig. 53) is obtained by subtracting 
the total area of the three sectors OiML, O^LN and O 3 NM (which is equal to 
the area of a semi-circle of radius r) from the area of the triangle OiOjOa, whose 

side is equal to 2r = ** (see the preceding problem); therefore 


■^OiOsOa — V3 — 


02 1/3(1/3-1^ 
16 


The total area of the three sectors is equal to 

jir2 — Jta2(2 — t/S) 

__ _ _ _ 

570. Solved in the same way as the preceding problem (Fig. 54). 

^ ^ a^(A — n) 

v4nsu;er: o --rs- . 

1C ,. u • 

Alternate solution. The required figure KLMN is equal to the one which is 
hatched in Fig. 54. The latter is obtained by subtracting two semi-circles from 
the square B\CxMK. 




571. Determine the radius R of the circular arc of the segment, whose peri¬ 
meter is equal to the sum of the lengths of the arc ACB and chord AB (Fig. 55). 
We get “ Ji/?-; /ri /3 —p, whence 

B = -^ 

2n-t-31/3 
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The area S of the segment is equa! to the area of the sector less the area 
of the triangle OAB, so that 


S=jnR^- 




Answer: S ■■ 


3pM4n —3 V3) 


4(2n + 3 Vaf 

572. To find the sides AB and BC of the triangle ABC (Fig. 56), it is suffi¬ 
cient to determine EB = BG = j, since AE = AD = 6 cm and CG = CD = 


B 



= 8 cm. For this purpose let us compare the following two e-tprcssions for the 

area of the triangle; _ 

5 = rp and S = Vp (p —o) (p —6) (p —c) 

■where p is the semipcriinoter of the triangle, i.e. 

jlEA + AD + DC + CG + GB+BE)^-j[2i + ^} = m ^ 

We get the equation _ 

4 (14-1-3-) = 1/(14-, x)-x.6.8 

Hence, z = 7 (cm). 

Answer: AB—Vi cm; BC — ib cm. 

573. Let CD :DB-m:n (Fig. 57). Then BD : BC — n : (m n). Consequently, 

= —. Since /f = 180»—2C, cos 2C = cob (180’-C) = 
AB BC m -1- n 

=- - -Hence 

m -t- ft ___ _ 

^ ,/l-hcos2C ,/■ m 

cosC=j/ —=y 

Answer: /? —arccos—^— 
m -j- ft 

C — arccosl/^—-[" =-larccos (- - —) ] 

r 2 (m + ft) L 2 \ m + n / J 
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574. The circle is divided into four pairwise equal arcs: AB = BC and CD = 

~DA (Fig. 58), Let the arc BC be less than 90® we do not consider the simplest 
case m : n = i, when all the arcs are equal to 90® each). Find the central angle 




ce = aBOC measured by the arc BC. By hypothesis, DE : EB — m : n. Taking 

the quantity — for the unit of length, we have DE = m and EB — n. Hence, 
n 

DB m-f-n 
2 ” 2 
and 


Hence, 


and 


0£ = OC - Z)0 = m--2-i— 


m —rt 


cosa = 


OE m — n 
OC rn -}- n 


m — n 

a = arccos-- 

/n-f-n 

The arc CD contains 180® —arccos-^^—^ (d^rees), i.e. 

m-^n 

ji —arccos-(radians) 

m ~i~H 

Answer: the arc smaller than “ is equal to arccos(m > n); the arc 

, xv ^ — n n — m 

larger than is equal to n —arccos-— arccos-. 

l m-f-n m 4- n 

575. Let a (Fig. 59) be the angle of the parallelogram. Then 
hi ~BM — AB-sin a 
and 


/lo —BiV=5C*sin a 
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Hence, sin a = /jsina, whence sin a —■ If a is an 

acute (or right) angle, then a^arcsin Then the obtuse (or right} angle 

of the parallelogram will be n —arcsin^—^. 

Note. The problem has no solution if h^ P- H hj-f /»2 < p. the problem 

is solvable (at h^~\-h. 2 ~p we have a rectangle). 

Ill -f* h-t 

Answer: one of the angles is equal to arcsin ~—=, the other, to 

a —arcsin —= . 

P 

576. By hypothesis, BD : BE = iO : 41 (Fig. 60), Let us take ^ part of BD 
for tlie unit of length. Then BD — 40, BE = 41. Since the triangle ABC is 




a right one and BE is the median of the right angle, AE ~ BE == 41. BDE is 
a right-angled triangle, therefore 

DE = 

Conseijuently, ADAE — DE ==32. P«x>m the similarity of the triangles ABD 
«Ki ABC we Uni = 

A /!/? 4 

Answer: y- ■ 

577. Since AO (Fig. 01) is the bii^ictor of the angle a - / CAD^ /_ B.AO = 
In tlie same way we get ^= —a)-=45''' —, From the 

trianglo.s AOD and BOD we have 


Con.se<juently, 


AD -=ODco\.~ and £>B.-.= OB.cot (do”—|-} 


--AB = AD4 DB= OD j^cot ^ ( cot ( 45 ° --|-} J 
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wherefrom we find r = 


cot ^45°— 

reduced to a form convenient for taking logarithms: 


The denominator may be- 


cot -^ + cot 1 45°—^ j : 


cos cos ( 45‘ 

-“+ ' 

sin -:r sin (45‘ 


-t) 




g . i 

cos sin j 

\ 2 1 

1 . • « 1 
j 4- Sin COS 1 

1 2 1 

^ sin 45° 

. g . , 
sm sin 1 



. g . 1 
sin sm 1 

(--f) 


Answer: r ~ c V2 sinsin |45°—. 

Note. By using the formula r — S : p {S is the area of the triangle; p, 
semiperimeter), we could get a solution in the equivalent form 


c sing cos g 
1 -r cos g —sing 


578. Let us denote the sides of the triangle by a. b and c, and let a = 7 cra» 
b ~ 24 cm and c — 25 cm. Since <?*+ 6* = c-, the given triangle is a right- 



angled one. Coii.scqucntly, the radius R of the circumscribed circle is equal to . 

S 

The radius of the inscribed circle is found by the formula r = —, where 5 is 

P 

the area of the triangle and p, scmiperimeter. 

Ansiver: R ~ 12.5 cm, r = 3 cm. 


570. By hypothesis, z.RAE~^ (Fig. G2). Consequently, = 

It is icMpiired to determine 11—0^8 and r—OX. 

We have 
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and 

R-r^0tB-0iC==0iD 

From the right-angled triangle OiDO^, wherein 


^.OiOiD^/,BAOi = f 


we find 


OjZ) = Oj(!) 2 -sin-~, i.e. R- 


= dsin: 


From the two equations obtained we find 

<i(l + sin|) 


/? = 


2 


and 


sin-|-| 


Substituting cos|90® —yj for sinwe may transform these expressions 


Ansu-er: i? = dcos* ^45* —-y j 

r = dsin2 ^45'=’—y I 
580. From Fig. 63 wo have 

DE _ AfN 
'' AD *' AD '' 


sin Z BAD = 


By hypothesis, MN-DC^Q, i.e. 2ra = Q and. 
furthermore, nr2 = 5. These equations enable 
us to determine r and a separately, but since it 

is sufficient to know the ratio —, it is better 
a 

to divide by terms the second equation by tho 

whence . 

a nQ 

Answer: /,BAD=.arcsm 



4.9 

nQ 


581. The area of the inscril)cd regular 2n-gon is equal to n/?2sin 

Tho area of the circumscribed regular n-gon is equal to n/?2tan-i^ 
hypothesis, 

nRZ ( 


II 

■ fly 


180® . 180“ 
I tan-sin 
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Heoce, 

V” (tan a—sin a) 

180® 

where a — -. The expression tana—sina may be transformed in Ihe 

following way 

tan a —sina—tan a (I—cm a) = 2 tan a sin^ ~ 

Answer: 



582. Regular polygons with equal number of sides are similar; therefore 
(Fig. 64) their areas (5^ is the area of the inscribed polygon, S^, the area of the 




circuinscrihed one) arc in the same ratio as the squares of the radii 
5,: 52 = 002:0.12 
But from the triangle OAD we have 


OP 
OA ~ 
180° 


cos Z 00.4 = cos 


180= 


/t«suvr: 5 1 : ^2 = oos2 
583. Let AB = a (Fig. l>5) be the side of the regular n-gon. Then 


Z B0N = a = 


180° 


, and Z i^^AM = 


90® 


(as the inscribed angle subtended by the arc a). The area of the annulus is 
(? = a(0^2—0/t/2) = H-/lA/2 = n 

The width d of the annulus may be found from the triangle NAM. 
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Answer: Q=-^ ; i = 4 • 

4 in 

584. Denote the required radius by z so that (Fig. 66) C>2v4 = 0.^5 = z. From 
the right-angled triangle OiO^A, wherein Z and 0 i 02 = 0,5- 

—OzB^R — x, we have ^OiOjsin, i.e. z={ii—x) sin. 



585. The area of the quadrilateral ABOC (Fig. 67) is equal to 2-~D5x 

X AB^B^cQia. It is necessary to subtract from it the area 5o of the sector 
COBB, whose central angle is equal to 
(180~2a)®. We have 


5o = n/?2 


180-2a 

360 


90 - 


180 


I ng 
' 2 180 



(a is measured in degrees). 

Answer: 5 —.S'j —fcota- 

L ^ loo j 

whore the angle a is measured in degrees, or 
5 = /?2 l^eot ct'— a' j where a' is measured 
in radians, 

586. By hypothe.sLs, the area of the triangle ABF (Fig. 68) is eoual to one 
'■<>• two thirds of the aroa of ll'e triaii- 
gle ABC. Since the triangles ABC and ABB have the common altitude AG 


Fig. 68 


BF^- 


i. 

3 


BC = - 


16-01338 
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Therefore 


>1^2 = Bf 2 _ 2AIi^BF cos ( 180 ® — a} = fl 2 „ 


9 



o2 COS a 


Answer: j 4£ = -^12cosa. 

587. Extend BM (Fig. 69) to intersect the side OA of the angle AOB at the 
point R. From the triangle AMR, wherein /,AMR = Z.AOB 60° (as the 
angles with mutually perpendicular sides), we find MR — 2AM — 2a. Conse¬ 




quently, RB == RM 4- MB ~ 2a -f- b. Now, from the triangle ROB, wherein 
OR -= *205, we find (205)* ~ OB- = (2a -f b)-. Mence, 

y-i 

The sought'for distance O.M is determined from the triangle OBM. 

Answer: OM-- 


1/3 




588. The problem is reduced to finding A ACB ~2a (Fig. 70). Extending 
AC and drawing BLljOC, let us prove (in the saine way as in the theorem 
on the bisector of an interior angle of a triangle) that CL~BC = a. From the 

similarity of the triangles ADC and ABL wo get BL — - , and from the 

(a-^ &) t 

isosceles triangle BCL we have 5Fr=2acosa. Consequently, 2ocosa — —^— 

wherefrom we find cos a; then we find sin a and 

1 I 1 

S at sin a-r y ?i« a —— ^ 

Alteniaie solution. The an?a ”(il*sin2a of the triangle .450 is the sum of 
tlie arca.s -^fcfsina and -^afsina of the triangles ADC and BCD, respecti- 
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vely. Consequently, a6sin a cosa = s*" « + y“ whence we find 

cos a. 

Answer: S ~ - ^ "(o : 

589. Let the rays CD and CE (Fig. 7J) divide the angle ACB into three eaual 
parts; /.BCD = /,DCE ~ LECA = a. By hypothesis. AC — CB ~ a and 
tE — CD ~ l. In the same way as in the preceding problem we find from the 



triangle BCE: tij.s ct — ^rcqiiired 
area is t)ie sum t>f tlie areas of the triangles /1^7v; /JCE; BCD. 

Answer: () V(^« —0- 

590. In the triangle ABC (Fig. 72) CE is an altitude and CO is a median. 
Let us denote Die required angle OCE hy q. and the angles of the triangle hv 
A, B and C. From the triangles ACE, BCE and OCE we find the followim^ 
e.\prcssions for the .segments of the base: ” 

AE = EC-vnK A 
BE EC.t ot ll 
and 


0 /i —/'‘6' taii <1 

Since AO--OB, we have 

AE~BE^ {AO.\-OE)-~{OB-OE) 20E 

Suh.stilutIng the e.vpressioris fofind for t!ie.se st^menl.s, we gel 
EC • cot A — EC • cot H - - 2A'C • Uj n ff 


Answer: tan q 


cot A — cot /y — 2 tan <j 

~ (cot A — cot iS), 


or 
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591. The required area S (hatched in Fig. 73) is equal to the three-fold 
area of the figure EMFB. By hypothesis, 0E=~ AB—~ . In the right-angled 
triangle OED the leg OD (the radius of the inscrilwd circle) is equal to 
consequently, OD = OE^. Hence, Z D£O = 60°. Similarly, Z KFO= 
= 60°. Since the angle BBF is also equal to 60°, OE\\BF and and 




the quadrilateral OEBF is a rhombus with the side — and the angle 60° at 
the vertex 0. Subtract the area of the sector EOF, equal -f" (t)^’ 




from the area of the rhombus (yj and multiply the difference thus 

obtained by 3. 

Answer: 5 —(3 f/S—n). 

592. It is required to find S — ^AB-DC (Fig. 74). The angle CFB is 
a right one (as an inscribed angle subtended by the diameter). Consequently, 
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DC — AF, and thus, 


-AB-AF. But, by the property of the secant, we have 

=(4r 


ABAF = AE2 = 


Answer: 


' 8 


593. Since /.DCA = /.OBC (Fig. 75) and Z.BCO = /,OBC (for the median 
OC is equal to half the liypotenuse), we have ^DCA = ^BCO. But, by hypothe¬ 
sis, ^ACE ~ £BCE. Subtracting the former equality from the latter one 
we get £DCE = /.OCE, i.e. CK bisects the angle Z)Cf?. 

594. The diameter 2R of the circle circumscribed about the right-angled 
triangle ABC (Fig. 70) is equal to the hypotenuse AB. The diameter 2r of 
the inscribed circle is equal to 

MC -f CK (since MOKC is a 
square). Hence, 

AC BC ^ {AM BK) -f- 
{MC -i- CK) == {A L-\- LB) -\- 
-i- {MC -f- CK) 2/f -i- 2r. 

395. In the same way as in the 
preceding problem, prove that 
2 (r-i-^). ie. _a~\b== 

■^c. Further- 


= 2 (|« + «) = 

more, a2-f-62 = c2. 
Hence, 


3 

a = -jr f. 


(or .=1 


•, 6 - 


4 ^) 


Answer: sin A — 



3 . „ 4 

, SM\ B = -=- . 

5 5 

596. Let us construct (Fig. 77) the triangles OEOi and OFOi {F and /’ are 
the midpoints of the sides of the parallelogram). They are congruent Indeed 
OE = FC, and, by hypothesis, FC = O^F. Hence, OE =---- O-F. Similarlv. wo 
prove that OiE ~ Oh. The angles OEO\ and OFO^ (both of them are obtuse) are 
congruent, since their sides are mutually perpendicular. Froni the con-Trueiice 
<A the triangles 0£0, and OhVz it follows that 00, =--t 00-. and z 00. E = 
— And since OtE and OF form a right angle, the straight linos 00, 

and OO 2 also form a right angle. Hence, the triangle 0,020 is an isosceles right- 
angled one. The same refers to the triangles OjOjO, 0.0*0 and 0,0,0. which 
means that the quadrilateral OiO^O^O^ is a square. 
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CHAPTER IX 

POLYHEDRONS 

Notation (for this and next chapters): 

V — volume 

S or Siaso = area of the base 

Slat — area of the lateral surface 
SfQtai = total area 

a ~ side of the base 
r — radius of the inscribed circle 
R = radius of the circumscribed circle 
H = altitude of a solid 
h = altitude of the base 

If the above quantities are denoted otherwise, this fact is mentioned each 
time. In the accompanying figures invisible lines are presented by broken lines 
with short dashes, and auxiliary lines, by broken lines with longer dashes. 



597. The projection of the diagonal AiC of the parallelepiped (Fig. 78) on 
the plane of the base ABCD is AC (the diagonal of tiie base). Therefore the angle 
a between AiC and the plane ABCD Is measured by the angle AiC A. From the 
triangle AAxC we find 

AAi — AC-ian a = V a--;-*- tan a 

Substitute it into the formu la —(2a-|-26)».l/l{. 

.4nsiff?r: 2 (a fc) tan a. 

598. From each vertex of the prism, say from dj (Fig. 79), we can draw three 

diagonals AiD, AtC). They arc projected on the plane ABCDEF as the 

diagonals of the base {AB, AD, AC). Out of the inclined lines AiE, AiD, AtC 
the greatest is the one having the longest projection. Consequently, the greatest 
of the three diagonals taken \sAiD (the prism has otlier diagonals equal to AiD^ 
but there is none longer than AiD). 
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From the triangle A^AD wherein ^DAxA = a and AiD = d, we find // = 
= ^i4i = dcosa, AD — dsma.. The area of the equilateral triangle AOB is 

V'3. The 


equal to Hence Sbasr^ 

volume V^S-II = --... iil , .A• AA^. 


6.1.042. Vs =6 


1 

4 ( 2 / 


Answer: 


sya 


dosin'- a cos a 


.Xote. For graphical representation of a regular Ijexagoii (llie base of the 
prism) we may construct an arbitrary parallelogram 
BCDO. Extending the lines DOy CO, BO am! 
marking off the segments 0.4 = OD. OF ~ OC and 
OE OB, we obtain the hexagon ADCDEF. The 
point 0 represents the centre. 

599. (a) Drawin}’. The square serving as the 
base is represented by an arbitrary parallelogram 
ABCD (Fig. 80). The point 0 of inler'^edion of the 
diagonals represents the centre of the square. 

Joining the midpoint F of the .^ide AB with the 
verte.x of the pyramid E, we get the slant height EF. 

(b) Solution. W'e have 


F- 


1 


j2// 


where x is the side of the base {AB in Fig. 80) and 
//. the altittnle of the pyrami«l The angle a i.s 
Problem 597). From the triangle EBO we find B 
triangle OAB, 

OB-y^ —m Vii-cos a 



Z.KBO (see solution of 
- m sin a; from the 


Answer: }' = 


7j2 cos 2 a sin a 


/H-»sin ia-cosa 


■ 3.. ..* ■ 3 

600. Denoting the required lateral edge by m. in tlie same way as in the 
preceding problem, we find 

sin 2<z cos a 

whence we determine rn. 

Answ 


■i/ziLi: 

r sin 2a cos a 
60t. Let U.S introduce the following notation: 


AB^^x: EF -.y (Fig. 80). 


Then we have S T-Zxy. From the right-angled triangle OEF, wherein OE U. 
we find y- ^ ^ — ^ -\ II Eliminating y from the found equations, we get 
X* \ Ainx^—si^o 

This equation has two real .solutions , but only one of them is positive. 
Answer: x y^iH* ^ S‘^~21I^ cm. 
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602.* Joining the midpoints M and N (Fig. 81) of the sides BC and fE, 
we obtain the graphical representation MN of the diameter of the inscribed circle 

so that AIN — d and OJl/ = —, Since OAf is the altitude of an equilateral 





triangle with the side a BC = OC = OB). 4- = 24^ ; whence tt = -4=- . 

- 2 -1/3 

The altitude II = OS is found from the triangle SCO: 

II = Vcs2-oc2= ^ 

The slant height m = S,l/ of the pyramid is found from the triangle SC.M: 

Answer: V —— = V“ d^- 

603. (a) Drawing. The base may be represented by any triangle ABC 
(Fig. 82). The centre of the base is represented by the point 0 of intersection of 
the medians**. 

1 11 — 

{h) Solution. We have F = y • j ys//, The relationship 

between a and H is found from the triangle AOD, wherein ^Z) = o, and AO 
is tlie radius R of the circle circumscribed about the base; thus a = 7? VS. 


• For graphical representation of a regular hexagon see Note to Problem 598 
on page 247. 

*• Then two of these medians, which are of no importance for solving the pro¬ 
blem, may be erased, leaving only the point O on the median as is done in 
Fig. 85 on page 250. 
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We have 112 = AD^ — A0^==^a^—-^ = ^a~. Substituting = ^ IJ- into the 

Vs 

expression of V, we get V 

o 


3 ' V 

Ansioer: J! —2 t / —. 

y 1/3 

604. (a) Drawing. As dislinet from a rectangular parallelepiped, all the faces 
of which are rectangles, the base of a right parallelepiped is a paralleiograin, 
only the four lateral faces being the rectangles. But in drawing a rectangular 
parallelepiped (see Fig. 78 on page 246) we are forced to represent the base also 
in the form of a parallelogram. Therefore the drawing of a right parallelepiped 




does not essentially differ from that of a ri“claiigular parallelepiped, which crea¬ 
tes additional difficulties for reading mjcIi drawings: it is necessary to remember 
that the acute angle of the parallelogram shown in the drawing corresponds to 
the actual acute angle of the figure represented. For the sake of clarity it is 
recommended to make this angle loo acute, as in Fig. 83. and mark it ohligalonj 
with a letter (in the given case—with the Greek letter a). 

(h) Solution. In a right parallelepiped (he diagonals (four in number) are 
equal pairwise: AtC — ACt and HlJi - BiD (in Fig. 83 AC, and are not 
shown). Let £ DAIJ -■■■ a be an acute angle of the base ABCU\ then a -^BC -■ 
r^= iso® — a is an ijbtuse one and AC > BU. Hence, BDx is the smaller diagonal 
of the parallelepiped (since BD\ — 11^ + BD-, whereas A,C^ — It' -f- AC'-, 
hence, BD\ < A,C*). From the condition BDi — ^IC wo may find 11. Namely, 
from the triangle BDDi we have 

ir^ ^ B/J\ - BD- = A C" - BD- 
From the triangle ABIJ we find 

BD' = a* -F 6® — 2ab co.s a 
and from the triangle ABC we find 

A C‘ == a- H* h- — 2a6 cos (180^^ — a) 

Consequently, //- /,ab cos a. 

Answer: V ■--2s\ua~\/{ab)'^tM'Aa. 

605. Let us denote the larger side of the base {AB in I’ig. 84) by a and the 
smaller one {BC), by b. By hypothesis, a -j 6 — 9 crn. To find a, b, and the 
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acute angle a, let us compute the diagonals of thejlase. As has been proved 
in the solution of the preceding problem, the smaller diagonal IBD, = VSd (cm)) 
of the parallelepiped is projected on the plane of the base as the diagonal BD. 
Thcrefdre 

- BDl - DDl == (V33)“ - 42 = 17 (cm2). 

In the same way we find .•1C2=65 (ciii2). And so wo get the following two 
equations: 

fl 2 .. h- —2 ab cos a--=17: <* 2 -,. 52 o cos a = 65 

Adding them, we find o'-t-62 = 41, which, together with a + 6 = 9, yields <i=!5, 
6 = 4 (we have denoted the larger side by a). Subtracting, we find 4a6cosa = 

™48, i.e. cos a = = 0.6. Consequently, 

St<i.<c = “l>sin ct —4.5 0.8 = 16 cm^ 

Answer: 1=64 cm’, = 104 cra2. 

606. (. 1 ) Drawing. For constructing the point 0 see I’rtddem 603 (Fig. 82). 
To construct the plane angle of the dihedral angle at tlie edge BC (Fig, 85), join 



the Iiiidpciirit li of the segment BC with the points D and A; since CDB and 
CAB are aelually the i.soseoles triangles. I)F. and AE are perpendicular to BC, 
i.i'. _ DEA i| i.s the requireil plane angle. The altitude of the pyramid DO = 
h lies ill the plane DEA. 

(hi Aeiii/ion. U e have tan q , where OO =6, and 0£ = -i,slO (the 

medians aie divided in the ratio I; 2). AO is found from the triangle .100, 
wliiTciii AO -I. 

cr arctan-===- . 

I 

bIJi. Ihe anslo a is measiiriMl l»y ihe angle OBE (Fig. 86), because OB is 
Ihe projection of the edge Bh on the plane of the base. To construct the plane 
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angle q' of the dihedral angle at the edge AP, join the midpoint F of the 
side AD with 0 and E (see the explanation to Problem 6(M>). Since S^age — 
(F 

= a2 —to compute V we have to find H — OE and d- DD. From the 
triangle ODE we find // = “tana, and hy hypothesis, U Multiplying 



tliose equations and tl»en dividing them termwise, we find 

( d \i 


U''-~S tan a and 


(4r 


S col a 


Hence, 




••6'“ cot"a 


The angle tp is dolenninod from the triangle (?/■£-, wherein 
OF ** ^ 


OE 

tan q - tjtt - // 


; _ L„ . ^ = 'YS Ian a : d '•S' cot rt • V'’2 tai 


Answer: 1 ~ col"a; tan ^ V 2 tan a. 

t)UH. (a) Drawitif!. The base of the pyramid is a regular pentagon (from the 
equation 180“ {« — 2) 540“ wo find n - 5). And in the regular pentagon 

ABCbE (Fig. 87a) eacli diagonal (say. AD) is divided hy each of the other diago- 

1/5 — 1 

nals (forinstanccifi') in theextremeaiid mean ratio,so that/; Af —-—AD s? 
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X 0.6 AD. Furthermore, each diagonal is parallel to one of the sides (for instance 
AD\\ BC). The centre 0 is the point of intersection of CM and EN. Therefore, 
the drawing of the regular pentagon may be constructed in the following way. 

Construct an arbitrary triangle i45Z) {Fig. 875). Divide the sides AD and BD 
by the points M and N in the extreme and mean ratio—approximately in the 
ratio 

AM : MD = 2:Z 


for this purpose it is sufficient to divide one side and then to draw MN\\AB. 
Draw .4£i| BD to intersect the extension of the line BM at the point E. Point C 

is constructed likewise. The centre is 
represented by the point 0 which is the 
point of intersection of CM and EN. 

(b) Solution. From the triangle COF, 
wherein / OCF = a and CFi=l. we find 
H ^OF = I sin a; OC = I cos a. The area of 

the ba.se S =^5-~-OC-OD x^in^COD^ 
= 72‘=~-|- i 2 cog 2 d sin 72®. 



Answer: 




6 


P sin 72°X 


7r= 
side OC 


X cos-a sin a. 

Kig. 88 609.* The angle a is determined from 

the triangle COF (Fig. 88), wherein 
CB- a (by hypotiiesis, the triangle CBF is an equilateral one). And the 
(the radius of the circumscribed circle) is expressed in teiras of a 


from tlie triangle COV, wherein the angle COV is equal to 36® and = 

ue have OC , hence, cos a = - 777 r =. 

2.sin 3b® CF 2 sin 36^ 

The angle tp is determined from the triangle OVF, wherein FU 

(as the altitude of an equilateral triangle with the side a), and OU — 
(from the triangle COV). We have 

OU flcot36' 


cos (f; “ 


Answer: a arccos 


\ 


2 sin 36" 




a~[/Z cot 36' 

— - 

cot 36® 

“VT 


V3 


CIO. We have (see Fig. 88): BC — a^ OU~-^co\ 


180® 


The area of the base 


^ cot cot 

2 2 « 4 n 


blom. 


For graphical repre.^entation of a regular pentagon see the preceding pro- 
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From the formula V = 


we find 

’ 




Denoting the required angle OCF by a, we have 


where 


OC 


OC^- 


2 sin 


ISO** 


. 180® 180® 
24K sm-tan- 


Answer: a —arctan- 


Preliminary Notes to Problems Cll through CIO 

If ail the lateral edges of a pyramid fonn equal angles with the base, then (1) 
all the lateral edges are equal; (2) a circle can be circumscribed about the base; 
(3) the altitude of the p^Tamid passes through the coiitro of this circle. 


s 




Proof. Let the edges SA, SB, SC and so on (Fig. 89) form equal angles with 
the plane ABCDE. Consider the right-angled Iriaugies AOS and BOS {OS is 
the altitude of the pyramid). They have a common altitude, and the acute angles 
OAS and OBS are equal to each other (since they measure the angles of inclina¬ 
tion of the edges SA and SB to the base, respectively). Consequently. A S ~ BS. 
Likewise, we prove lhalZJA' = CS and so on. From the same triangles /i 05 ami BOS 
we find AO ~ OB. Likewise, we prove that OB ~ OC and so on. Hence, the circle 
of radius 0/1 and with 0 as the centre will pass through the points B, 0, and so on 
611. As has been proved, the altitude EO |»asses tliroueh the centre of the 
circumscribed circle, i.e. through the point 0 of intersection of the diagonals 
(Fig. 90). The area of any parallelogram is equal to half the product of the 
diagonals and the sine of the angle contained between them. Therefore 5^ = 
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\ 

= -: 7 - 52 sin a. From the triangle AOE we find: 

// = -40-tan p~^tan p 
Answer: F —^62sin a tan {i. 

612. (a) Drawing. According to the Preliminary Notes, the altitude of the 
pyramid must pass through the centre of the circle circumscribed about the 
isosceles triangle ABC {Fig. 91). Since the angle a ^ CAB at the vertex 


J? 



1/ 



remains arbitrary, the centre 0 may be represented by any point of the line- 
segment AE {E i.s the midpoint of BC) and even of its extension (in tlie latter 
case the actual angle a is an obtuse one). 

(b) Solution. The altitude DO is determined from the triangle AOD, wherein 
OAD — p, and .40 =- B is the radius of the circumscribed circle. .According 
to the law of sines the .•iide BC is equal to the product of the diameter 2R of 

the circumscribed circle bv the sine of the opposite angle ct, so that /f r=-—-. 

Thequaulity -rp BE is found from the triangle ABE ( “p-~osin —) . Hence 


//=./? !an 6 = 


rt sin tan ^ 


The area of the base 



a^sin a 


(/2sin “ tan P 

.'l^sjrer; I’--- . 

(> 

<)13. (a) Drawing. In the parallel projection a circle is represented as an ellipse. 
The ellipse may be constructed in the following way. Draw the diameter MN 
of the circle {Fig. 92) and from an arbitrary point P of the circle draw the straight 
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line PP' perpendicular to MX. Let R be Ibe point of intersection of PP' and 
MN. Shorten the iine-segmenl BP in some ratio (say. to half its length) and lay 
off the shortened segment BQ on the same line PP' to both side.s of B (HQ --- 
— BQ'). Proceed in the same way with a number of points on the circle to get 
a number of points for the ellipse under conslrucliou. 

The ellipse is symmetrical about MX (the major oris) and about the straight 
line UU' drawn through the centre 0 perpendicular to MX (11' is the minor 
asis of the ellipse.) The point 0 is called the centre of the ellipse. 

To depict a circle circumscribed about a rectangle it is convenient first to 
draw an eilip.se A BCD representing the circumscribed circle (Fig. 93). It is 
good practice to arrange the major axis of the ellip-^e in an inclined position*. 



Fig. 93 



One side of the rectangh^ may he repre.'^ented by an arbitrary chord .iB of the 
ellipse. It is advisihle to draw the chord hori/ontally. Draw straight line.s BD 
and ylC through the centre of (he ellipe. The quadrilateral ABCD thus obtained 
i.s the graphical repre.sentation of the rectangle. 

(b) Solution. The inscribed angle CAB contains a . since it is subtended 
by the arc BC containing (2a)\ hrowJ (riaiigle BAC we have AB 2B cos a; 
BC ~ 2B sin a, and so 

S ~ 2 (A B -i- BC) fl — Mi (cos a sin a) // 

Hence, 


4/# (cosa sin a) 

We now find V’ — AB-BC-Il. The condition that the arc (2a)' is .subtended by 
a smaller side of the rectangle is an unnece.ssary one. 

. i’/fcosasina .9/(.sin2a 

Answer: v------- -r7=-77-• 

cos a -: sm a ^}>cos(45' — a) 

6!4. The area of the base .V- -^a^Una (Fig. 94). By hypothesis, 

Si„t 25-Ya“tana 

• In Fig. 93 the major axis of the ellipse coincides with the diagonal AC of 
the rectangle. This simplifies the drawing, but is not obligatory. 
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On the other hand, 


2acos2-- 


Equating the two expressions for Siat we find 
^ sin a ^ 

'A' 




a3 * a 
tana tan -s- 

o 2 


Answer'. V = 

615.* Join the midpoint M 
S 



cos^ 


of the side AB with 0 and S {Fig. 95). 
The angle OMS is the plane angle of the 
dihedral angle a {see explanation to Problem 
606). Hence, 

OM = SM cos a — m cos a 

From the triangle AOM, wherein ^ AOM^ 
=30®, we find 

AM — — 2 ■ ~ ^ ® 


Then we find 

^base = ^ 


and 




Suhstituting the found expression for y, we get 

Siotal “ ^base + - 2 COS a (1 -f-COS a) 

Ansu^en Stotal = 4 V3 cos a cos^ -y . 



616. By hypothesis, the inclined lines AC and CB (Fig. 96) are equal to 
each other.' Hence, tlieir projections are also equal: AD ~ DB. The angle DEC 
{E is the midpoint of AB) is the plane angle of the dihedral angle a. 

• For graphical representation of a regular hexagon see Note to Problem 598. 




Since the triangle ACB at tlie vertex C is a right-angled one, CE — AE — 
Hence, £jD = ~cosa. Finally, 

AD^BD = YaE'^-ED-^ ^ ~ y—— 


Answer: = 


AB-tBD-^AD -- c (I - T'^1 "-COS' a) 


Preliminary Notes to Problems 617*70i'i 

If all the lateral faces of a pyramid are inclined to the base at one and the 
same angle a, and the altitude passe? through some point 0 on tlie base of the 
pyramid, then: 

(1) the slant heights of all the faces are p 

equal; 

(2) a circle can be inscribed in the base of 
the pyramid with point 0 as the centre; 

~ ‘^lat 

Proof. (1) Draw (Fig. 97) the .slant height 
I'M of the lateral face BFC and join M with 
0. The line-segment O.M is the projection of 
PM on the platie ABCDE. Consequently, it is 
perpendicular to BC (“the theorem on lliree 
perpendiculars"). Hence, the angle OMF is flic 
plane angle of the dihedral angle a. From the 

iriangle OMF wo have FM=-^^\ O.M :■= 

.Sill a 

^OF.cot cc. If we draw PL, PN and the .slant 
heights of other lateral faces, we find likewise 

that all of them are equal to ■ . 

sm a 

(2) The line-scgmont.s OL, OM, etc. arc 
perpendicular respectively to the .sides .1^, 

etc. and are equal to OP-cot a. Therefore, . 

if a circle of radius O.U i.s drawn from O as the 
centre, it will be inscribed in the base ABCDE. 

(3) As has been proved the point O, which is the fool of the altitude of the 
pyramid is the centre of the inscribed circle. 

(“i) ScjBc ==\bC-OM =ifiC(/-.I/.cosa) = (l BC-M/) cosa = cos a 

Likewise we find that SQA,t^-Si.ji,fCosa, and so on. Adding these equa¬ 
lities, we got 

617. The allilude PO of any pyramid (Fig. 97) is projected on the lateral 
as a liiio-segmenl lying on the .straight line PM. Therefore, 
Z OFA/^q), Hence. a--^90°—q, i.e. ail the faces are inclined to the base at 
one and the same angle. As has been proved 



Q 

sin q) 


17-01338 
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Answer: Si^t- 


sm (p 




618. From the triangle DOE (Fig. 

We have 


sin (p 

) * we find 


// = 0£'*tan <p~-j-C£-tan (p —-j • tp 


o - * 7 * a** 3 and S — ' ■ 

oase ^ V loi 

(see the preliminary note to the preceding problem). 
flS tan qi 


Answer: 1'.:::=- 


^ total 


fl- ']/:! (1 — cos (p) 


Scoi^ 


‘P 


4 cos <1 2 cos c}' 

.\ote. The general expression for tlie total surface area of a pyramid, whose 
faces are inclined to the base at one and the same angle (p may be wxitten as 



follows; 

^total ~ ^bos('~7' ^lat ~ 




) = 


2S6„«C032- 
cos cp 


619. -Make use of llm formula = 


’P 


y :U'o^-± 
2 c<»s 

Answer: a - - 


• , found in the preceding problem. 
, y^ 'lS COS g 

*' n ■ 


620. (a) Drawing. The straight line. Joining the 
points of langencY L and N of the opposite sides 
piir. PS of the rhombus (Fig. 09a) passes through the centre 

” of the circle. Therefore, first draw an ellipse 

(Fig. 995), representing the circle**, and then the straight lines NL and KM 
passing through the centre 0. To complete the parallelogram representing 

the rhomhus draw straight lines tangent to the ellipse at the points .Y, L, K, M. 

(h) Solution. To determine Shase f‘nd the altitude DF and the side AB of 
the rhombus. From Fig. 99a we find DF == 20K = 2r; from the triangle AFDf 
wherein Z.A ■--- a, ^Ye have 

a — AD gjjj “ sijj Q, 


' For representation and construction sec Fig. 82. 
■ Fur construction of an ellipse see Problem 613. 
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Then we find 

Si,ase==AB.0F=a.2r = -i^ 
sm a 

trom the triangle OXE (Fig. 991.), wlicrcin O/V^r and 
^ONE — p. For detern)ining ^totai make use of the Note to the preceding 
problem. “ 


S M 






Answer. V- 


tan p 
3sin c 


Fig. 90 
Sr= C 0 f= i 




Kjoiu -j. sin a cos (J ■ 

621. Use the Note to Prohlem 618. 

Answer: <p=:arcc<« — . 

622. (a) Drawinti’*. The section figure is the parallelogram AiDiCB 

(Fig. iOO). To depict tlie plane angle fonnod hy the cutting plane A^DxCB and 
the plane of the ba.se draw the straight 
line DAf representing the altitude of the 
rhombus Since DM and DDi are 

actually perpendicular to the edge Al), 
the plane DDsNM is perpendicular to 
AD, and, hence, to BC. This plane inter¬ 
sects the cutting plane along the .straight 
line MDy, and thus ^DfMD ^ (i. 

(b) Solution. The lateral surface con¬ 
sists of four equal reclaugle.s (since the 
base is a rhombus). The area of the late¬ 
ral face AiDiDA is 5, =- 4,/J,•/>/)„ and 
the area of the section figure is ^ ~ 

= /l,B,.B,AF. From Ihc trianglo DMD, wo have DO, == B,,l/.sin 9, there- 
loro Si~Q sin fi. 

Answer: Siai ~ sin p. 

.. ®23. Take into consideration the Preliminary Notes to Problem 617. Bvhvoo- 

thesia, EO — d (Fig. 101). Point E (the midpoint of the hypotcnu.se ND of the 

* For graphical representation of a right parallelepiped see Problem 604. 
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triangle NOD) is the centre of the circle circumscribed about the triangle NOD. 
Therefore, ND — 2’ED — %>EO — 2d. From the triangleZ)OiV^, wherein Z.OND= 
— ®, find the radius ON = r of the circle inscribed in the base: r = 2d cos 9 . To 
find determine BN {half the base of the isosceles triangle ABC) and AN 
(its altitude). The centre 0 of the inscribed circle lies on the bisector of the angle 

ABC equal to a, i.e. z,OBN — “. From the triangle BON we find BN ~ 



Fig. lOi Fig. 102 


==rcot“ . From the triangle ABN we find = B^V^tan a. Consequently, 
Sb„,e = ^BC-AN^BN-AN== 5A'2- tan a = r^ cot2 • tan a = 

— 4d2cos2 9 cot 2 ~ tan a 

wherefrom (see Note to Problem 618) we find: 



An^er. cos 9 cos^ -^cot 2 tan a. 

624. Take into consideration the Preliminary Notes to Problem 617 *. The 
altitude of the pyramid is found from the triangle ONP (Fig. 102): J7—r tan 9 . 
If fli, cj, etc. are the sides of the base, then 

Sbase — ^ AOB-r ^ ■ —y AB*OM 

Ill 1 

= -0 <*£*■+ •.. r (fli-i-a 2 + • • •) =y r- 2 p=rp 

* For construction of the ellipse representing the circle inscribed in the base 
see Problem 613. 

k 
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Ansy,er: F = 

625. (a) Drawing. Having drawn the regular triangular pyramid DABC 
(Fig. 103)*, let us construct the triangle whose sides areVaralle! to the 

respective sides of the triangle ABC. The triangle A depicts the upper base 
of the frustum of the pyramid. The centre Oi of the upper base is found at the 
point of intersection of DO and one of the 
D medians AiEx of the triangle AiB\Ci. The 

line-segment A^M (parallel to OOj), whose 
foot lies on the median AE, represents the 
altitude of the frustum, dropped from the 
point AI (the line-segments DAi. DBu DCf 
and DO, may be erased). 




(b) Solution. The volume of the frustum of a pyramid 
y = JL(Q.,g, 

where Q and q are the areas of the triangles ABC and respectively, 

so that Q = .. 3^ . ^ . q 2 - 0 = 3^62, 'i'he altitude is found from the 

4 4 

triangle AAfM, wherein z. MAAx — o.^i\d A.M — AO — .‘\\Ox. But AO and AiOi 
are the radii of the circles circumscribed alwut ABC and /Ij-BjCj. Therefore, 

.40=:—^and /l.Oi"— ; =• . Hence, 

1/3 1/3 

Consequently, 

// = tan a 

1/3 

Answer: V — tan a. 

626. (a) Drawing. Tlie fru-stura of the pyramid is ropre.-cuted as in the pre¬ 
ceding problem. To depict the plane angle of the required dihedral Jtrigle draw 
A,E and B,E (Fig. 104) parallel to OOt to intersect the diagonal.s AC and BD. 

* For graphical representation of a regular triangular pyramid see Fig, 82. 





262 


Ansieers and Solutions 


Then dmv EF parallel to AB to intersect the edges AD and BC at points M 
and N. The plane MAiB,N is perpendicular to the edge AD, since it passes 
which are perpendicular to the edge. Consequently, 
AEMA, = ip IS a plane angle of the dihedral angle at the edge AD. 

(b) Solution. From the trapezoid jf/A,BiA we obtain iVF~ . The 
altitude of the truncated pyramid is found from the triangle sl£d„ where 
AE ^ . . tve have 

V2 


The volume is found by the formula l =-^(a2.i.u6i-b2). The required angle 
q)=/ Ej\/Ai is lound from the triangle A,.l/E. where .l/£ = -~^, (from the 


trapezoid \\e iiave 


Answer: ] =; 


(a3_j,3j jjjjj Q, 


Ai£^ a —f) a —i 

.!/£■ “ “ ■ ~T~ 

-; q = arctan (VS tan o). 


627. See the Frelimmary Notes to Problem 611. The altitude of the pyra¬ 
mid must pass llirougli the centre of tiie circle circumscribed about the base. 

liut in the rigiit-angled triangle ABC (Fig. 105) 
A midpoint of the hypotenuse 

A AS at the point £. Consequently. AS', BE and 

/flV\ Cf are respective projections of the lateral edges 

/ <)\\\ , ’ CD on the plane of the base, and 

/ /i\\\ z.pBE^ / OC£ = p. The volume 

/ M \ \ \ ^he pyramid is found bv the formula V = 

/ / 1 \ \ \ 1 AC CB 

/ ' I \ \ ^ -A *4SC we have: AC — 

/ ' I \ sc = csina; from A-dCF we find 

tis denote t lie plane angles at the 


verte.x; z dOB = G„ ^ BDC = b„ and / ADC = %. 
Since these triangles are isosceles ones, their alti¬ 
tudes DE, DM and DN passthrough the midpoints 
of the corresponding sides of tlio base. From A ABD 
we have z6i = 180^-2P; from AE>BC we have 

sin . —— nn/1 A _ 


From A-l^C we find AD^DB^ 

C c . . ... AC c 

— - ■'^nd .4A ——7r-~-s-cos 


- and from A ADC we have sin — 
6 “"n' p - and from A ABC we find 
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Answer. 

24 

8 , = 180"-2^ 

02 = 2 arcsin (sin a cos p) 

03 — 2 arcsin (cos a c<s p) 

628. It is required to find the volume of the pyramid C'tABC (Fig. 106). 
Since Its lateral edges are of the same length, they are inclined to the base at 
and the same angle (this theorem is converse to the theorem proved in the 
Preliminary Notes to Problem 611), and the altitude CfO passes tlirough the 
centre 0 of the circle circumscribed about the triangle ABC. Since this triangle 




right-angled oin-. the point O lic.-^ at the midpoint of the hypotenuse AB (see 
the explanation l<i llie preceding problem). 1 he angle uU{.\ (u is tlje luidjjoiut 
of the leg AC) measures (lie iueJination < 1 ! the lateral face to the base. 

The legs BC and AC are found from tbe following two equations: 

BC-\-AC~m and i?C = 4C’-tan a 

we get 

m mcma msina 

AC—- -— —T-, uC~~. - 

1- tana sioa-fcosa sin a + cos a 


Then W'e find 

where ODz 

1 


BC’AC. The altitude // is found from the triangle 


Afuioer: V' - 


Y ^ midline of the triangle). 

m^sia^ctmsa , „ m^sdn^acosa 


- tan P = 


- tan p. 


12 (3ina+cosa)3 24 1/2 cos^ (a - 45») 

629. Point O is the centre of the circle circmascribod about the base ABC 
(Fig. 107) (see the Preliminary Notes to Problem Cil). 0.4 — iR is the radius of 
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this circle. The volume of the pyramid 

J_ BC.AE 1 AE-DO 
K -3 ^ ""-3-2 = 


-Q-BC 


since 


AE-DO 


I . The side BC is found by the law of sines: 
BC = 2R sin (ISO- - 2a) = 2i? sin 2a 


A ADO us ^ ABE (since A ADO—A ABE~a); we have the proportion 
AO OD * , , 

.wherefrom AO-BE = AEOD. 

E 

HI: 

AE-0D = 2Q 



Substituting 

AO = R, BE^ 
we get 


BC 


R-BC 


■.2Q 


Fig. 108 


Eliminating R from the found formulas, we 
C obtain 

BC =s: ~\/SQ sin 2a 
3 i 

Answer: {2Q)~ sin" 2a. 


630. If the faces ADE and CDE (Fig. i08)arG perpendicular to the plane of 
the base, then the edge DE is the altitude of the pyramid. The angleZ)d4£ is 
a plane angle of the dihedral angle EABC, since the plane DAE is perpendicular 
to the edge AB (prove it!). Consequently, £DAE = a; 
likewise, ^DCE = p. From the triangles ADE and 
CDE, w'here DE = H, we find AD and DC and sub¬ 
stitute their values into the formula 

V sss-^AD-DC-U 

1 

Answer: r = y//3 cot a cot p. 

631. From the triangle BDE (Fig. 109), whore 
£ EBD — ^ (prove it!) we find 


Hence, 


DE = 1 sin ^ and 
BD __ 

yi 


AD = 


BD = lco$l 
IcosB 


1/2 



from the triangle ADE we find AE — ^ AD"^-\~DE^. The angle of inclina¬ 
tion of the edge AE to the plane of the Ikjso is / DAE (prove it!). From the 
DE 

triangle ADE we find tan <p =. 


* As IS obvious. Fig. 107 (w?here AO < does not correspond to this rela¬ 
tionship. But a drawing depicting the condition of the problem (q^ = 90“ — a) 
more accurately would be obscure. 
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Answer: Z)£ = ^smP; 

(f=arctan{V2tanP), AB=CB = f^/ 

632. The greatest area belongs to the face ADB (Fig. 110), since its height 
DE is larger than the height DC of the other two lateral faces, the bases of all 

3 j) 




the faces being equal to a. From the triangle ACD we have 

AD ^—ami // = atan6 
cos ^ 

VVe then find from tlie triangle ADE 




The angle CED is the angle tp of inclination of the face ADB to the plane 
of the base (prove it!). We have 


tan <p~ 


7/ 

EC 


where EC- “ . 

A c > n - 5 ^ . 2 tan B 

Answer: S~-, - — \/4—cns^B, qp —arctan-. 

4cosp ^ ^ ^ y3 

633. The area S of the section is equal to --AB-NM (Fig. 111). From the 
right-angled triangle ACN, where / CAX ~ 30", we find 

AB A..,iB a and CN== — a 

Li. 2 
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From tlie triangle tYCM we have 

where // = atana may be obtained from the triangle ACD. 

Answer: S = -f . 

4 cos a 

flraa'ing*. To depict a section perpendicular to the base ABC 
(Fig. 112) and bisecting tlie sides AB and AC of the base draw the raidline MS. 
From the point /•, where MS intersects the median AE, draw /’A' parallel to 




the altitude 01). .\ Mh is the required section. Indeed, tlie plane \.)1K passes 
I'l- periiendicular to the plane ABC (hence, the plane 
.\ Mk IS perpendicular to the plane ABC). The dihedral angle ct is measured bv 
tiie angle AED (prove it!). uoo.miu oj 

I through A'F, since the point.s A and E lie in the 

plane A ED. 

Let us take the triangle .d.WA' as the base of the pyramid 
l\Ai\.M. The area A constitutes one fourth of the area of the triangle ABC. 

i.e. .S' = — 0 = V.'i. Let us e.\press the altitude KE through OD making use of 


and ^ DE0 = a. 


the tact that A df A’ is similar to ^AOD. Since AF is equal to ^AO 
I for and AO = ~ ^ KF — ~ OD. The line'Seginent OD is 

found from the triangle DOE, where OE— 

6 

, a^tana 

Answer: \ :=r. —— . 

63.). The straight line 3/A' {Fig. 113), along which the cutting plane 
intersects the base, is parallel to BC. To construct the angle (p draw OFj|.45 

• For depicting a regular triangular pjTamid see Problem 603. 
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and join the point K, at which OF intersects MN, to E. Then 

(prove all this). The area of the section figure 5=—A'£, where Mi\'=z=a 

and /f£' = ~^_. xhe altitude//is determined from the triangle EOF, where 
OF and FE^ — co\.^ (from the triangle EBF). We get 


-/(t 

2 a 
a 


2 sin — 


Answer: 5 = - 

4 sin — sin g- 

636.* The section figure is a triangle />A.V (Fig. 114). .\s in Problem 634. 

nVA thof ll.<> TJ'irxi AL'H »n.. ...M,. Uf tl.. I. - 


uuu. iiie section iigure is a niangje uh.\ irig. u-»). .\s tn rroblem 634, 
let us prove that the plane AEU is perpendicular to the .side liC. Hence, it is 
perpendicular to the iniilllne A'.V a.- well. Conse- 
quentlv. /FiMF U -A nlor.n n.iuL. ..f ll... .rivm. r> 


. quently, ^DME is a plane angle of the given 
dihedral angle a. From the triangle OMD, where 

OM =s — we find 

0 6 2 


DM : 


a V 3 
12 cos a 


The section area 

A 1 







4JS l OS 'X 

The area of the base of the pyramid l).\ A'.V 
IS one fourth of the area of the base of the pyramid 
DABC, the two pyramids having a comiiion alti¬ 
tude. Therefore the volume I', of the pyramid DAKN is equal to -j- witere 
F is the volume of the pyramid DABC. Consequently, the volume of the pyramid 
DKNBC Vz = ~ V. The volume 1 is equal to I ^ ^ ^ 

V a a 1/3 


Answer: S = 

F,= 

V.-. 


V’da^ 

48 cos <x 

/>3 

- tan a 


192 


64 


tan a 


•For depicting a regular triangular pyramid see Fig. 82. 
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637. By hypothesis BE : EA — 2 : i (Fig. 115). The section figure is ADEC. 
Find its area S. The triangle DEC is an isosceles one, since EC — ED as cor¬ 
responding sides of congruent triangles AEC and AED {AC — AD; AE is 
a common side and /.CAE = /.DAE = 60'"). Draw its altitude EN; then 



P’ig- 115 Fig. 116 

S -i™-. To dotennine EN first find EC from the triangle ACE (by the 
law of cosines): 

Et- ™ ,1 C~ A E“ — 2 E -.-1 C -cos 60*^ ss Z. qS 
Now from A£'.V6' we find 



Denote the sccUon angles aECD = /£DC by a. Then i.CED = n - 2o 
From the triangle c£A we have 

C.V 3 

cosa- -Yyi- 

Answer: S = ; a « arceos ; f. = n - 2 arccos . 

ba<^sOC -''“andfi'c'’- "“’i trapezoid with the 

ba.es BC ^ a and - 6 (a > b) ami angle a at the base a. The line-segment 

B..V is its altitude. We find B,.V =--= ^ Ian -si. From the triangle B.iVf, where 


The volume 


u = B,F =y AiflF:r7w5 „ yuHryn 
’’ Vfanzytrr 


• For depicting a truncated pyramid see Problems B25 and 026. 



Chapter JX. Polyhedrons 


269 


Note i. If the acute angle a is less than 45°, the radicand is negative. But 
the angle a cannot be less than 45®. Indeed, the sum ol the plane angles BCCt ~ 
= a and DCCi = a of the trihedral angle C always exceeds the third plane angle 
BCD] but /.BCD = 90^ fhereIore_^ > 90®, i.e. a > 45\ 

Note 2. The expression VtanZa —1 can be transformed to the form 




sin- ct — cos2 a _ '[/—cos 2a 
cos a 


Since 2a is more than 90= (but less than I80\ since a is an acute angle), cos 2a 
is always negative. Hence, the radicand (—cos 2a) is always positive. 

° a3_63 -- a3-63 

Answer: ^ . y — c( 


l/oosdSO 


6 cos OL ^ h cos a 

639. The projection of the diagonal BDt (Fig. 117) onto the lateral lace 
BCCiBi is BCi. Therefore ^C^BD^^a. From tlie triangle BC^Dx- 


uiiere 



/i\ 

7i 

i 

1 

1 

!\ 

1 \ 

JiX 

i 

/ 

/C 

V 


C,C, = b, we find CCi = b cot a. From tlie triangle Ci CiB we have 

b Vcos 2a 
sin a 


Then 


= —BiCjf =y6-col‘‘ia—^/•i = 


Note. The radicand cos 2ct is always positive here (sec Note 2 to l‘ro- 
hlem 638), since a <45^. indeed, 

^ D,C, i<|C| 
tana- - g^^ 

But B,C) is a leg, and BC, is the hypotenuse of the triangle BB,C,. Tliero- 
fore tana<l, i-e. a <45". 


Answer: V = 1/^ ■ 


640. If CD (Fig. 118) is the altitude of the triangle ABC dropped oiilo 
hypolenu.se AB ^ c {CD may be drawn inside the angle .167i arbitraniy), t 


the 

then 
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Z,CDCi = p (prove it!). We have 

Ci5 = c£ cos a—'j c sin 2 a 

H = CC, = CD.Ian P 

Substitute these expressions into the formula 

v^^sh=^.L..cd.h 

1 

Answer: ^ sin- 2a tan p. 

641. One of the portions of the prism is a triangular pjTamid B^ABC 
(Fig. 119). Its volume T’l — i V, where V is the volume of the prism. Hence, 





the volume 1*2 of the other portion (of the quadrangular pjTamid 5 i. 4 iCiC.‘l) 
is equal to — V. Find V. 

By hypothesis BC -f AB = m, and from the triangle ABC we find BC = 
—/lB‘Cosa. Consequently, 

BC — ^ ^ ® 

1 T cos a ft „ a 


The area S of the prism base is equal to 

S=4-^C.DC = l.BC2-tana 

The altitude // = BB^ is determined from the ^BCB\, whore /,BCBi ~ B 
(prove it!). We got // = fiC’^tan p. 


m3 cos® a tan a tan fi 


Answer' V y*- v. «.um p . y m® cos3 a tan a tan P 

48 cos'* “ 24 cos® ~ 

642. According to the Preliminary Notes to Problem 617, Sbagg = 5 cos 9 = 
^ .S' sin a. On the other hand, 5fenge — —- Equating these two expressions. 
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we get a — 2 V<^os a. Point 0 (the centre of the circle inscribed in the triangle 
ABC, Fig. 120) lies at the point of intersection of the bisectors of the angles 
of the triangle, hence, 

Z0C£ = ^ 
and 

0£=£C.tan-|-=4">n|- 

from A DOE wo find 

// - Of* tan (p 

Answer: 1’ = —(A'cosa)" tan — 

■Slola( = S(l+<-os<f.) = 2Scos2 (45“—1-) . 


643. In Fig. 121 OA ~ OC ~ B are radii of the circle circumscribed about 
the Isosceles triangle ABC (AB — AC — a). Hy virtue of the condition a > 45® 
the centre 0 lies inside the triangle ABC (at 
a <45® the angle A = 180® — 2a would be 
obtuse, the centre of the circumscribed circle 
would lie outside the triangle ABC, and 
then the plane drawn through the altitude of 
the pyramid and vertex C would yield no sec¬ 
tion). The altitude of (ho pyramid passes 
through the centre 0 (see the Preliminary .Notes 

to Problem 611 ). 

From the triangle AOD we have II ~ It tan (1. 

Since by the Jaw of .sines AC — a — 2li sin a, 


// : 


2 sin a 


tan (1. 


Let us Hnd the ba-so CE of the section figtire 
from the triangio ACE, in which ^CAF. — 
~= 180' — 2a and Z.ACE at (he ha.se of (he 
isosceles triangle A OC (A 0 = OC = /() is equal to 

Z.CAO ^ ~/_CAE iM)' —OL. Hence, ^AEC = 

CE 

— 6a. — 90^. By the law of sines 



sin (180* —2a) sin (3a —90-) 
ct sin (180®—2a)_a sin 2a 


whence 


.sin (3a-90®) 


sin (.3a-90*) 


Note. VVe may write (—cos 3a) in the denominator; but the angle 3a is 
contained between 135* and 270®, since 4.'j'<a<90*. Thus, (—cos 3a) is 
f mimber. Therefore, when perfonning computations with the aid of 

^^hles. it is more convenient to deal with the angle 3a — 90* contained between 
45* and 180*. 


An^er: 


cos g tan ft 
2 sin {3a —90°) 
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644. (1) Find the area Q of the base of the prism (Fig. 122).We have: Q = 
= 5i 4- S 2 , where Si is the area of the right-angled triangle ABC, and ^2 
is the area of the right-angled triangle ADC, 

„ AB'BC Isina-lcosrx 

= —----7 


and 


Hence 


f^sin 2^ 
4 


- (sin 2a-f sin 2P} = 


/-sin (a - : P) cos ( 7 . — pi 


(2) Find the altitude H of the prism from the condition S — BD-JL Since 
in the quadrilateral A BCD the sum of the angles at tlie vertices B and D is 


A 



equal to 180'^, it can be inscribed in a circle of diameter equal t-i the diago¬ 
nal AC because the latter subtends tl\e inscribed right angles. From the triangle 
BCD, inscribed in the circle, we find (by the law of sines) 

/?/) =: AC* sin ^DCB ^ I sin (a -f P) 

Hence, 

g—i-- 

\ 

Answer: 1'~5-J cos (a — P). 

645. The faces ADE and BCE (Fig. 123) are isosceles triangles. The plane 
FMN (4/ and .V are the midpoints of Iho edges AO and BC) is perpendicular 
to BC and AD and pas,ses through the altitude EE of the pyramid (prove it!). 
By hypothesis the exterior angle a — ^EMI. of the triangle E.MA is an acute 
one. Therefore, the altitude EF intersects the extension of 3/A . 

To deterraine 1' find the side ..li> of the square ABCD. 5\e have 
.Ifl = MN = NF — MF = II (cot p - cot a) 
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Hence, 


rAB^H = 


^3(C0t p—cot a)2 


Let us now construct the plane angle q) of the dihedral angle, at which the 
face ABE is inclined to the base. To this end intersect the dihedral angle by 
a plane EFK, which is perpendicular to the edge AB. To depict it draw FK\l AD 
to intersect the extension of the edge AB (prove it!). From the triangle EFK 
we find 


tan ( 


Answer: V 


Jl _^ 

FK ” AB 

1 


col p—cot a 
“//3(cot p—cota)2 = 
sin^ (g —P) 


3 sin^asin^p 


<p=arctan 


cot P —cot a ' 


2 sin a sin f 



^ 646, The altitude EF of the pyra- 1-4 

(Fig* 124) li^ in tho face CED 

which is perpendicular to the base. The plane, drawn through EF and perpen¬ 
dicular to the edge ,45, intersects the basc of the pyramid along MF\\DC and the 
lateral face ,455—along ME perpendicular to AB {^EMF - p). Since AD 
/ n perpendicular to the plane DECy ^BCE == 90* and ^ADE - 90* 

(all this should be proved). 

Let us find the altitude 11 = EF. By hyj)Othesis EF-\ fA/ssm; furthermore 

~‘ 7 ' r, fl ' ’ Therefore Ef ( t -j—4-2- ) = m, whence 
sin p \ sin p / 


II==EF 


= m : (14 - • 4-2 ' ) = m : ( 1-1- - — ) = 

V sin P / \ cosa / 


2cos2- 


Then from the right-angled triangle DEC we find 
EC // 

cos a ~ sin a cos a 


= 5(7 = 


Finally, we find 
Hence 


b — BC = MF — II cot P = // tan a 


F = = . . 

3 3 sinacosa Scos^a 


The sura St 4- -5^2 of the areas of the lateral faMs BEC and AED is equal to 


^BC-EC-{-^AD.ED = 


b(i?5-f 55) = 


'( 


_ff_ n \ 

sin a ' cos a j 


18-01338 
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Answer: V = 


m^cos a 
24 cos® — 


5j4-52 = 


m^(sma-i-cosa) 
8 cos*™ 


m2 COS (45® — a) 
A~\/2 cos*~ 


647. (a) Drawing, Construct the altitude EF (Fig. 125), Joining E to the 
midpoint F of the side DC. Join the vertex E to the midpoint M of the side AB. 
Then q) = AFEM represents the angle between the faces ABE and DC££(pio- 
vc it!). 






(b) Solution. The triangle BCE is a right-angled one, in it A BECi— a 
(prove it!}. Hence, BC ~ 6 sin a. From the triangle ABE we have AB = 
— 26 sin a and ME — b cos cc. From the triangle MFE, where MF ^ BC 
= b sin a, we find 


FE~y'ME^~-MF^=b l/^os2a —sin2a = 6 


Note. The radicand cos2a is alwaj^ pasitive here, since 2a <90®. Indeed. 


the sura of two face angles of the trihedral angle at the vertex ^ ^^BE = 
90®—aj e.xcceds the third one (/. 


180®-2a 


180° 


and 


(90° —a) >90®, since 2a <90®. 


It is best of all to find the angle cp by its sine. 


Answer: 63sin2 a Vco3 2a: (p^arcsin (tan a). 

648. The plane BCE (Fig. 126) is drawn through the side JSC perpendicular 
to the edge .15. The dihedral angles between the lateral faces (all of them being 
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of the same value) are measured by the angle BEC — cf. The triangle BEC is an 
isosceles one. 

To determine the area S of the section figure and the angle <p it is sufficient 
to find DE {D is the midpoint of BC). For this purpose we consecutively find BS 

(from the triangle BSD, where BD—~ and Z BSD=*^ ) , then BE (from 

the triangle BSE, where /.BSE = a), and, finally, DE = '\/BE- ~ BD'. 
We get 

DE^a iX, ‘ ‘ ^ 

Now we find 


cos2- 


S^-.DE. 


and 


/ a 

-K cos-^. 


BD 
‘ EB '' 


(S 


2 cos 


Note 1. The sum of face angles at the 
vertex S is always loss then 360“. Therefore 

0 <a < 120“. At this condition 2 cos -^ > 1. 

<1 and, hence, the equation 


2 cos • 


2 cos - 


always has a solution. 



Note 2. If a > 90“, i.e. the angle A SB at Die vertc-v of tiie lateral face is 
u altitude BE of the triangle A SB intersects the extension 

of the base, and the plane BEC gives no section of (ho pyramid. Nevertheless 
the formula 


c i/ ? 1 

S even w 

Answer: 9 = 2arcsin 


yields a definite value of S even with an obtuse angle a {less than 120“ 
Note 1 ). o V . . 



649. All eight faces of the octahedron are equilateral triangles, thus 

ATP 1/3 

-2— quadrilateral ABCD is a square. The piano it is 

contained in divides the octahedron into two equal regular pyramids so Dial 

18 * 
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V = 2-^a^’0E where 


OE=y Em - om = y- 


4 


■ 4 


iy5 


All the dihedral angles of the octahedron are equal. The angle a=Z.BMD 
{M is the midpoint of CE) measures the dihedral angle at the edge CE 
(prove it!). From the triangle 0MB we find 

^ . a OS fl 1/2 a 1/3 , /T 

2~ BM~ 2 ' 2 ~V 3 

/• 



Answer: V = 


y2a3 


a = 2arcsin 


BN 


ABN we have sin ^ 
sceles triangle BNF we find BN = 


650.* The isosceles triangles BMA and FMA 
(Fig. 128) are congruent. Therefore, their alti¬ 
tudes dropped from the vertices B and F pass 
through one and the same point N on their com¬ 
mon side and are equal to each other: BN = 
'B = FN. The angle BNF is equal to q) (prove 
it!). The angle p = /.BAM is expressed through 
the required angle a = /BMA by the formula 

P = 90“— 

First we find the trigonometric function of 
the angle p. From the right-angled triangle 

(fl is the side of the base). From the iso- 

BK ays 


But BK = 


(as the altitude 


of the equilateral triangle ABO). Consequently, 


sin (90”—1-) = 


V3 


2 sin - 


Note. The dihedral angle at the edge of a regular hexagonal pyramid always 
exceeds /FAB (compare the triangles BNF and BAF)y i.e. it is more than 120®. 
V3 

Therefore the quantity —S-- is always less than unity. 

2 sin 


' For drawing a regular hexagon see the Note to Problem 598. 
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Answer: a = 2 arccos - 


651. The faces AMF and A MB (Fig. f29a) passing through the edge AM 
(perpendicular to the plane ABCDEF) form right angles with the plane of the 
b^e. Find the total sum of the angles formed by the faces EMF and CMB with 
the plane of the base. Drop a perpendicular AG from A to CB (this line should 







be parallel to CE, see Fig. 1296). Then p = aAGM (prove it!). We have tan p — 
where = (Fig. 1296). But from the triangle AMD we 


Since AC X,DC (prove iti), v = /.ACM is the plane angle of the dihedral angle 
at which the face DCM (as also DEM) is iticlined to the plane of the base. From 

the triangle ACM we have tan y = ~^- , where AC — a (Fig. 1296). 

. Q . 4 tan a ‘ . 2 tan a 

Answer: pcardan -;=—; Y=:arctan- 7 =—. 

ys V3 

652. Through a straight line we can draw a plane perpendicular to another 
straight line only if these lines are perpendicular to each other. Let us prove 
Uiat BC X AS (Fig. 130). Draw a piano A SO through the edge AS and altitu¬ 
de SO. Since A and 0 belong to plane A SO and at the same lime to the plane of 
the base ABC, these planes intersect along a straight line AO, i.o. along the al¬ 
titude AD of the isosceles triangle ABC. The triangles OCD and OBD are 
congruent (prove ill), therefore OB ~ OC, consequently the inclined lines SC 
and SB are also equal to each other and, hence, SD being the median of the 
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isosceles triangle BSC also serves as its altitude. Since, as has been proved, AD 
and SD are perpendicular to the edge BC^ then the edge BC is perpendicular to 
the plane ADS and, hence, to 45 lying in this plane, which completes the proof. 

To draw through BC a plane perpendicular to 45 it is suJfficient to drop 
a perpendicular DE to AS. The plane BEC is perpendicular to the edge 45, 
since two straight lines lying on it (DEand BC) are perpendicular to 4 5. Cutting 
the dihedral angle the plane ADS which Is perpendicular to the edge BC yields 

an angle ADE (the plane angle of 
this dihedral angle). 

The triangle 4 5Z) is an isosceles 
one (since the altitude SO passes 
through the midpoint of the base 
AD). Consequently, 

^ASD = 2 ^450 = 2a 

(Z450 == Z.ADE — a as angles 
with perpendicular sides). The ratio 


Fig. 130 Fig. 131 


of the volume F, of the pyramid SBCE to the volume V of the pyramid ABCE 
(these pyramids have a common base BCE) is equal to the ratio of their 
altitudes, i,e. Fi : V = SE : .AE. From the triangle DSE we have 

SE = DE'COi £'5jD = />£-cot2a 
from tl»e triangle AED we find 

AE = DE’im a 

Hence, 

Fj: F=cot2a: tnn a 
Answer: F| = F cot a cot 2a. 

653.* To draw a section bisecting the dihedral angle at the edge AD (Fig. 131) 
it is necessary to have the plan© angle of this dihedral angle. Such is the angle 
BDC, since the plane BDC is perpendicular to the edge AD. Indeed, in any regu¬ 
lar pyramid the lateral edge AD is perpendicular to the opposite side BC of the 
l)a.se (proved as in the preceding problem); furthermore, in the given case the 
edge AD is perpendicular to FD. Indeed, by hypothesis the triangle AFD is a 
rigiit-auglod one, and since its angles at the vertices 4 and F are necessarily 






For drawing a regular triangular pyramid see Problem 603. 
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acute, Z.ADP is a right angle. Since OF = OA 




OD = yOF‘OA = 


R 

V2 


where R = 'The angle cp = /,AFD measures the angle of inclination 

of the face BCD to the plane of the base. We have 
OD R . R 


V 2 


= V2 


Note. The lateral edge AD forms a riglit angle with the edge BD (and the 
edge CD)\ since the pjTamid is a regular one, the edges BD and DC also form 
•a right angle. 


Answer: V s=; ^ ■- m = 

24 


; {p = arctan V2- 


654.* The only quantity which remains 
unkno\vn and is necessary to compute the total 
aurfaco area of the p>Tamld is the slant 
height It is determined in the following 
way: first find the line-segments AM and MD 
(Fig. 132) into which the edge AD is divided 
by the perpendicular NM (A' is the nudpoint of 
RC). Tlien from the triangle ANM, where 

AN find Jl/A^ and finally, from the 

triangle NMD find ND. 

From the given condition it i.s not clear 
which ratio — AM : MD or MD :AM- - 



€quai to m :n, therefore we may put MD = mx, MA = nx, so that AD ~ 
— (m n) X. From similarity of the triangles AMN and ADO we have 


where 


and 


AM 

AO 


AN^ 


AN 

AD 

? V3 


We get the equation 


nx (m -j-n) x= 


7 1/3 


?y3 

■ 3 


y 2n {m -I' n) 


where 
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so that 


Furthermore 


and 


Now we find 


MD = 


and AM= 


V2n (m-f’'*) 
Mm=Am-~Am: 


']/2n (m 4- n) 

4 {wi-fn) 

gS (n -f- 2m) 

4n 




Answer 


.. o 1/3 r, , ,/3(n+ 


+ 2m) -[ 


, 655. We have (fig. 133): ZBD,A = a and /BD.C = a (prove it!). The 
triangles BDiA and BD^C are congruent (prove it!). Consequently, the base- 




Fig. 134 


A BCD is a square with side a = dsina. Then we find 


and 


d4Z?j—dcosa 


/? = y "ADI = '[/{i^cos^ a—d^ sin^ a — d]Vcos 2a 

The plane ACD^ forms with the plane of the base the angle 

(p=/OOZ),; tany = -^ = //:--^. 

Answer: V = sin^ a V^s 2a; <p=arctan / \ 

\ sin a / 

656. The angle EOC — a (Fig. 434). To construct the angle p formed by 
the line-segment OE with the lateral face BBtCtC draw OF i BC. Then FE i» 
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the projection of OE on this face, and so ^OEF = p. Let us introduce the foilow- 
mg notation: AB == a, BC = b and CC, = c, then V = abc and Su, — 
— 2{a -f- c) 6. From ^OEF we have 

~ = OF = m sin fi = m sin 2a 

FE = m cos p = nj cos 2a 

from A OEC we have 

~~EC~m sin a 

from A EEC we have 


-y = — 'YFE2~ EC^ = m '^/cos2 2a —sin^ a 

Reduce the radicand to the form convenient for taking logarithms: 


cos2 2a- 
Hence, 


•sin^ a s 


l-h CQs4a 1—cos2a _ cos4a4-cos2a 
_ 


= cos 3a cos a 


bs=2m “y^cos 3a cos a 

^ Note. The angle P = ^OEF is less than /.OEC ~ 90® — a (compare their 
sines!}. And since by hypothesis 6 = 2a, then 2a < 90® — o. Hence, it must 
oe a < 30®. 


Answer: V = 8m^ sin 2a sin a l/cos3acos a 
3a 

'T 


cos l/cos 3a cos a 


657. (a) Drawing. The semicircle is represented by a semiellipse (Af? a 
diameter of the ellipse; Fig. 135*), DC is drawn parallel to AB. Straight lines 


pwjiendicular to AB, are represented by 
straight lines parallel to the tangent 
fmes AM and BL. 

(b) Solution. Let us introduce the 
lollowing notation; AD - a\ DC = b; 
DF^CE h; then 




kll 



. Ry hypothesis a — 2B-, the side b is 
R/^n sines from the triangle 

°('D, in which /.DBC is measured 

^J*®if.lhe arc DC = 2a; we have b — 

2ti sin a. From the triangle ODF, where = R and /.AOD is measured 
by the arc aJ = ^ 90 “ — a, we find 

2 j 

h = FD = R sin (90® — a) — cos a 


altitude // is found from the triangle AiAD, whore /.AxDA = a (prove 
_'1 AD can be determined from the right-angled triangle ADB, where /.ABD 

• For constructing an ellipse see Problem 613. 
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subtended by the arc 4^ is equal to (45® — “ j . We get 
/? = 2i?sm ^45®—tan a 

Consequently, 

r = 27?3{i-j-sina)sin |45“-—tan a cos a 
After a number of simplifications we get 

1-f sin a — 2 cos2 ^45® —~j 

and so on. 

VssjRS sin 2a cos ^45® —j - 

658. The projection of the diagonal DtB on the lateral face AAiDiD (Fig. 136) 
is therefore Z.ADiD = p. The angle a between the cutting plane DBBiDi 



Fig. 136 Fig. 137 


and the face ADDiAx is measured by the angle ADB (prove it!). From the triang¬ 
le ADxB we find AB and ADu from the triangle ABO we find AD. DDi = H 
is determined from the triangle ADiD 


II = VADi - AD- = y<i2 sin2 a-<i2 cos2 a a = -J— 

sm a 

— V—cos 2a 


Xote. The angle p is always le.ss than the angle a (compare their tangents!) 
Since by hypotliesi.s p 96® — a, \ve have 90® — a < a, hence, a > 45®. 
From the inequality 

45® < a < 90® 


it follows that the angle 2a belong to the second quadrant, and so cos 2a < 0, 
and - cos 2a > 0. For computation purposes it is convenient to substitute the 
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«xpre^ion cos (180° ~ 2 a) for —cos 2 a, since the angle ISC'" — 2 a belongs to 
the first quadrant. 

Answer: V = cos a cot^ a Vcos (180° — 2a) 

659. The drawn lines areami £1,71/(Fig. 137), The quadrilateral/1,77,,Y.U 
is an isosceles trapezoid (prove it!). From the isosceles triangle J/A’.V. where 


AMKN = a and MN = -g- , we have 


KD = — cot -r- 
4 2 


From the triangle A^KB^ we find 


cox. ^ 


Adding these equalities, we obtain 

n n 36 .a 

DD\ =- 7 - cot -tr 



From the triangle £)£/>,, where /)£: = y ££ 6 ya. we find 


|/^eot^-y — y. —rot^0U° ~ 

= “ 1 /^ (cot-y : cot 00 ° ^ I cot -2 —cot 00 ° I— 

'Mt y sin ^(> 0 °-;--y J sin ^G 0 ° —y I 
4 sin -y sin 00° 

Answer. |/^sin ^ 00 ° { yjsin |oO°—yj . 

8 sin y 

660. To con.struct the angle formed by llie diagonal /1Z7, and the lateral 
lace BJ5,C,C we have to find the nrojection of ABi on this face (Fig. 138). The 
point A is projected into the midpoint D of BC (prove it!). The projection is 
BiD, hence z.ABiD — a. From i^^BiBD we find 

II == BBi -- yiti02~fW^ 

BiD is found from the triangle ABiD. The expression obtained for // is trans¬ 
formed in the same way as in the preceding problem. 

3a2 y8in(60°-Fa)8m(60°—g) 


Anjti?cr: S. 


sin a 
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661. The projection of the diagonal ABi on the face AAXiC is AC^ 
(Fig. 139), hence, Z. The altitude of the prism 

CCi^YAC^-AC^ 

where ACi is determined from we have 

CCi = Vii2 taB2 a C0t2 P—62 = 6 cot P Vtan* a — tan^ p = 


Answer: V = 


tan a 

2 cos a sinp 


’ cos a sin p 


• Vsin (a + P) sin (a—p) 


Vsin (a + p) sin (a—P). 




662, By hypothesis a--~2a'ME = S (Fig. 140). But from the triangle 
we have jU£=-^cot“; hence, 5 —^i-T-cot —j ; whence o = 

I - n 

, From the triangle OME we now find 


-‘-cot' 




s(cota|-l) 


coty + l 


4/, (coti_l) 


The expression cot-2—1 can be transformed as follows 

i(45»—yisin (45'=-i) 


-l = cot- 


- cot 45° = - 


sin 45° sin • 
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Answer: 


y 2 Vising 


663. From the triangle AOAI (Fig. 141), where 
180“ 


180° 


180° 


Z AOM --, we have OAf 

n 

hence, 

From the triangle EOM we find 

// = yMEi~-OAt2=^ y cot2 - 

The radicand is transformed as in Problem 659. 

, . 180° . / 180° a \ . / 180° 

n,Hol—y sm(— - — 


-COt2 . 


Answer: V = 


24 sin — sin 


180 ° 



// = flB,= Voi»f —Otf2 = x|/^ C0t2-|—1 
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The total area S of the pyramid D^ADC is equal to 

S = BO . 40 + ■ ^ + 40 • ODi = i2+* Vit |/'cot2— 1 + 1.1 cot, 

whence 



. a . T/rr- , a 

Sin -f 1/2 cos a 4-C09 


The total surface area of the prism _ 

= V2 //-4i2 ( 1 + 

\ T / 

45 I sin -j- "l/2 cos a j 

>insu?cr: Stotal- - - -. . • 

sin -y + cos -J-+V2cos a 

665. The altitude DO passes through the centre 0 (Fig. 143c) of the circle 
circumscribed about the triangle ABC^ where ^5 —/1C = 21 sin ■— and {BC^ 



• B * 

= 2/sin— . The point 0 lies on the perpendicular KO to the side AB 
drawn through the midpoint of AB, Therefore, from similarity of the triang¬ 
les AOK and ABL we get proportion AO:-^ AB^ABxAL, whence 

4-4-fl2 2i2 5itl2-2- 

AO^-^ -=- 7 :-.-. 

y 4f2sin2-^— 

* See the Preliminary Notes to Problem 611. 
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Then from the triangle AOD we find 

— j|/ 


and 


The 


V = -^BC.AL.Il-. 


Psin - 




sin^a—sin2- 


radicand may be transformed in the same way as in Problem C56. 
Alternate method. Let the face BDC (Fig. 1436) be the base of the pyramid. 

Its area is -I-sin p. The face BDC is perpendicular to the] plane 

ADL (prove itl) and, consequently, the altitude of the pyramid AOx lies in'thi.s 
plane. Draw OiE perpendicular to BD. From similarity of the triangles OiUE 
n.n RD 


. 2l£ 

' ED" 


and BDL we have 
triangle ADE 

EDsslcosat = 

hence 


BD 

' DL ’ 
I and 


where from the 

Z>L~lcos-~- 


D 


I cos a 


From the triangle ADOi, 've find 
=» yXo^^DOi = 




-cos-a 



Answer: V—~ i^gjn |/^sin ~ j . 

no??®* the triangle ABC (Fig. 144) is the projection of the triangle 
uaC, DA is perpendicular to the base. The area of the triangle ABC is 

1 1 

1 ?. —-TP a6 - -tp-a^cot a 


The area of the triangle BCD is 


1 


By hypothesis 


a2cot P 


- a2 (cot p—cot a) = 5 


whence a 


V cot6-. 


cot p —cot a 
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The area of the face Z>^C is end that of the face DAB, 

1 

= -^cJL Consequently, 

1 1 

54—53 = -y // (c—b)~-^aH (CSC a —cot a) 

The altitude H is determined from the triangle ACD‘. 

/r = y DCS- 4C2=y C0t2 p—a2 C0t2 o 

Hence, 


1 


a 2 Vco t 2 p—cot 2 a (esc a —cot a) = 


25 


2 cot ^ —cot 
S (1 —cos 


Vcot2 p—cot2 a (esc a—cot a)= 
S tan 


cosg) .,/* cot 2 p—cot^g 
sin a r (cotp—cota )2 


^ 1 /' co^P-rCOta 

2 V cot p—cot a 

The lateral faces ADC and ADB form right angles with the base. The face 
BDC forms with the base an angle which is measured by the plane angle 
DCA — (p 



AC 

cos 9 =-^= 


cot g 
cotp 


sin (g^P) 


sm(a—P) 

/ cotc \ 

\ cotp / 


Answer: S^ — S^ — S tan 

’ cot a 

<p = arccos I 

667. All the lateral edges of the pyramid 
are equal as sides of isosceles right-angled triang¬ 
les (Fig. 145), therefore the altitude DO of the 
pyramid passes through the centre 0 of the circle circumscribed about the base; 

\ 

Sbase = -2^^^^ 

From the triangle DOC we find 

//=y/)C2—OC2 


where DC ~ 


V2 


— and OC = fl is the radius of the circle circumscribed about 


the triangle ABC. Since the triangle ABC is an isosceles one, ZBAC==90‘^- 
~~~ and, hence, by the law of sines 




289 


Chapter IX. Polyhedrons 

whence 

OC = i? =-5- 

2 cos 4 

Anmer: F =6^ sinV^os a. 

668 . The altitude passes through the centre of the circle circumscribed 
about the base* (Fig. 146). The bisectors of the angles AEl) and BEC are also 

E 



MEN is equal to and rs AK = I sin ~. From the triangle 

f^OK we find 

OE-=:y~E~K‘^-OK^ 

where £Ai = icos^ and OA' = BA' = /sin-—, thus 
OE = l y cos2-^^— 

A o a a-i P o. — B 

Answer'. Psm — |/ cos—^—cos—g-i-. 

669. Through the vertex A^ {Fig. 147) draw planes AxEO perpendicular to 
AB and >1,F0 perpendicular to AD. These planes are perpendicular to the base 
(prove ill), and the line AxO along which they intersect is the altitude of the 
parallelepiped. The right-angled triangles AxAE and AxAF thus formed are 
congruent (since they have a common hypotenuse A Ax — c and equal angles 
LAxAE = ^AxAF ~ a). Consequently, AtE ~ AxF and therefore, the trian¬ 
gles AxOE and AxOF are congruent; and hence, OE — OF and AO is the bisector 


• See the Preliminary Notes to Problem 611. 

la—01338 
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of the angle BAD. We have ff ^^yAiE^ — OE^. Since AEOF is a square, OE = 
= AE. AE and AjE are f ound from the triangle AA\E\ we get //= 
= c ysin^ a ■— cos^ a = c “j/—cos 2a. 

Note. In the trihedral angle at the vertex A either of the two equal face 
angles is equal to a, the third being a right one; consequently, the sum of two 
face angles 2a must be more than the third one (90®), i.e. 2a > 90® or a > 45®. 
At this condition —cos 2a >0, and, hence, H has a real value. The lateral edge 
AAi forms an angle AAiAO ~ q with the base, since AO is the projection of 
the edge on the base 


AO 


= V2c 


Answer: V=abc Vcos (180= — 2a); Si^t = 2c(a-{- b) sin a 
(p—arccos{V2cosa) 

670. The construction here is the same as in the preceding problem. The 
bisector of the angle BAD is the diagonal AC* of the rhombus (Fig. 148) 



—«“Sina 

From the triangle AA^E we find 
H = yAA\-AE^ 

where Adj = c; to determine AE first 
find AF from A A if, and then AE from 
the right-angled triangle AEF. We get 


a 

cos-^ 

whence 

H - -1_ j/"cos=^-^—C053 a 

COS“ 


.4/JSU'’er: 


F=2a3s 


CL ^ . 3a . 

Y J/ sm sm - 


671. The problem is solved analogously to the preceding one. We can use 
the same figure (148), introducing the notation: LB AD = a and LA^AD — q> 
instead of a=^AiA5. 


Answer: V — 2a^sin~'y sin (v— y) * 

672. The base A BCD is a rectangle (Fig. 149). To construct a plane angle 
of the dihedral angle OjACZ) draw a plane through the edge DDi and perpen¬ 
dicular to AC. The lines along which this plane intersects the faces of the 
dihedral angle DiACD form the plane angle DiED — cp. We have 


cos9 = - 


DE 
DiE '' 


±L 

h 
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Let us introduce the following notation: 

AB-= DC = a 

SC = AD = b (a > b), />i>, = H 
D,E =h, DE^ A, 

In the isosceles triangle AOS the sum of interior angles at the ba^e AB 
IS eoual to the exterior angle 2o, hence, /.SAC == a. From the triangle ABC 
^^e lind 

a — 2R cos a; b — 2Ii sin a 
F'fom A DEC, where /_ACD = a, we find 

Ai = a sin a = cos a sin a and EC ~ a cos a = 2H cos- a 
from ad,EC we find 

h = A'C'dan ^ ~ cos- a tan fi 

from ADiDE we find 

D = —• DE2 = '|//t 2 _ ^ y '^ tan- fl — sin^ a cos2 a 

2S cos2 a Vtaj;i2lJ —tan'i a. 

Transform the expression tan* — tan* a us in Problem G59, 



Answer'. Si^, 


- 8/?2 cos a cos (45^~ a) sec p* V^siii (P ha) sin (P —a) 

- 2/?2 cos2 cc tan P; <p~arccQS i \ 

\ tan p / 


PmioH’ *(/ *f'^- subtends the arc equal to 2p, (hen /ABC is" 

iho ;!i P inscribed angle haviiiu the same arc. The plane passing through 
the diagonal BX Dernendicular to the face BB.C.C .mwi uJ< iuXA Ih, 



---J and, hence, AB = ^.n. i^ei us ac_ __ „ 

pyramid B,AAXiC is cut off the prism hy the plane ACii ' 
oince the volume of the pyramid B,ABC is equal to one third of the volume 


19 * 
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of the prism, the volume of the remaining portion, i.e. of the quadrangular 
2 

pyramid BiAAiCtC is equal to-^ of the volume of the prism. If we denote the 

volume of the pyramid BiAAiCiC by Vu and the volume of the prism by V, 
then 





ab 

T 


abH 

3 


iFrom the triangle ABC we find a and b, and from ^BiBC, H. For the lateral 
■surface area we get the following expression: 

.5/(1, = (2i? cos p -f- 2/1 sin p -f 2fi)*21? cos P tan p — 4/?2 sin ^ {cos p + sin ^ -f 1) 

The expression in parentheses can be reduced to the form convenient for taking 
‘logarithms: 

cos p -f sin P -f 1 = (14- cos P) -f sin P = 

~2cos2-~--f 2sin -—cos -|~ = 2cos |cos -|- + sm -y J = 

~ 2 cos j^sin ^90® —1 -f sin j = 
~2cos-|-*2sin45®cos ^45®—J =2 1/2C 0 S“C 0 S ^45®— 

Answer, 5/a(— 8 1/2 il-sin Pcos cos 
rj=s:-—/ISsinpsin 2p. 

1)74. The altitude EO (Fig. iSla) passes through the centre 0 of the circle 
ciiriimscribed about the trapezoid ABCD*, The arcs ^Z>, DC and CB (Fig. iMh) 



are equal (since by hypothesis the sides AD, DC and CB are equal), 
and ^B — 180° — a is measured by half the arc ADC. Hence each of the arcs 
• See the Preliminary Notes to Problem 611. 
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AD, DC and CB contains 180* — a; consequently, the arc AmB is equal to 
360* -- 3 (180° — a) — 3a — 180*. From the triangle AOB, where AB — a, 
we find: 


AO = R^ 
3a 


2 sin 


3a —180°" 


2 cos 


3a 


^the quantity cos ■“ is negative, since a is an obtuse angle and so 135°< 


< 


3a 


■<270°j . From the triangle ODC we find 


Z)C = 6= sin 


180* —a 


3a 


From the triangle ADF, where AD — b and Z-d — 180* — a, we find the alti¬ 
tude of the trapezoid 

a 

flsm a cos 

DF = h = b sin a = — . „ - 


From the triangle BOE (see Fig. 151a) where OB = R and ^OBE = p, we find 
H R tan p. The area of the base 


3a 


5 = -—(a4.6)/(=- 


a^sin^a 


2cos2 


3a 


2cos2 


3a 

_ 


. a^sin^atanB a^sin^atanB 

Answer: V --=--- r ,—- 

12cos32^ 12cosM i80*-2iLj 

675. The altitude EO passes through the centre O of the circle circumscribed 
about the trapezoid ABCD* (Fig. 152). The angle ACB ~ 90° must he subtend¬ 
ed by the diameter as one inscribed in this circle. In other words, the centre 0 
lies on the side AB. The trapezoid A BCD, being inscribed in the circle, is an 
isosceles one, and thus /.DAB — /CBA. 

Let us introduce the following notation: dB = a; DC~b-, / AEB — (i-- 2a. 

By hypothesis, all — S'and from the isosceles triangle AEB we have a™ 

-= 2// tan = 2// tan a. 

From the two equations we find 

JI -^'\/S cot a and a = 2 l/i*’ tan a 


See the Preliminary Notes to Problem 611. 
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The side b = DC is determined Irom the triangle ADC inscribed in the circle 
of the diameter a. In this triangle 

ADAC = aDAB - ^CAB = jiCBA - £CAB 
Since the triangle ylCB is a right-angled one, /.CBA = 90° — ^CAB. Hence, 
abac = 90° — 2 aCAB - 90° — 2a 

and we have 


b = asin (90® -- 2a) = a cos 2a 
CN — h ~ AC-sin a — c cos a sin a 


V ~~7r • —~— hH = “02(4 cos 2a) cos a sin aH - 


Finally, 

Now we get 

J- 

3 


= -|-.45 tana2cos2acosa3in a cot a =VsScot a 

The face ABE forms a right angle with the plane A BCD, To determine the 
angle (p, formed by the face ADE and the plane A BCD drop a perpendicular 



from 0 onto AD (it is depicted by a straight line OK parallel to the diagonal BD 
so tliat the latter is perpendicular to AD; the diagonal BD is not shown in the 
drawing; = (p,). In the triangle AOK the angle OAK is eauai to 

j^ABC = 90® — ^CAB = 90® — a. Therefore 

OK = 240-sin (90® — a)~-^cos a 
and 

tan ^ 

OK a cos a 2H tan a cos a ” sin a 

To determine the angle ^>2 formed by the face DCS and the plane ABCD, draw 
OL _L DC; aLELO = (p 2 . Since OL = NC = h, we have 

H ' H 1 
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Answer. F = VsJ^oia 

[ 9 i = arctan (esc a) 
f2~arctan ^-^csc^aj 

676. It is required to determine (Fig. 153) the sum of the areas of the triang¬ 
les ABC, ABD and ACD. The area of the triangle ABC is equal to 


= ^ AB.CE-- 


-L»2 V3 


The area of the triangle ABD is equal to 

S-. 

the area of the triangle ACD is equal to 
5; 


1 1 CF 
^ABDE^AB-—-^^ 

2 2 cos q- 


cos q 


* AC-CD^^AD-CD=^-LAB-CE.\&n^^Sxi&ii(p 


2-2 --2 

ConMquently, 

■S(„( = 5i + S 2 + (t-hC05T + sinf{) 

The expression in parentheses is transformed as in Problem 673 to be equal 
to 2 V2cos-“ cos ^45^—^ j. If in the denominator of the formula for Si^t we 




Fig. 153 

substitute sin (90' — q) for cos q, then the expression for St^( can be reduced by 


Answer: 


a2 l/6c 


cos ( 


4 sin 




677. Since the plane of the base ABC (Fig. 154) passes through AC, and the 
cutting plane AfBC't through AiCi parailcl to AC, the edge AfA' of the dihedral 
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angle ^ ^ paralid to and AiCu Therefore to construct the plane angle draw 
hav^ ^ ^ ^ midpoints of ^ C and A iCi). We 


Siai = {2AB-\~AC)‘DDi'. 


■ (24S + ^C)-52)-tanP = 

= 2a2 (1 -j- cos a) sin a tan ^ 

• of the volu- 


The volume F, of the quadrangular pjTamid BACCiAt is equal to - 
me V of the prism (see Problem 673) and, hence. 



f,=4s.dd, 


where 


•S = -i- a2 sin (180“— 2a) = ^ nS sin 2a 
Ansaer: S/ai^da^cos^^ sin a tan P; 


F,: 


o3 


sin 2a sin a tan f 


Fig. 155 f Problem 630 let us prove that the 

face DCB {Fig. 155) is inclined to the base A BCD at 
1 .rare . , n ® ct = / Z) £ aod tho facc 5(7J? st SO eQuaj 
augle a * Z/IBE; both faces are right-angled triangles (zC/)£=s ZC££ = &®) 
The area of the triangle ADE (asalso the area of the triangle ABE) is equal 

to 5i = From the triangle ABE, where BE = 2B, we find 

AB = 2R cos a; AE = 2B sin a 
and thus St = 2i?* sin a cos a. 

The area of the triangle CDE (as also of the triangle CBE) is equal to 




We have 
^ total ~ ^ 


-25, 


4£2 (cos2 a -f COS a sin a i- cos a) = 

= 4 Z ?2 cos a (cos a sin a -f 1> 

The expression in parentheses is transformed as in Problem 673. 

Answer: = S "l/2.fl^cosacos~cos |45“— 

679. The cutting plane ECD (Fig 156) parallel to the hypotenuse AB inter¬ 
sects the face ABB^Ai along a straight line ED which is parallel to AB. Droi> 
perpendiculars CM and CF to .4J? and ED to get a right-angled triangle CMF 
in which Z.CFM — P (prove iti). Consequently, 

ACMP = ACMB 


(they have a common leg JilC and /CBM = 90® 
90° — a). 


- a and by hypothesis ^ = 
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JJ- is required to find the volume V of the pyramid CADDE, whose base 
ABDE Is a rectangle, and the altitude is equal to CM = a sin 6 = a cos a 
Wo have 


V = ~.AB-MF.CM = ^.AB.MB.CM = ■Lbc^.CM =-^„3 

(the leg BC is a mean proportional between AB and MB) 

Then we have 

S,„, = (BC + ylB + /IC)// = d// —J_ + cota) 

\ sm a / 

here ali is the area of the face CBBxCi, which by hypothesis is equal to the area 
Sg^f. of the triangle CDE. Consequently', 


all = S,. 


Hence, 


-jAB-CF==~AB-CB = 


/ 

2 sin a \ 




^^jjj^(sma + l-i-cosa 


The expression in parentheses is transformed as in Problem 673. 




For the plane CDE to intersect the face ABBfAi it is necessary 'that 'the 
lm6*se|ment MF=^MB~asma be less than the line-segment MN~II=-z 

■*^‘^9uamy we find 

sm2a <-y , i.o. sin a < -—- ■ ■ ■. Hence the angle a. must be less than 45=. 


Answer: V- 


a3 cos a 


Slat- 


V 2 cos “ cos 145° - 


3 ’ sin^a 

680. (Fig. 157). The lateral surface of the pyramid is 


7/2 cot a 


7/2 cot P , 7/2 cot p 
2 + 2sma 


7/2 cot g 
2sintl 


a < 45°. 
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a* 

(cos a sin p 4- sin a cos p -f- cos p -{- cos a) 

The expression in parentheses can be reduced to the form convenient for 
taking logarithms, taking into account that cos a sin P 4-sin a cos B = 
«ssm(a+p) and ^ 

cos p -f cos a = 2 cos -5—fi- cos 

We get 

sinCa + P) + 2cosi^cos-2^ = 2sin-^.cosi4i+ 


+ 2cosi4i.co3^ = 2cos^ (sin ii±i + oos^) 
sin ( 90 °-for cos ” ^ ^ and transforming the ex- 


Substituting sin ^90°— 
pression in parentheses, we get 


4cos-^~-£-cos |45® —-~jcos |45=— 

2//-cos ^ -cos ( 45 ®—cos ( 45 ®— 

Answer: Siot = -2-i ^ ^ ^ 

siD a sin p 

681. Let r =* O.V be the radius of the circle inscribed in the base of the pyra¬ 
mid*. From the triangle DOM (Fig. 158) we have DO == H - rtana. Since 



C S 

Fig- 158 Fig. 159 

the centre 0 of the inscribed circle lies at the point of intersection of the bisectors 
of the angles .-i and ft, y.OAM — and 


See the Preliminary Notes to Problem C17. 
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Since the angle C is a right one, the quadrilateral MCNO is a square and MC == 
= CN = r. Hence, 

AC==b = AM-rMC = r |cot-|-+l J 
'and 


CB —d — rj^cot ^45*— 

The bracketed expression is transformed as in Problem 662 and we get 
I j V2rcos-^ V2rsin 


^bai 


<^onsequently 


sin 


= r2 cotcot 




^ 3 ^hase 


B — r3 tan a cot cot ( ^5® — j 


‘This expression can bo simplified if we take into consideration that 


tan 


cos a sill (90-' —a) 


2 sin ^45® ——V) 
*rhc lateral and total surface areas can be found by the formulas 

26'bos<? 


Slat 


cos a 

1 cc 
H cos-^ 


Answer: V=- 


3 8inM45 


(«-f) 


Stolal — * 

; Slat = 


cos a 
cot - 


2sin2 




Sfotal — 


fZ cot ~ cos^ 


682. The plane cuts from the prism a pyramid B^ABC (Fig. 159), whose 
ftltitude passes through the centre 0 of the circle inscribed in the base of the 
pyramid; therefore all llie lateral faces are inclined to the base at one and the 


* See the Notes to Problems 617 and GI6. 
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same angle a, consequently, 
Sint 


We find 




COS^ - 

COS a 

BC^AD 


DC’AD. 


From AOCi), where OD —r, and /OCD—find jDC^rcot-™ 
A ADC find ^Z> = Z?C-tan a —rcot-~taaa. Hence 


From 


*^6036=^^cot2 —tana and Stotal=^ 


2r2 cot2 — tan a cos2 -y 


The obtained expressions may be simplified by representing tan a in the form 
J) a a 



sm g 
cos a 


cos a 

The volume of the prism 


where 


// — r tan a 


Answer. 


4jr2 cos* -y COt -y 
cot2 a 


V = r3 cot2 y tan2 a. 


Fig. ICO 


683. From A BMC (Fig. 160), where 
Z MCB = 45^, and z MBC = ISO®— 

-(45‘'-ra) —45®=:90®-—a, according to the law of sines, we have 


BC 


sin (45® 4- a) sin (90° — a) 


Hence, 


BC=^a-. 


?»sin (45® 4-g) 


• See the Notes to Problems 617 and 618. 
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From A ABC we find 


AC = i = fl cot a = 


msm {45°-i-ct) 
sm a 


From ^DCM we find 

II — m tan a 

DA^A/ and DKM are plane angles of the dihedral angles D \rn 
and DBCA\ they are equal to each other, since the following trian-^Ies arc c<in- 
grue^ pairwdse: MKC and A/A'f (by hypotenuse and an acute angle). D M K 
and^A^A/ (by hypotenuse and a leg). Let us denote them by tp; then fan = 

Answer: V — ~ni^~ —; (p=:arctan tan':c). 

n (Fig. I 6 I 0 ) be the first, and ADE tlie second lateral faro, 

by hypothesis they are inclined to the base at one and the same angle a. tain- 

e 




Fig. 101 

sequently, the point O, through which the altitude passe.s, lies on the diagonal 
Indeed, if we drop perpendiculars OM and O.V* from 0 (Fig. 1G16) to Ihe 
sides AB and AD, then ^OME = a and ^0.\'E ~ a (prove itJ); hence, 

j OM ~ //‘‘col a 

and 

ON =[!//'’col a 

Hence, the point 0 lies on the bisector of the angle BAD, \ e 
00 the diagonal AC of the rhombus A BCD, 

«nci L ♦'“'‘J ore extensions of o \i 

anu uiS), whenc.e it follows (hat the triangles OMxE and ON,E are con>'rncnt 
and, consequ ently. zO;V,£ = zOA/,£, which completes the proof. " 

drawing (Fig. ICIo) one of these perpendiculars, say OM, may he 
a n!^j» j ao.arbitrary straight line, but the .second one is then constructed m 
».a« 5 i definite manner, since MN must be parallel to llie diagonal BD It i-< 
easily proved in Fig. mb. 
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From the triangle OME we find OM = H cot a and from the triangle OMyE 
we have OM\ = H cot p. Consequently, the altitude of the’^hombus is equai 
to h — MMi = // (cot a -j- cot p). 

Hence, 

F=-|-S6„,„H=-laAfl=-i-<!F2(cota + cot P) 

^-^bast* 4? 25 j1j5E+25 {h-{-ME N\E) 

where 


Tlien 


ME^ 


H 

sin a * 



l^alf fcota-j—-{-cot 6 - 1 —4-s-\=c// 

\ sin a ' ^ ‘ sin p / 


/ 1 4 -cos g 
I sin a 


l-fcosP{ \ 
sin p / 


Expressing the numerators and denominators through and — and redu¬ 
cing the fractions, we get 


Answer: V = -i- 11//2 (cot a + cot p) = -^a /?2 




off sin 


sin (g-r p) 
sin a sin P 
g-rP 


683. Let /.A (Fig. 162) be the acute angle of the rhombus, so that AC is the 
greater diagonal and /.OAD — Draw MK 1 AC and MN XBD*. Let cp’ 

be the angle at which the plane £’.4C is inclined to the base. Then = 9 

and ^MNB — 9 . To determine H express MK and MN through //; we obtain 
MK — H cot 9 and MN — H cotip; substitute these expressions into the rela¬ 
tionship 

= AM -}- A/D 


= AD = 


Sin “ cos - 


We get 


^sin ~ cos ^ I 


* In Fig. 162 MK .should be drawn parallel to BD, and A/iV parallel to ACr 
.since the diagonals of a rhombus are mutually perpendicular (see the footnote 
overleaf). 
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Answer: V= 


sin2 a 


/ cot q) 

coti{> \ 

6 ( 


^ 

cos 



cos -7j-C0t (f -fsio 




nucie lue larger aiagonai or the rhoinbiis serves as 
9 and the smaller one, of the dihedral angle \b. 


me oiiiaxiei uiie, oi me uifiearai angle \jj, 

686. The line-segment AB (see Fig. 163) depicts the hypotenuse of the base. 
0 construct the plane angle a we have to intersect the edge BB^ by a plane pW- 
pendicular to this edge. In this case such a plane can be drawn through the Je^ 
At. lo prove this, we have to prove that AC BB^ 



r.t dX vertex Z?, !.•« projected into the point D {(he midpoint 

fi* u n - Consequently, if a straight line A'Lis drawn 

jnrough B and perpendicular lo BC, then KL is also perpendicular to BB, (the 
iheorem on three perpendiculars). ;\nd hence AC || KL. AC ±BBt, which comn- 
letes the proof. ' 

Through AC draw a plane ABC perpendicular to BB^. The lateral surface 
Mea of the prism is equal to the perimeter CB -}- AC H- AB of tlie perpendicular 
section figure multiplied hv the edge BB^. From the right-angled triant^le BCF 
** •P''"™ “ “■ P- Tiu^slraight 

fa hence, the line AC which is parallel to it are perpendicular to the 

lace BBiCfC. Therefore the triangle ACE is a right one at the verte.x C. Hence 

AC = CE tan a and —- , thus 

cos a 

CE-x-AC -f /IE—a sin B (1 -f-tan a-l-^— \ 

\ * cos a / 


From the triangle BDBt, where we find the edge BBi. We get 

hence, 

2 cos ^ 

S,ai = {CE + AC + AE)-BB,= ^ ( I + Ian a :- 

* V cosa / 
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Transform the expression in parentheses in the same way as in Problem 673. 
and cos a in the same way as in Problem 681. 

tan ^ cos ■— 

Answer: - 

y2sin(45“-f 

687. As in the preceding problem, let us prove that the edge A At A.BC 
(Fig. 164), and hence, BBt x BC and the face BBiCtC is a rectangle. z,AiAC == 
= /.AiAB = 2a (for the proof see Problem 669) and, consequently, the face 
AAtCiC = AAiBiB. Point E is the midpoint of tne side AB and EO i AB (0 is 



£ 



Fig. 165 


the centre of the circle circumscribed about the triangle ABC)\ then AtE XAB 
(by the theorem on three perpendiculars). According to the law of sines we have 


then 




AB =- 2B sin (90' 

1 


a) = 2i? cos a; 
24B2.3in 2a —2i?2 cos^ a sin 2a. 


From the triangle AAiE we have 


AB 


J?cosa 


From A AAiO we find 




cos 2a 2 cos 2a 
R 


cos 2a 


cos 2a 
Vcos2 a — cos2 2a 


(Transform the radicand in the same way as in Problem 656). The side BC^ 
= 2BD = 2-/tF-sina. Hence 


“ *56ase* cos^ a sio 2a 


B 

cos 2a 


1/ cos2 a—cos2 2a = 

= 2J?2 cos2 a tan 2a Vcos2 a — cos2 2a 
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and 




Answer: V = 2^3 cos^ a tan 2a Vs»« 3a sin a: 


--21-AB {sin 2a -j-sin a) 


8i?2 cos2 a =in cos-^ 


Slat = 


cos 2a * 

688. Draw the altitude 0.1/ in the triangle 06*£ (I'itr. U)5); then / /?.l/£) = ft 
(prove It!). Denote OC =.0 B l>y x an d find x from the formula OC2 = 0£.C'.l/. 
where CEt^l and CAJ= \ From the triangle 0,1/// we find 


0.1/= 0£ cot- 


rcot| 


l»encc 


CM/==i j/*! - col'-:! 


Suhstituting into the formula OC^Cf--CM, we get the equation 
^Z'i ~eol-~ 

'Ihe root x—O does not ohviously meet (he given condilion and we have 


a- OC 


Consequently, 
Now we find 




// *= Vo/,2-002 ^ y 12^x2 ... I cot -!^ 


r = -^ 2 a 2 // 


0 . 1 / ■ 


AW. The quantity of cosp is jiegalivo, since-—>45° / as tun 

_ OC " 

~ OM ’ inclined line OC is longer than the perpendicular OAf, 

hence tan ^ 


VO- 

Answer: K = .|.(3cut i _tol2 = _l./3 


B 

col ~ cos B 

siiisJl 


triangle A,/'E (Fig. 1C«), where L\pE...rx. wc (i„a 
— ncota and from the triangle A^CE, where A^C~d, we hiid EC-.. 
20-01338 
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= '\/d 2 . — jiZ and, consequently, 


EC 

1/2 




//2 


Now we find the sides of the ba^ 

AB==a=^EK-\^EF 

and 

AiBi = EG^b^EK~GK = BK~-EF 
So that for the quantity 

gZ-^ab-^-b^ 


entering the formula for the volume of a truncated pyramid we get the fol¬ 
lowing expression: 

{EK -h EF)^ -j- {EK -r EF) (EE - EF) -i {EK - EF)^ == 3£A'2 + Er- 

yinsuw: V = (3-£A:2-r £f2) = -|- 13(ii2- // 2 )„ 2//= cot=a). 

690. We can use the same drawing (Fig. 106) as in the preceding problem, 
introducing the following notation: AA\ = l and ^ AiAC = ^. From the right- 



From 


the triangle AA^E we find //—Isinp and ^jF — lcosfi, hence FE ^; 
consequently, 

I I cos 


b-^ EG^FK~2FE = 


l/^cosp 


( 1—2 COs 2 P) = 


1/2 cos ti 
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Now we get 


(o^-i 06 -:-/.'-) 


Sin ft 
G C0S2 p 


(1 — co^ 2fj i < os2 2P) 


H both the numerator ami denominator arc niulliplied by (t t cos 2 p) (applying 
the formula for a sum of cubes), we get a somewhat simpler expression. 

Note. The angle p must exceed 45®, since/'A'> 2-/'£. Therefore, cos2p<0. 


Answer: V 


f^sinp 


(1 ~ cos 2 p I cos^ 2 P) -- 


P sin P (1 cos^ 2 P) 


‘ 6 C 0 S 2 P ' ‘ : — -P/ -- ^ 2 cos ‘ p 

691. From the triangles AAiE and EAiC (Fig. 167) * we have 
AE^ II cot a and EC = fl cot fi 
The lateral surface area is equal to 

Sm -= ■ 'Il'V - 2 (o + i) -4.-V 

The slant height /IjA’’ is found from the triangle AiEN, wlicre 
AE 1/ 


EN 


We get 

The sum 

a~\b = AB 

Consequently, 


V2 V: 


- cot a 


AiB, 


^,iY == // |/^ 1 I col'-i a 
^ 2/1 -1 2/1.V 2. NB EC • V2 = //. y 2 col p 


.V,„, = 2// V 2 ,oip// jXI : 


Answer: Siat--2JJ'^cot P y 2 ^ co| 2 c 4 . 

692. In the triangle A^EN (Kig. 167). where 



/.y .,Y- 


we find 


and 

«-/!,£ .y (1/3- 

1) Ian Y 

We obtain now 

«(y'S- 

2 cos Y 

11 


v=-|.(:i «24 ai-. .2 ys).:-^(y5_i)(/. , ys) u,,>• 


• For depicting a truncated pyramid see page 261. 

20 • 
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and 


i’,„, = 2(AB+A,Bi) /),;V = 2it {>'3+ 1). 


a(V3-l) 2a2 

2 cos Y cos Y 


Consequentiy, 


=s/a(+3o2+ 


cos Y 


The expressiotj in parentiieses can be reduced to a form convenient for taking 
logarithms 

a3 (3 VS —Y n >? i» 

Answer: V ~ —i—-—g- - O.Ta^ tan y; 


2a2 (i 4- 2 cos y) 


8fl“ cos I 4- 30^ j cos ^ — 30’’ j 


cos y cos Y 

693, Let us denote the side of the cube by x (Fig. lOS}. From the simi¬ 



larity of the triani’les EO^K^ an<i EOC we have 

£Oi Oifv’i 

EO ~~ OC 

Here 


£0, -£'0-0(4,=:: //-X, 0,/i,==-^ , OC-^\ 

V - 


r--in 


Consequently. 


V3 yr- 


H y-iip—ir-) 


// 4 1'2(1—i/2) 
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694. From the Irianjile EOF (Fijf. 169), where <9/' and _ OEF — a.. we 
have —cota. ConsoquenUy, the volume of the [<yranii(i 

3 b 

Let us express the side a through the edge of the cube x=:;l/3/, We have 
a = 20F ==20M ^2MF = KM ~'r2M a X y2 IV tat.a 

Consequeotly, 

_ 4:3 ('^/2-i. 2 (an ct)^ cot ce 


Here x3=Vi is the volume of the cube. 

Answer-. -L = (V^f-2 la.i a)^ cot g 
V'l 6 

605. (a) Drawing. Lei us first depict the section (Fio, 170 ) 

taining the “upper" face of the cube K\LiMu\\ (this is a right-angled triangle 
with the right angle at liie vertex A/i)- Since 
the vertices Ki. A,, M\, A'j lie on tlie lateral ^ 

taecs, they are found on the si<les of the triangle 
{Ml coincides with the vertex of the 
right angle; A/,/Cl represents the bisector of the 
rtght angle, since MxNi ~ A/|Ai). Now const¬ 
ruct the cube A:AA/iVA',A,A/,AInside the 
quadrilateral A,A,A/iA'i take an arbitrary point 
Ctj depicting the point of intersection <if the 
altitude DO and the lace KiLtM,s\'t and join 
‘t with the point 0 situated likewise in the 
quadrilateral KLMN. Draw 0,A,. 0,/i,. 0,A/, 
and then OA, OB, OM parallel to them, res¬ 
pectively. The points A, B, C of intcrsccti«ifi 
oi DAu DBt, DM, and OA, OB, OM (respecti¬ 
vely) are the vertices of the base of the pyramid. 

(b) Solution. By hypothesis, /! 6 ’ - < 1 ; 

Be = 8 ; DO — 24*. Denolo the edge of the 
cube bv X. Then 00, = x and DO, - 24 - j-. 
parallel to the base of the pyrantid we have 
BiM, : 8 — (24 — i) : 24, wIh’ucc 



Bv (lie projH-rlv ol seclioiiS 
liiM, : BC DO : DO. i.e. 


DiMi 


8(24 — x) 


24- 


24 3 

Since the triangles KiBiL, and ABC arc similar, we have 

K j/.j ByL/i ~ b 18 


The figure is drawn ind to scale. 
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here 

">A — x 24 —4 j- 

KiLi = .r and 

Hence, z: —6:8, whence x —3. 

Answer: 3. 

696. The section BCCiBi (Fig. 171) is a trapezoid (prove it!). Draw the plane 
MNE {M and N are the midpoints of the sides AD and BC) to intersect the plane 
BCCiBi along A A' (A is the midpoint of fiiC’i). We have Z.NME = ^MNE = 
— a and z,MNK — p (prove HI). The attitude A’A' of the trapezoid BCCiBi 



£ 



Fig. 172 


is found from the triangle KSM, where MN ■■ 
“ (a -f P). By the law of .sines 


■ a and ^MKN = 180'' 
a sin a 


i.e. A’A'= 


sin a sinfa-l-P) ’ ‘ sin(aH-p) ‘ 

Now we find the upper base of the trapezoid (B,Ci); since the triangle ADE is 
similar to BiCiE, we have 

a.KE a.KE 


KE 


ME 


NE 


The ratio is found from the triangle KNE, where 
/ AA'A — a + P (as an exterior one for A A'AM/). We get 
KE sin(a —p) 

hence. 


. AA£ = a-P and 


BX, 


The section an'a 


sin (a -t- p) 

a sin (a —P) 
sin (a 4 p) 

flsin (g —p) 
siii(a + P) a 


sin (a + P) 


Chapter IX. Polyhedrons 


311 


Answer: 5,, 


silica cos p 
sin2(a-f-p) 

697. (a). Drawing. Ou constructing the pjTaraid EIIPCQ {Fig. 172) draw 
the iine MN of intersection of the planes. It is parallel to the side HP and inter¬ 
sects the axis OE at the point li. The end points A/ and N of the line-segment 
MN lie on the slant heignts EF and ED. Draw PN and GN, JIM and QM to 
depict the planes intersectifig along MN. Mark the points Ai and C't of intersec¬ 
tion of AB and CB with the slant heights £A and EC, re.spectively (.4 and C 
are the midpoints of HP and QG). The angle ABC is the plane angle of the ob¬ 
tained dihedral angle. By hyjxJlhesis, I.ABC — 90'. i.e. the triangle ABC is 
an isosceles right-angled one and 


BO=AO=^^ 


(b) Solution. From the .'similarity of the trianglc.s EMN and EDF, where¬ 
in DF = a, wc have A/;V =■ a* . The angle OAE is the plane angle of the 

EO 

dihedral angle a, hence EO = AO tan a « ~ tan a. Furthermore, EB — EO ■— 


— flO ws ■|-(tan a — 1). Consequently. 

tana —1 ,, . . 

MN SSL a- - —a (1 — cot a) 

tan a 

An^cr: MN.=a (i-cot . 

' ' Sin a 

698. (a) Drawing. Draw the straight line 
CM (Fig. 173) depicting the perpendicular 
dropped from C to AE. Through the point Oi 
«f intersection of CM and EO draw KN parallel 
to BD. The quadrilateral KCNM renre.'^ents the 
^clion. The proof follows from tlie solution 
below. 

(b) Solution. Since the plane KCNM is 
petmendicular to the edge AE, the sides A/ 

*Q<f MN, as well as the diagonal CM of the section KCNM, are perpendicular 
^0 AE. Since the diagonal CM lies in the plane of the isosceles triangle 
it intersects EO which is the altitude of this triangle. On the other 
band, the diagonal KN contained in the plane of the triangle BED (and, as we 
we just going to prove, is parallel to the base BD of this triangle) also intersects 
HO which is the altitude of the triangle BED. And .since the plane KCNM and 
the line OE have only one common point 0\, the diagonals KN and MC intersect 
et this point. 

The plane KCNM is peri>endicular to the edge AE\ therefore the angles 
EMK and EMN are the rigid ones. The right-angled triangles EMK and EMN 
wo congruent (prove it!); consequently, MK MN and EK = EN. it follows 
ffom the last equality that A All BD and that KO^ — OfN. Hence, the diagonals 

Me and KN are mutually perpendicular and --- MC-KN. 


£ 
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The diagonal MC is found from the right-angled_lriangle AMC, wherein 
/.CAM — tp and AC = a V2- Wo get MC = a V2 sin ip. 

The diagonal KN is found from the isosceles triangle KEN, wherein 
/EKN = <f. We have KN = 2-0,E cot if, where 0,E ^ OE ~ 00,. The 
line-segment OE is determined from the triangle AOE (or BOEy, we find OE = 

'f' line-segment 00, is determined from the triangle OCO,. 
wherein /OCO, = 90° — /MAC = 90° — g-. We find 

00, — 0C'taLO (90°— q) — - cot tp 

Now we get 

AA cot(f' = 2 ^tan(p j cot (f r=rii 1/2 (1 — cot^(j,). 

Hence, 

'S’acc — 4 * ^iC‘KN = a2 (1 —col2(f)sin cp™ — . 

2 ^ sin (p 

Ao/c. For (lie piano KCNM, tvhicli is perpendicular to AE, to yield a section 
of the pyramid it is necessary that the point M of its intersection with>l£ lie 



«Hi the lino-segmonl AE itself (hut not on its extension), for which purpose the 
angle _/l AC must be acute, i.e. = t8n’= — 2(p < 00". Consequently. 

({ > 45', ami tlieiel'ore cos 2(p is a negative quantity. 

Ansu^er: A «-cos2.f a2cosflS0°-2(f) 

siimp sin<p 

{>90. The quadrilateral AMK.\ (Fig. 174), yielded by the section of the late¬ 
ral .surface of the prism, is always a parallelogram (prove itl). For the section 
figure to be a rhoinl>us it is necessary that /IA/ — AAA Since the triangles ADN 
and AEM are congruent (prove it!), DA = BM. Hence, MA is parallel to BO 
and to the jilaiie A BCD as well. Con.sequently, the line EF of intersection of 
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the planes AMKX and A BCD is paraliel to the cHagoiial MX (a< well as to the 
diagonal BD) and, hence, perpendicular to the other diagonal AK of the rhombus 
{and also to the diagonal AC). Therefrom it follows that fi lC'AK is the 
plane angle of the required dihedral angle. The line 00,. joining liie centre of 
the rhomnus 0, with the centre of the base of the prism is perpendicular to the 
base (prove it!}. 



From the triangle AOO, wc find 

AO OB 

AOi~ AOt 

Xote. The plane drawn through the straiglit lines AM and /IA' intersects 
the edge CC, only if C(7, > CK. i.c. if the altitude of the prism is not lesvS than 


0,.l/ 
’ AO, 


aV2 * ‘“"S _ a 1/2 cos a 

Mn-f- 

Otherwise the required section can be drawn neither liirough (lie point A, nor 
through any other point on the edge A At. 

Answer: (p —arccostan— . The problem is solvable only if U 

3 .a 

sin — 

700*. (See the solution of the preceding problem.) Since M.\--.aC (Fig. !75i 

and BK'^BD, and by hy|>olhcais, Bh'—M.X, wo hu%e AC^BD, i.c. AC is 
greater diagonal of the rhombus, hence, ABC is an obtuse un<Tje, and 
^ acute one. ^ 

The angle /_OBO^ is the plane angle of the required dihedral angle. 
From the triangle OO^B we have cosip^-^^, where OB— O.i-tAU. 


For drawing a right pri.sm see Fig. 83. 




and Solutions 


And since OA~OiM — OiB^ then cosq^- 
•<1, since a is an acute angle. 


= tan . Here Un -^ < 


Answer, ff = arccos tan; the problem is solvable only if 
nn l/cosg 


701. Cf. the preceding problem. The area of the rhombus BNKM 




0'ig. 176) i.s 


~-MNBK = 2MOiBO^ 


From the triangle MO{B, wherein ^MBO\ 


i»Oi = jl/(?i‘Cot' 


5,ec = 2..1/OfCOl-~=:2.d(?2cot 

AO is found from the triangle AOB, wherein AB~a and Z ABO = ^. We 
get AO~flsin-^. 


Answer. ~ 2fl2 siii2 — cot . 

702.* Let the cutting nlane be drawn through the midpoint M (Fig. 177) 
of the edge AB and parallel to the ed^ AC and BD. The edge AC is contained 

• For drawing a regular triangular pyramid sec Fig. 82. 
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in Ihe plane ABC. Therefore, the plane drawn through M and parallel to AC 
intersects the face ABC along MN paraiici to AC. Hence, MX is a midline of 

the triangle^ jBC ~AC= yj , i.e. A' is the midpoint of the edge BC. 

The edge BD lies in the plane BCD, and the cutting plane is parallel to this 
edge.Therefore, XL !1 BD {^XL —y BD = j and L is the midpoint of the 


edge CD. Similarly, we prove that MK — y i 

■and that K is the midpoint of the edge AD. 
Consequently, 

KL \\AC and A7- = |- 

Hence, the section MXLK is a rhombus- 
Furthermore, the angle XMX is a right one- 
Indeed, the edge BD is contained in the plane 
BDE {E is the midpoint of AC), which is per- 
pcodicular to the edge AC. Consequently. 
^D±AC. But, as has been proved, MK jl BD 
•and A/A^j| >1C, hence. MK±,MX, wherefrom it 
follows tliat MXLK is a square with the 
aide ±. 


B 



703. Let CD (Fig. 178) bo the lateral edge perpendicular to the ha.se. Since. 
«jy hypothesis, /.DAC == ^DBC = a. we have AC — CB, i.e. the triangle 
ABC is an isosceles one at the vertex C of the pyramid and. hence, by hypothe¬ 
sis, = 90*. 

Any section of the pyramid perpendicular to the base ABC is a quadrilateral 
XKLM with two right angle.s (^XKL and /.KLM). For this quadrilateral 
to become a square the following condition should be satisfied: KX KL - 
= LM = X. From the congruence of the triangles AK.X and BL.M (prove it!) 

it follows that AK = BL, hence, KC — CL, «md KC ----- From the 

V2 


triangle AKX we find AK — K.X cot a — z cot a. Since KC + AK --- AC — 
= a, we get the equation 


wlionce 


Answer: S,, 


V2 


f-zcota —a 


g V2 

1 F V2 col a 


(1-F |/2cota)'^ 

704. The section yields the trapezoid MAiBxN (Fig. 179) equal t<( the lateral 
lace DDxCiC (prove it!). In the cut-off portion AxBiCxDxMXCD we have — 
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~ B\Ci = NC == MD (as the segments of parallel lines contained between 
parallel planes). The obtained solid is an oblique prism with the base CC^DiD. 
Draw the plane FGQQi through the slant height FG of the frustum of a pyramid 
and the apothem OG of the base; wo get ^FGL = a (prove it!). The perpendicu¬ 
lar LK dropped from L to GF is the altitude of the prism (prove it!). From the 

triangle LKG, wherein LG — QiF = 
we have LK = a sin a. From the triangle 

FLG we find FG=-i£- = -2-. The 
COS a cos a 

volume of the prism is computed by 
the formula 



V-. 


DjCi-^DC 


FG-LK 


Now we find the total surface area S 
of the solid AMA^B^NB cut off by the 
plane AxDxNM. The face AA^B^B is equal 
to the section MA^B^N (prove it!). Each 

of these faces has an area 5^ = . QQ^, 

where QQ\ ^FG — -- ■. Either of the 
cosa 

faces AA^M and BNBi has an area 


A.P^FG = 


The 


area of the face ABNM is = 2a-3a. We have 

5 = 251-f 25^-}-5,. 


12a2cos2-^ 

V' = 2a3tana: 5 =- 

cosa 

Prelimifianj JVotrs to Problems 705 to 708 

when solving Problems 705 to 708 use should be made of the following the- 
orem. 

If a polygon ABCDE... contained in a plane P is orthogonally projected on 
a plane P, as a polygon a4,5iC,then the area 5 of the polygon ABCDE... 

and the area 5, of the polygon /iiP,C'iD,£,.are related in the following way 

5i = 5 cos a, 

where a is tlie angle between the planes P and Pj. 

Prooj. First consider the case when tho projected figure is the triangle ABC 
(Fig. ISOfl). whose side .-IB is parallel to the projection plane P,. Draw the 
plane () through AB and parallel to the plane P, {E is the point of intersection 
with tlie projecting line CCj). We get the triangle .4 BE congruent to the triaiu»]e 
/tDraw the altitude CD of the triangle ABC\ ED is then thealtitude of 
the triangle AEB, and the angle a = /,EDC is the plane angle of the dihedral 
angle CABE equal lo the angle between the planes P and Pj. From the triangle 
Di'E wo find DE — CD co.s a. Consequently, 

.V, = ~ .4 B • DE = ^AB-DC cos a = 5 cos a 




Then consider the case when the projected figure is the triangle LMN 
<Fig. 180&), whose sides are not parallel to the plane l\. Siicji a triangle can be 
divided into two triangles of the type considered above. For tins purpose it i^ 
■S[““Cient to draw the plane Q parallel to Px through one of its vertices M which 
should he neither the closest to, nor the remotest from tlic plane P,. Tbi.s plane 
«iitersects the triangle LMN along the straight line KM i>aral!el ti» P^. (f S' 



(<^) (b) 


Fig. 180 

«nd S" are the re.spcctive areas of the triangle.s KMN and LMK, and and 
the areas of their pntjeclioiis (i.e. of the triangles Ai;U|A'i am) A,.ty,/w,). then, 
has been proved. 

5i~-.9'cosa and ^7—6*" cos a 
And since 5 = 5'H-S' and A’, —5[-! A’;, we have 


«Si asiSj -1-5| = 5' cos a -f S” cos a = {.S' •*- S") co.s a — S cos a 

If the polygon has more than three side.s, then wo divide it Into lriangle.s and, 
*‘easoning in the same way as in the above ca,*e. prove tln‘ getieral iheoroju. 

Lot us draw our attention to the fact that this iheoronj iiold.s true* for the 
Areas of curvilinear figurc‘.s as well. To prove it we hav(? to iri.scrii)e a polygon 
|n the given curvilinear figure ami pass to the 
limit. JC, 

705. Wo have (Fig. 181) Sb„,c 

= DD -f- DBi. From the triangles BKO q 

And £,£■,/){£: and/i’j are the midpoints of/I C and ^ 

"i^ilwe have X \ \ I 



e ,, 3a3 

-^baae'B ==-g- (tan rx~,- tan - 


_3a3 sin (ct -| - P) 
8 cos a cos |i 


. section ADC i.s projerlc>d on the plane of the lower ba.'^o a.s the triangl® 
^oC. As has been proved (see the Preliminary Notes) tlie are.i S of the .sect ion A DC 
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is related to the area of the triangle ABC, i.e. to the Sbase^ fhe formula 
Sbase '-^^ S cos a, hence, S = Proceeding in the same way {i,e. pro¬ 
jecting the section on the upper base), we find that the area of the section 

AiDCi is S' — Consequently, 

cosp n 

5 + 5' = S6„,»^—i- 

\co3 a ' cosp/ 


Answer: V = 


3 a3 sin (a + P) 
8 cos a cos § 


5-i- 


5 , °^V3 COS a-p COS P 

~ 4 * cos a cos p 


1/3 cos ^ cos 
2 cos a cos p 


g — 
2 


706. (a) Drawing. Join the midpoints K and L (Fig, 182) of the sides AB 
and AD. Through the point E of intersection of KL and AC draw the straight 
line £iV (the angle NEC depicts the plane angle of 
the dihedral angle a). Through the point 0^ of 
intersection of EN and the axis 00^ draw PM 
parallel to BD. The pentagon KLMNP represents 
the section. The proof is obvious from the solu¬ 
tion below. 

(b) Solution. Since KL \\DD, the plane KLMNP 
(passing through KL) intersects the diagonal plane 
DBBxDx (passing through the diagonal BD) along 
the straight line PM parallel to KL and BD, The 
a.xis 00\ of the prism lies in the diagonal plane 
DBBxDi and, hence, intersects PM. The plane 
KLMNP intersects the diagonal plane ACCxAi 
(passing through the diagonal 4 C) along the straight 
line NE {E is the midpoint of KL), which also 
intersects the axis 00^. But since the plane 
KLMNP, containing PM and EN, intersects the 
axis OOi only at the point Oi, both EN and MP 
pass through this point, i.e. the point of intersec¬ 
tion of PM and EN lies on the axis OOf. The lines EC and EN are perpendi¬ 
cular to KL (the theorem on three perpendiculars); hence, /_CEN — a. 

The area S of the pentagon KLBCD is equal to the area of the square A BCD 

less the area of the triangle AKL, thus, S ~ b- — ^ — The area Sgec 

o o 

of the pentagon KLMNP is determined according to the theorem proved in 

the Preliminary Notes to Problem 705. We have cos a, i.e. 

8 

'^*""”8cosa 



Fig. 182 


Comparing the triangles MO^N and BOC {BO — MO 2 and MN > BC)* 
we make sure that ^MNO^ < I.BCO', and since l,BCO ~ 45°, £, MNO% < 
< 45° and, consequently, the angle q> = /_MNP is acute. All the rest of the 
angles of the pentagon are obtuse (the acute angle 1 .NMO 2 — 90° — l,MNOj 
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exceeds 45°; the angle MLK is equal to 180° — / L.MU, = 180 -- / v 1/0,1 
From the triangle A/OjjV «e have “ ■ ’ 


but 


tan 


JL 

2 NO 2 


Hence, 


NOi = 


PC 
cos a 


OB 
cos a 


MO., 
cos a 


Answer: = (p= 2 arctan (cosa). 

(a) Drawing. First draw separately the base of the prism (Fig. 183a). 
Inen construct an ellipse (Fig. 1836) depicting the circle about which the ba.‘‘e 
ts ctrcumscribod*. Draw a diameter (MN) of the ellipse and through it.': ends 




Fig. 183 


lines CD and AB representing the straight lines un which the bases 
j* isosceles trapezoid lie. Draw some line KL parallel to CD and AB to 
niersect the ellipse at points K and L. Through these points draw tangent lines 
j and BC to the ellipse. The quadrilateral A BCD denicts the isosceles trapezoid 
.^^^scfibed about the circle. Then complete the drawing of the right prism 
j , The cutting plane passing through the side AD and verte.T jB, 

the face AAxD^B along the straight line ABi and the face DDiC^C 
n,.a!i parallel to AAiB^B) along DC parallel to /!//,. The section yields the 
ABiGD. From the point B draw the straight line BE parallel to 
SPM * L ^ DA! joining the centre 0 with the point of tangency A. The line repre- 
nis the perpendicular dropped from B to AD. Consequently, the angle BEB, 
depicts the plane angle <x. 

* For constructing an ellipse see Fig. 92. 
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(b) Solution. From the triangle DFA (Fig. ISSi), wherein DF = MN — 

2r and Z.DAF = a, wo find BC = AD = -3^. Denote AB by a; CD 

Sin a 3 > t 

by b\ AD == BC, by c. By the property of the circumscribed quadrilateral 
a + l) = .'iB4-Cfl = y|D + BC = 2c = ^ 


= ±;± h ^ .2r^ . 

sin a sin a 

Consequently (see the Preliminary Notes to Problem 705), 


5 — ^base _ _ Sr- 

cos ct sin a cos a sin 2a 

The altitude // = Bli, is found from the triangle BBtE, BE being determin- 



Fig. l.^i 

ed beforeliand from the triangle BE A, wlierein 

AB 2.1.1/ 20.1/-cot / 0AM . 2f cot 

W’e have 

BE sin a and //=//£■ tun a 

Hence, 

// = 2r cot sin a tan a 

Now we find 

Biat = B (a-j-/>']• 2c)---l/Zr. 

Answer: --IGr-tan a cot . 

708. (a) Dratring. The cutting plane P may be drawn through either of 
the two diagonals of the face BCCtBt (Fig. 18-'i). Let us draw it“through the 
diagonal/^C,. By hypothe.sis. P||.-l/?. Consequentlv, the plane P inter'iects the 
plane containing the base ABC along the straight line BK parallel to ^10 (the 
entire line-segment BK lies outside the triangle ABC). Since the face BCC'iBi 
IS perpendicular to AD, it is also perpendicular to BK; hence, /.CBiK is the 
plane angle of the dihedral angle p at the edge BK. 
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‘I*® “■‘“'■si® by the cutting plane P. One side of lhi<^ 

triangle (BC,) is known, we have only to find the opposite vertex i e the noint 
of intersection of the plane P and the edge A A,. Fo? this purposc'it'h suffiden 
to join the pomt E, at which BE intersects the extension of Hie edge AC with 

Diane? ®,i"“ “’.® PJ'f ^ "'e line BE of intersection of the 

planes P and ABC, this point belongs to the plane P. On the other hand, the 



Eenw It hllmo '‘‘® A''*® of intersection of the planes ACC,A, and ABC. 
of the'facea rP i'i r® ’’“otunlly situated on the extension 
sectiL .1 Conseouently, the point k must belong to the line of inter- 

?o the liL“'®,P'®r® ?>■ '>n""l>osis. the point 6’, also belongs 

dCr a 11 ^ ‘ntersection of these planes. Coixsequciitlv, the planes P and 

side (cVl offh? V‘® “,"® positioned the 

section o r r 1 1 ™ CC idol. Hence, the point E of inter- 

/M* edge AAi ts the required vertex. 

conSnei? 'i'® triangle 4BC is the projection of the triangle PBC,. 

niained m the piano P, on the plane of the ba^c. then ‘ 

sin 2 a 


COSlt 

Sal‘'srrfaeo »= through the 

.V = (24C-i- BC').CC, 

Whwo AC = a, BC 2a cos -x and CC, = BC-Un fl 2a cos ct tan p. Hence, 
■s - 4aS cos a (1 -I- CO.S a) Ian p =■ 8a= cos ct cos* tan p. 


^n^er: S,, 


sin 2a coip 


cos p cosa cos2 


S tan 
4 sin p 


lel*?! .ni k.Eitteiiiling the line-segment BC (Fig. 185) denictine 
l®K of the base by a length CD = BC. we get the point B.^which is a^^SaUy 


a 

21-0133« 
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symmetrical to B about the leg AC. Let us take the point M in the middle of the 
edge AAi and draw the section of the prism by the plane P passing through the 
points Bi, M and D. To this end join Bi with /) by a line to intereect the edge 
CCi at the point JV. The triangle BiNM is the required section. Indeed, the point 
D lies on the line BC and, hence, belongs to the plane CBB^Ci (D is situated 
on the e.ttension of the face CBBtCt). But the point D also lies in the plane P, 
therefore it is positioned on the line of intersection of the planes P and CBBiCi. 
The point Bi is also found on this line. Hence, the planes P and BCCiBi inter¬ 
sect along the straight line fijD. The point N at which BiD intersects the edge 
CCi is one of the vertices of the section, thus, the section of the prism is the 
triangle BiNM. 

Since UC = CD and CN HBBi, CN is the midline of the triangle BBiD^ 
i.e. .V is the midpoint of the edge CCi. Consequently, MN is parallel to AC 
contained in the plane of the base. Therefore the lineup, along which the plane 
P intersects the plane of the base, is parallel to AC and, hence, perpendicular 
to the face BCCxBi. Therefore j^BDBx is the 
plane angle of the dihedral angle 9 at the 
edge DE. 

(b) Solution. We have (see solution of the 
preceding problem) 

o _ ^basfy _ 

cos(p "“2 cos 9 

(where a = BC, b=:AC), and since bssa tan 
we get 

„ tan p 

2 co«? m 



Find a^. By hypothesis, p is the smallest one 
of the acute angles of the triangle ABC, thus, 
6 < a and the area bH of the face ACCi.\i is smaller than the area aH of the 
face BCCiBi- Therefore, the difference S of tliese areas (we assume that it is 
positive) is equal to (a— 6 ) H. From the triangle DBBu wherein BD ~ 2BC ~ 2a, 
we find ff = 2a tan 9 . Consequently, 


whence we find a". 
A nswer: 


S = 2a' (1 — tan b) tan 9 


tan b 


4 (i — taoblrinf 4 ]/2 sin (45® — p) sin 9 


710. The angle between the non-intersecting diagonals BAi and .4Z?i 
{Fig. 186) is equal to the angle 9 = AAxBCi between BAi and the line BCi 
parallel to AD i. We have Z.CBCi = £DADi — a and = b • To determine 

the angle 9 find >liCf first from the triangle AxBCi (by the law of cosines) and 
then from the right-angled triangle 4 jBiCi, and equate the obtained expressions. 
We get 

5^ I-f- PC? - 2 . P/lt. BCj .cos 9 = PiCf 

Hence 

2 ■ P.4 1 • SCi ■ cos 9 = iBA\ ~ Pi^f) + {BCI - ) == 2. PPf 
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Substituting 


BA^ = 


AAj 
sin p 


BBj 
sin b 


(from the triangle BAAi) and into the last equality, we get 

cos 9 — sin a sin ^ 

Alternate method. Through the edge /?,(’, draw the plane B^CsC^Bi perpendi¬ 
cular to BAi (it is possible, since BiC't X BAx). Let E be the point of intersection 
of BAi and BxBz’ From the right-angled Iriangic BCiE we find BE == BCi cos cp 
and from the right-angled triangle BBtE, whe¬ 
rein ^BxBE - 90^' — b, we have 

BE =! BBx cos (9(F — ^ BjB, sin p 

Now we express the line-segment BHx through 
BCx from the triangle BBxCx. wherein ^BxBCx ~ 

=90“ — a. We get BBi — BCx •■'in a and, hence, 

BE = BC\ -sin a sin p. 

Equating the two expressions forfiE, we obtain 
ECVcos 9 = ECfSin a sin P 

Answer: cos cp = sin a sin p. 

71i. Let us denote the dihedral angles at 
the edges SA, SB, SC (Fig. 187) by 
JPC' Through a point (E) on the edge SC draw a plane (DFE) perpendicular 
to SF. Then /.DFE ~ ^< 7 . Determine ED' first from the triangle EFD and 
then from the triangle ESD, and then equate the obtained expre.ssions. We wind 

EE 2 -j- _ tpE-FD -cos <fc = - 2 .SE-SD cos y 

Hence 

2.EE-ED-COS ffc = 2.SE-SD-cos y — iSE^ ~ FE') — {SD~ — E/>)2, 

i. e. 


c 



2‘FE-FD-cos (fc = 2-SE-SD<cos y ~ 2Sf^ 
Substituting into this equality 

FE — SF tan a 
FD = SF tanp 


and 


SE = 


SF 
cos a 


we obtain 


cosp 


tan a tan P cos (pc = 


21 * 
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whence 


cos (Pc = 


cosY—cosacosg 
sin a sin ^ 


Similarly, we find cos<p^ and cosq>£ 

. cosa—cos®- 

Answer. cosq)A 


cos 9 j 5 = 


sin p sin y 
cos P—cos Y cos g 
sin V sin a 


cos (pc ~ 


cosy — cosacosp 
sin a sin 6 


712. Solved in the same way as the preceding problem. 

A nswer, cos y = cos a cos p -}■ sin a sin B cos i4. 

713. See Problem 711. 

i4 nswer: the required angle contains 90®. 

714. Let the point M lie on the face 0 (Fig. 188). By hypothesis, AM forms 
an angle a with AB, and MB is perpenoicular to AB. Through BM draw the 



plane MBN perpendicular to the edge, and drop the perpendicular MN from M 
to BN. The lino Af.V is also perpendicular to NA, and ^MAN — p (prove it!). 
We also have (p = ^NBM. The angle <p is found from the triangle NBM, 
wherein M.N ~ A M -sin a (found from the triangle .4 WA/) and BM = AM sin a 
(found from the triangle A MB). We get 

_ MN ^ AM sinP sin P 
BM ~ AM 3ma~'sina 

A ■ sin p 

Answer: sin © -r—^. 

^ sing 

71.'). Fig. 189 shows the common perpendicular PQ to skew lines LL' and 
MM'. To obtain the angle at which the line-segment PQ is seen from the point A 
we have to draw the ray /IP; then /.PAQ = g. Similarly, Z.PBQ = p. Through 
the point P draw the straight line PE parallel to Afjlf'. Then the angle between 
MM' and LL' is (by definition) the angle 9 = £EPB. Drop the perpendicular 
4P from A to PE and draw /IB (the rest of the lines depicting a parallele- 
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piped with the edges PQ, QA and PB arc constructed to make the drawing more 
vivid). From the right-angled triangle BPQ we find 

PB — PQ = h cot p 

Similarly, 

PE — QA ~ h cot a 

Then, 

BE^ = PB^ -f — 2‘PB-PE cos 9 == 

{cot 2 a -f- cot® p — 2cot a cot p cos <pj 

AE is perpendicular to the plane EPS. since it is parallel to PQ which is the 
common perpendicular to PB and PE. From the right-angled triangle AEB 
we find 

AB^ = AE~ + == A® + BE^ 


Answer: AB^ — IP (1 col® a -p cot® P — 2 cot a cot p cos 9 ). 

716. See the drawing to the preceding problem (in the present problem 
9 = 90®). 

We have 

BP « V +Pfl 2 = A Vcotz a + cot 2 p 

The angle between AB and PQ is equal to the 
^gle Between AB and AE parallel to PQ. 

Denoting it by y, we have 

, BE A l/cot 2 ce-f-cot^ p 

'*~AE h 

Answer: tan 72 = 

717. Let (Fig. 190) 

DM mt DN m 2 DP m3 


MA 


_ ^1 


NB '' 


PC 



Let us first find the ratio of the volume 1 1 * 

of the pyramid DMNP to the volume V of the 

pyramid DABC. Let the face BDC be the base of the pyramid DABC and the 
face NPD, the base of the pjiramid DMNP. Let the edge DA be projected on 
the plane DBC as a line-segment lying on DE. Then the points A and M are 
projected into some point.s K and L lying on DE. Consequently, the altitudes 
AK ~ h and ML = A, are contained in the plane ADE and tiie triangles 
DML and DAK are similar. Hence, 


Ai DM DM _ m, 

A ” DA DM-\-MA 


The area Si of the base NDP is to the area S of the base BDC as DN .DP 
to DB-DC (since the triangles NDP and BDC have the common angle D\ 
Hence, '' 

Si _ DN DP _ m2 m3 

S ~~ DD X)C”~m 2 -f «2 ">3 + «3 
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Hence, 


il 

V 


find the ratio 


1l 

" S ~ 
Vi 

V-Vs 


miingms 


V, 


'(“ITBl) (“2 + "a) (“3 + "3) 

, in which the volume of the pyramid DABC 


Now ' 
is divided. 

Answer. (ma+nj) (m3 + na) — niimams ' 

718. The plan of solution: from the similarity of the triangles OEL and 
MEK (Fig. 191) let usexpressOZ, in termsoE A//C = b and ME —-y ; from the 
similarity of the triangles OCE and MEN let us express OC in terms of MN = h 
and ME — y . Substituting the expressions found into the relationship OC^ = 

• 2-OL^, we get the equation for finding H. 
Solution. We have 

OL :H = MK: EK, 





whence 


similarly, OC- 


4/12/72 




Hi- 
4ft2//2 
m~4hi 


.4/12 


= 2 


Hence, 

462/?2 


Dividing by and transforming, we obtain 


// = 


2bk 

y262-W 


Now we find 

2bihi 

■“ ft2-62 

and 

P=|-(20£)2-// 

)6il3^3 

Answer. '' = 3 (),2_(,2) y2i,2_/,2 ’ 
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719. Answer: 

8 1/3 

720. Answer. V = 

24ji- ‘ 

721. Answer: r = 

4n 

722. Answer. 1= " 

4n 

723. The radius of the base i? = lsina (Fig. 192)**, the altitude of tlie cone. 

a 




J? = lco8a. The volume 


V' = 


nfi^H nPsin^acosa 


3 ” 3 

The_ surface 

5 —Jii? (i-|-/?) = .nl2sina (1 -f sin ct) 
®y..^ypothesis, I 4 // = m; hence, 


/ = 


14 -cos a 


2cOS2-; 


Answer: F- 

24 cos® y 

nm2 sin a cos^ ^ 45°— 

2 cos® ~ 

724. (F ig. 193). The planes AiBi and AzBz cut off the cone ACB the cones 
• For drawing an ellipse (depicting the circle in the base of a cone) see page 254. 
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AiCBi and A 2 CBi which are similar to the given cone. And the volumes (P^, Vi 
and F 2 ) are in the same ratios as the cubes of the altitudes: 



The volume Fmirf of the mid-portion AiA^B^Bi is equal to V’j — Fg. Sub¬ 
tracting the second proportion from the first one, we find Vmid> 

7 

Answer: 



725. From the triangle AOEiVig. lO'i) we find 
AB a 


OA^B^ 


2siD — 2 sin 

From the triangle OBD we have H = Bcoifi. 

Answer: V — - , 

24s!n3 ™ 

726. By hypothesis, OC~OCi:^h (Fig. 195). We have 
OC’=/fcotp 


and 


OCi — B coto 


B 


h 

cot b—COt'iC 


Hence, 
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The required volume V is equal to the difference between the volumes of 
the cones ACB and ACiB. Hence, 

v=-g-!ift2 {Oc—oCi)^^Kmh. 

. nh3siii2asln2B 

nswer. ~ ^ ^ ^^2 — 3 sin^ (a — 

727. By hypothesis, 

nBl = S 

The area of the base 

is equal to P—S. Dividing (by terms) the equality 

nm = P—S 

by the equality 

R P S 

we get —-—. Let us denote the required angle by p; from the triangle 

OBD (see Fig. 194) we have JJ 

« /K 


p _5 

Answer: p = arcsin —. 


728. From the isosceles triangle ADA\ 
(Fig. 196) we find AD=s —-— . If a is 


the radian measure of the angle ADA*. 
then 

AIWAAD.a 



Prior to developing the curved surface the line-segment AD was an element 
of the cone, thus 


the aroIBC^j was the base circumference, hence 


The altitude of the cone is 

//=--^- yXn^a 





330 


Anstffers and Solutions 


Answer: V —- - -, where a is the radian measure of the given angle. 

192n2sm3-| 

729. The angle DOM {Fig. 197) is equal to the angle (^—/,DEO. From 
A ODM and A OEM we find 


and 

From A OCE we find 


OD=ff = ~ 


COSq) 


0E = -A- 
sinq) 


OC=R = 


OE 


Answer: V = - 




3sin2ip cos(pcos2^ 


730. The radius of the base circle of the cone is (Fig. 198). From 




/^AEF we find AE~l- 


’; from A AOE find 


AE'^ ~ AO-^ = —1/' 1 _ 2 sin^ 

2stD-J ^ 2sin-?- 


The surface S is equal to 
tiR {I +Ii) 


° . “ \ ?ia- / } . a \ 

V5(2sia|'V2) 
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The expression in parentheses may be transformed as follows: 


sin -™ = sin 45“-fsin ~ 


90® +a 


90’ 


Answer: V 




12 sin • 


n:a2 + l/2sin y j na^sji 


90® +a 90’ —a 


2y'2sin-^ sin-— 

731. From the triangle AAiC (Fig. 199) w'e have AC ~ I cos a. From the 



triangle AAiB we find AD=^2R = -—\ 
cos a 



Now we find 


AiOi = r=AO — AC — I -cosa) 

’ * \ 2 cos a / 

Scurved^Jll (2?+r) = Ji/2 —COS a) 


Answer: Scurved ~ — = nl^ tan a sin «, 


732. From the expressions V ='^ and /?=>//cot a wo get 


^dFtan^a , „ -?/^3Fcota 
— and R= y —- 


Let it be required to halve the curved surface area. Since the cones ADC 
and AfBiC (Fig. 200) are similar, their curved surface areas S and are in 
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the same ratio as H^—OC^ to //f=0iC2. Consequently, 


H, 


= i.e. H, 


=iL_J _\/ 

‘ 1/2 1/5 r 


3F tan2 a 


1/2 1/2 

Let it now be required to halve the total surface area. Then 
1 


B, 


Substituting fli = //(Cotci; l,=-r~l- and 1=-::—. we eet 
Sin a sin a ® 


E 
n( 
ff^cot a 


n/Ifp^ = ^(ff2cotZa 

sm a 2 \ sin 


)t g \ 
a / 


whence i/j — cos 


2 • 


too. uet us aenoie ;iui) me radius or the sphere by 
the segment ACB, by h and the line-segment DA, by r. Th( 


Answer: if the curved surface area is halved, then //, = -L'l/ ten^a. 

3 ^__ ” 

if the total one, then H,==cos^ 1/ ° , 

2 r n 

733. Let us^d_enote ,(Fig._201) the radius of the sphere by R, the altitude of 

The volume V of the 
2 

sector is equal to K = y nR^k. From the 
triangle ACD, wherein d.CAD = j (as an 

inscribed angle subtended by the arc BC — 
= we find /i — r tan — , From the 

triangle ADO we have r = ifsin-^. Con¬ 
sequently, 

The surface of the spherical sector is made up of the curved surface of the 
spherical segment ACB equal to 2n,Rk and the cun-ed surface of the cone AOB 
equal to nr/?. Consequently, S - 2nRh -h .ir/? = nR {2h -f- r). 



Answer. t’ = 


,ff3sin2 5.; S = n7?2sin|-(2tan|.+ l) . 


734. (See lig. 201.) With the notation of the preceding problem we have 
s’ = 2nflA + nr=. From the triangle ADO we have AO^ = AD^ + OD ; since 
OD H h, then = ,- + (jj _ /,)! and = 2fl4 - *=. Hence, S = 

— 4n/f/j ~ nh^. Hence 


A = 2R± 


l/4n2«2-nS 


Since /i<7f, the plus sigu is not suitable. 
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Answer: h—2Ii- 


-]/im 


735. Figure 202 shows an axial section of the solid obtained by rotating the 
triangle ABC about the side AB. This solid is made up of two cones. Its volume 


V = ^nDC^AD + -^!xDC^-DB = 


Remember that DC AB 
Ansu,er: v^^Sbsina_ 


3 3 

==25“ and 6sin a 


DC^-(AD---DB)=:±DC^-^AB 




Fig. 203 


1 


V = ~n- DA2 {BD + /)C) = y .-ra. UA'i 


DC- 

DC = DA (col B -j- col C) 


To determine DA proceed in the following way: from the triangle BAD we find 
°D ~ DA‘ZoXB, and from the triangle DAC wc find 

^ DC == DA cot C 

Consequently, 

a = BD 

Hence we find DA, 

Answer' F= i_ na3 na^sinZ gsinZ C 

3 {cot5-i-cotC)2 3sin2(5-i-C) ’ 

p. ^37. The volume of the solid of revolution (wliose section is shown in 
t F' j equal to the sum of the volumes of two equal frustums of cones oh- 
wmed by rotating the trapezoids A MBC, and A NDC less the sum of the volumes 
01 two equal cone.s obtained by rotating the triangles A MB and AND. The 

radius of one base of the frustum is /IC — d. that of the other is MB - —. 
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We have 

From A we find 

d V 
= y tan -j 

nd^ tan y 

/l/isit’er: V=-5-. 


738. The volume V (Fig. 205) of the solid of revolution is equal to the volu¬ 
me of the frustum of a cone obtained by rotating the trapezoid OOiBC less the 
volume of two cones generated by rotating the triangles AOiB and AOC. 



Fig. 204 Fig. 205 


Since, by hypothesis z_CAO, we have /,B40t=/C40 —90®—I 

thus, 

ZO,fl^=ZOCA = 4 

We have (see Fig. 205): // = i>sin-^, -ff = 6cos-^ (found from the triang¬ 
le AOC) and /i = csin“; r=:ccos ~ (found from the triangle AOtB). Hence, 

(B’- + Rr ■ h r2) -jHJP-j hr^ = 

= y sin -^cosS -^[(F+c) (iiS+ir+c^) —6^ —r®) 
nbc {b -f- c) sin a cos ~ 


Answer: V' — 


3 
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739. The surface S of the solid of revolution (Fig. 206) consists of the sum 
of the curved surfaces of two equal cones with the axial sections DADi and CBCt 
and the curved surface of the cylinder with the axial section CDDxCi. With the 
notation adopted in Fig. 206 we have 

r = hsina, h = MN = AB — 2AM^ — -26cosa 

cos a 

Hence, 

5—2nr (6 -f /t) ~ a + 1 —2 cos^ a) 

5 = 2jiii2 tan a (cos a-j- t—2 cos* a) = 4n62 tan a sin — sin . 

740. By rotating the given planes about the altitude of the cone witliout 
changing the angles a and p, we can bring them to a position (shown in 



]) 



Fig. 207) in which they intersect along the common element BD of the cone 
From the triangles OBM and OBN we find 

here OM — JJ cot a and ON~H cot fi. Consequently, 

= n^cot^a and ~ —r-cot* a = ™ -f//* cot* 0 


The equations yield // and li. 
Answer: V - ^ 

24 (cot* a — cot* 


741^ Show 
of radius r it 


n in Fig. 208 is an axial section of the cone. Intersecting the snliere 
yields a circle of radius OD = r, inscribed in the triangle /l//r. 
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We have 

r—ii tan-j — I cos a tan y 

4ni3cos*a tan^Y 
Answer: F=- ^.. . ♦ 

742. Through the point M (Fig. 209) on the curved surface of the cone the 
tangent line MB is drawn, forming the angle 6 — ^BMA with the element 
CMA. Another angle a — /.0AM is also known; it is required to find the angle 
qi formed by MB with the plane P of the base of the cone. 


c 



c 



The line MB, tangent to the cone, intersects the plane at a point B lying 
on the tangent AB to the base circle*. Dropping from the point M the per¬ 
pendicular MN to the radius OA, we get the projection BN of BM on the 
plane P. Hence, qi == /NBM. From the triangle AMN we have 


from A xv'e have 

= = - 

cosO Sin a cos 0 

from A 3/iV/? we have 

MN . 

sin f=Y^=sinacos 0 
A nswer: q) = arcsin (sin a cos 8). 

743. The surface S of the solid of revolution is equal to the sum of the curved 
surfaces of two cone.s with tile axial sections BABi and BCBi, With the notation 

• This can be proved only on the basis of the definition of the tangent to the 
curved surface of a cone. But such a definition is not included in the textbooks 
on elementary geometry. 





adopted in Fig, 210 we have S ^-= itRc + nHa. From the triangle CBE we have 

k 

sin 

by the law of sines we have 

_ c _ a 

sin [18U---{a-t- fl)l'“sinct 

hence, 

a sin (g -t P) 
sin a 

I rom A BCD, wliercin / flC/J-- c( : (», wc have = a sin (a + P). Hence, 
y .n//- sin Icc h ft) (sin (a • p) t sin g} 
sin2 p sin ct 

The expression in hravkels may he transforined according to tlie formula for 
‘no sum of sines. 

2n//2 sill (« -r P) sin ( a - cos -|- 

Answer: S ss * __£ 

sinctsin-p 

siiow.< an axial section of the conic ve.ssel; i,«i (lie water 

*• Ine triangle ABC is an e<|uilateral (nie; the circle 1) K L (tlie great circle 




‘d the sphere) is inscribed in it. With the notation adopted in Fig. 211 /{ --- 
60° ~ r yii and // - ■ CD 3r*. The volume V of water in the 

-‘^ei IS equal to the volume of the cone ABC less lh(^ volume of the sphere, i.e. 

(/fZ//--4r>)=y nrJ 

thii*a of a circle inscribed in an iMiuifaterai triangle is equal to one 

interJ. t- this triangle; it follows from the fact that tlie point of 

«^ciion of medians in any triangle dlvide.s each median in the ratio 1 : 2. 
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When the sphere is removed, the water drops to a level MN and fills the 
cone MNC. Let CE = h, then d/£=C£.tan30‘' = :^, thus 


V=j-ME2-CE: 


nh3 
" 9 


We get the equation 


nh* 5 » 

•T=T"'^ 


Answer: h = r y 15. 

745. If the radius 0,^, (Fig. 212) is denoted by r, then the altitude AiM 
of the prism is also equal to r, and from the triangle /IjBjC’i, wherein AxBi == 
= 2r, we have 



Now we find the lateral area of the prism: 


N~ (2r -■ 2r cos a ~ 2r sin a) • r = 




.‘hi.s'in'r: Si^f 


211- U - cos g-f-sinct) 


( 1 r«it -i j 

l/2i?-.siii -^siiig 


(1 rcosai-sin a) 


/i^cot^r 


i / 45» 
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746. The radius H=r.OI- (Fig/213) of the cylinder i« equal to —BT*. But 

BF~BE—FE=-BE~FBi-t:(i\ a===^ ” cot «= ~ (cot 3U' —col ct) = 

_Qsin (g — 30°) a sin (a— 30 ) 

2 sin a sin 30^“ sin a 
Therefore the volume of the cylinder is 


The volume of the pyramid DAxE^C^ 


[ a sin (a —3o > 
3sina J 


2 

9 


is 



The problem is possible if BE'p- FE, i.e. if f_Ll'> A oot a or cot 3U* > 


> cot a; hence, a >30'. 
Anmen V, 


-:w») 


f8 sin2 a 


V2 = 


a^sin^ (a-—30') tail a 


3 V3sin3a 
Pfeliniinary A’oles to Problemx 747-780 

'Ihe methods ol correct graphical represenlallon of a splicre and its .'cciutn.' 
as also of various solids inscribed in and circumscribed ulunil a spiiere aie ratiicr 
involved. Therefore, the problems below arc suftplied with .schematic piano 
drawings which arc much simpler to construct and stili present a ctcar nicturo 
Quite sufficient for understanding and solving the givi ii problems. When a plane 
urawing fails to serve these pur|H»ses it is accompanied by a thiee-(!inieii.<iuiial 
urawing. 

.747. Intersecting the sphere, the planes containing Die Ka.H‘.>^ of tlie nri-io 
(Iriangles BAC and B^A tC't in Fig. 214) yield two circle.s in uhicii the riidii 
angled triangles ABC and are inscribed. Therefore, the h\nolenu'^e.s 

■^o and AfBi are the diameters of the obtained circles. 'I'he plane ABIi A 


See footnote on page 3itt5. 
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pa:«ses through the centre of tlie sphere. Since, by hypothesis, ABBiAi is a squa¬ 
re, we have // — A At — R V2 and AB = R 1/2. 


/iHsu'er: 


i?3 sin 2a 

~w~ 


748. Intersecting the sphere, the plane containing the base of tlie pyramid 
yields the circle ABCD (Fig. 215) circumscribed about this base. The altitude 
of the pyramid passe.s through the centre Oi of this circle (since all the edges are 
inclined'to tlie base at equal angles) and also through the centre 0 of the sphere. 
A cutting plane drawn through the diagonal AC of the base and vertex E yields 




■\ tjiv'it circle circumscribed about the diagonal section of the pyramid AEC. 
From*the triangle AEC. wherein the angle AEC is equal to ISO' - 2({, we find 

IC ‘’/^sin(180' — 2q) • 2/f .<in 2{p (by the law of sines): hence. AOi — 

/■ /i -'u\ From the triangle AEOt wc find the altitude of the pyramid 

ay;. ~ II - /lOflan - li sin 2q: tan q 

A nsw^r: V - j si ir"* 2ii> sin a tan 9. 

74!>. Since the radius OE (Fig. 210) of the circle inscribed in the hast' is 

equal to R, Afi -- 2/? I 'd. From A we find DO - // == cot . 

.In^u'er: V • 

7'lj p|(r. 217 shows an a.xial section. Wc have 

scurved -- "1 ('■1 -rrs) =- JI■ AD.{AM + DN) 

But 11/ - DS 'I'herefore = Jt-AZJ2. prom the triangle 

MU). «lKrein /)£ - .UA'.= 2r, we find 
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75J. See the precedinij probJem. We have 5 — + (r? H rs). From 

the triangle AOM (see Fig. 217) we find 

AM ~ ri~OM -cot -^=r cot-^ 

From the triangle DON, wherein we have 

/)jV = r 2 -; reot ^90"—“j - rlan-^ 

Calculations become simpler if tlie t-xpression rf-j-r'i is transfoirned as follows 
rf -r r| = (rj4-r2}2 —2rirM. Since ri - rj- /, — (•“'oe the precoding 


D 




Proldem) an<l, from the right-angled triangle AOl), AC I'D 01'- or rjr^ -r-, 
we have 

. S 3T(2_|-n/^—2nr2=--2n 

‘Substitute I - - into Ibis expression, 
sjii a 

Answer: S -- 2.nr2 I -^-1 \ . 

V sm- a / 

752. See the precejJifjg pioblein. We have 

y ~n~ {rj r rtr 2 ; H) ^ (^1 d —ric^ 

Substitute I - 

sin a 

Answer: V -- / — 1 — ■— 1 \ . 

d V sin-a / 

753. Let us denote the length of the equal chords DA, Dli, DC (l-'ig. 218) 
i. From the isosceles friungle DBC we find DC - 21 sin-^ . .Siniilariy, AH 
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™ AC — 2/sin —. Consequently, the triangle ABC is an equilateral one. 

Dropping the perpendicular 00% to the plane ABC and revealing congruence 
of the triangles fJOiA, Drqfi, DOiCt let us prove that AOi --- BOx = COt, i.e. 
that is the centre of the base (thus, the pyramid DABC is a regular one). 
Sifice Slie points A, B, C lie on the surface of the .‘^plicre, OA ~ OB ~ OC 
{0 is liie centre of the sphere). Dropping a perpendicular from 0 to the plane 
ABC, let us prove that the fool of the perpendicular is the centre of the triangle 
ABC, i.e. coincides with the point Oi. Consequently, 00, (and, hence, OOj) 
lies on a diameter of the sphere {DF in Fig. 218). From the right-angled triangle 
DAF. wherein DF — 2lt, we find I- = DA‘ — ‘IR-DOi. The line-segment DOi 
may ho ridaled to I by another formula. Namely. 

B0,= V/)02-,t0'; 

wtie re 


Hence, 


AD-^l and 



21 sini 

vs 


DO, = I 




Suhslilule this expression into the equality I- We find 


1 / 

l:^2R\ 1 - 5 —:^ 


Redii't? this expression to a form convenient for taking logarithms. We have 
I 1 j 2(1-cosa) IR -i/rr-q- 

'“-‘■I ‘-;;-=-^VH 2 c„sa== 


\ 2 jcos fiU'- cosa) —^ j/ cos ^30^ los |30- —j 

, • « a 

./ 4 3.1,.^ 

/(Xuvr; i 2R y I-r-- 


= CO, ( 30" +I-) cos (30- - ^ . 

7.’i4. The isosceles trajH-^oiil ABCD (Fig. 210) represents an.a.xial section 
of tlie frustum of a cone. By hypothesis. ^ AOB-'-ctand /, DOC - p. Therefore 

flsin-^ and /t,Df---sin 
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The angle AOD=^ . = 180° — ■ Ti.crefore l = AD = 

= 2R cos — , \\'e have 

^curved = « 2 ) = 2ni?2cos (si'l-f- : S‘" -T) 

Answer: Sourced = Sj-tfi-sin °T — cos ” . 



755. From the triangle OMK (Fig. 220) wc liavc 

OAf = r-- m cos a: EO = // ~ m sin a 
By the formula S = nr{r-yl), whoic l~ m, we fim! 

.V = cos a (1 •; cos a) 
or 


5 cos ot cos2 ~ 

The angle (p7=,- ^ at which the lateral edge HE is inclined to the base, 

is determined from the triangle ERO, wherein OD O.M \/2~-m’\/2i'osa. 

\v« i> a EO msma. taiict 

\v e have tan n - = 1 ^-—-- ——- 

^ V'2 coset V2 


Answer. S 


OH 

- 2 nm 2 cos cc cos- ~ ~ 


V2 


756. From/15/? (Tig. 221) we find A8~2l siu-:p ■, heme. R r:^d:OA -:r. AR 


-21 sin - 


From A AsSO we find 
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We get 

F = -infl2//=i.4i2sin2-|-i]/ l_4sm2|- 

The radicand may be reduced to a form convenient for taking logarithms in 
the same way as in Problem 753: we get 

l--4sin2 ~ = 4siD + 

Answer: V' = -|-n/3sin2-^ |,/^sin (30=-|-i J sin ^30‘—2.| , 

-S' 



737. From A ADM (Fig. 222) wo find .-Id/- / sin . From A AMO wo find 

r == 0,1/ = AM . tan .«»=/ sin —. —L 

2 Vs 


COS dO' 


V3 


From /^AOD we find 

01) =.11 =. V y" 3 _ 4, 


The volume of the cone is 


/- sin2 


r.. _ rV/ .. ^-^. _ j/ 3 _ 4 si„2 


3 
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The radicand may be transformed in the same way as in Problem 753. 

nPsin^ ■— 

Answer: V~ - 

oya _ 

cos j cos 130^^ ~™ j 

758. The volume of tlie sphere (see Fig. 223) is equal to — .i/P. and tlie 
volume of the cone ACli, to —nr-^CO^ = —jir-7/. By hypothesis. 

4-.'irV/ = 4--4-’'«’ 

3 4 3 

i.e. r'ff s=r jfi. Another relationship betwwn r 
and li we obtain from the righl-anglc<l (ri.ingle 
CAD\ namely, AO'f — CO, -DO,, i.o. r- ~- 
p If (2/? — //). Substituting this expres>ion 
•nlo the preceding equality, we get — 2U-l(-r 
+ IP =51 0 . Though this equalicui i«i the uii- 
hnown /? is of the third degree, its one solution 
// is quite obvious {it couhl he guessed 
immediately by tlu? given cemditions, sinc<‘ the 
yoliimo of a cone, in which both tlu* radius of 
the base and the altitude are equal to the radius 
of the sphere, is equal to a quarter <*f the volume 
01 the sphere). Coirsequeiilly (according to the 
remainder theorem), the left member may he 223 

metorized, one of the factors being It -■ II. 

i'or this purnose it is sufficienl to divide /P — 2H'Ii //’’ by It — II or 
accomplish tiie following lransfoi'inati<»n: 

li^ “ 2lPfi + JP (/p - fPIt) — UPfl - IP) = 

= li {It ~ //) {R -f //) - IP {R - //) ^ {R - //) {R--^RIl-H-} (i 

The equation R- -j- RII — 11- — 0 has one pt»sitive root R — L) 

^ the negative root /^ = — nsimt.suitable j . (Geometrically, means 

^hat the radius of the sphere is equal 1 <j the larger porti(m of the altitude of the 
cone divided in extreme and mean ratios. 

Answer: the problem has two solutions; 

V:=:^nlP and I' , a (y'f.—2)//■> 

759. The altitude of tin? prism is equal to the diameter 2R of the inscribed 
sphere. If a plane is drawn llirough the centre of the .'Sphere and parallel to the 
hascs of the prism, then the .section of the prism by this plane yiehl.s an etjuilate- 
ral triangle (KLM in Figs 224, 224a) equal to the base of tlie prism, while the 
^tion of the sphere is a great circle {PNQ) inscribed in the triangle {KLM). 
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From the triangle LOA\ wherein ON ~ R and ANLO = 30^, we find LN = 
— R Vd. Consequently, LM — a — 2R 1/3. The lateral area of the prism is 

Sia: “ 3a// = 12/f“ V^- The area of the base = 1/3. Hence, 

Stoial = 12/?21/3 + 6/J21/3^ 18/?2 y 3 
The surface of the sphere is equal to 4a/?2, 

Answer: the required ratio is - 

9V3 



760. (a) Drawing. Tlie centre Oj of tlio sphere inscribed in the pyramid (if 
it is possible to inscribe a sphere in this pyramid) must be equidistant from tlie 
lateral face BEC and the base A BCD 
(Fig. 225). Therefore, it must lie in the 
bi.sector plane of the dihedral angle q at the 
edge BC. Similarly. Oi lies in the bisector 
planes of the dihedral angles q at the edge^s 
AB, AD. DC. Hence, all the lateral faces of 
the pyramid DiABCD (it is not shown in 
the drawing) are inclined to the base at one 

and the same angle . Consequently, the 

altitudeOtO of the pyramid OiABCD passes 
llirough the centre Oof the circle inscribed 
in the rhombus .4/iC// (see the Preliminary 
Notes to Problem 017). The altitude EO 
of the given pyramid passes througli the 
' Fig. 225 same centre. Hence, the centre Oi of the 

sphere lies on the altitude EO. 

The point of tangency of the sphere and the face BEC is the foot L of the per¬ 
pendicular dropped from the centre 0^ of the sphere to the plane BEC. Heiicc, 
the plant* 0,£L is perpendictilar to the face BEC (prove it!). At the same time 
tfie [)lane OiEL is perpendicular to the base ABCD (since it passes througli the 
altitude EO). Consequently, the plane OiEL Ls perpendicular to the edge BC. 
Hence, the straight line .U-V, along which the planes OxEL and ABCD intersect, 
is the altitude of the rhombus (drawn through its centre 0). The same thing is 




Chapter X. Solids of lievolution 


with the remaining three points (A', Q and P), at which the lateral faces touch 
the sphere. 

Hence, the foliowirig constructions; draw the altitude XOM of tlie rhombus 
ABCD (it is desirable to make il horizontal), construct tlie section XEM (an 
isosceles triangle) and dejiict the circle inscribed in tlie triangle XL'M. The 
points L and Q at which this circle touches the sides ME and .\E are tiie points 
of tangeiicy of the splierc and the faces BEC and A ED. To find the point A draw 
MS\\AC. Then OS (not shown in the drawing) represents the olf)fr altitude of 
the rhombus (prove it!). Draw ES and through the point L draw EK !I,UA (not 

4$' 


/' \\\ 

h \ \ 

/u 


A\-yc 

f A y 




Fig. 220 


Fig. 22Ca 


shownjin the drawi ng). The fourtli point P is foutuJ in a similar \\a>. 
from this construction, the ^phelT with D, as the centre and nulius 
IS actually inscribed in the pyramid. 

(b) Solution. From the triangle .MOOt we find 

OM = 00, col ^ « <'ol "l- 

so that 

// OE - - OM • la„ q It cot (| 

Thea from the trianific' IICA (wlicrc ,\t‘ fitiit 

,W 2.0M 


.\s follows 
/( 


4/^3 tan ii'col'*-— 

Answer: V ~ -. 

sm a 

761. (a) Drawin'^. The centre O of the equator of the hemispliero 
ties on the altitude SO^ of the pyramid. Since 
OM = 00, - r, 


(Fig. 220) 
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the point M lies on the bisector OtA/ of Ihp angle OO^M. Marking M as the point 
of intersection of 0\M and SF, draw the section KLMN parailei to the base. 
The midpoints K, L, A/, A' of the sides of the .section are the points of tangency 
of the equator and the lateral faces. The simicircie KOiM is the section of the 
hemisphere by the plane ESF. 

(b) Solution. The side of the base is 

a = EF^ 2‘OiF - 2 {0,Mi -h \fiF) 

But OjA/i — OM — r, and MtF ~ MM^ -cot a = r cot a. Hence, 
fl -- 2r (1 -i- cot a) 

We have 

2S(,„.„cos2-i 

e . . . 


(see the Note to Problem G19). Here Shase~f^^-^r-{l 
8r2 (1 -i col a.)- cos2 ~ 


-cota)2. 


.4«5uJcr: Stotal- 


_ 4r-sin-{45- -i- g) 
a 
2 


cos asm- 


762. Intersecting the hemisphere, the plane ESF (Fig. 227) yields the semi¬ 
circle APAf touching the slant heights of the pyramid at the points Q and G. 




If we denote the side of the base of the pyramid by a and the radius of the he¬ 
misphere. by r, then the surface of the hemisphere is 

Si + .nr= ^ .3.^/^ 

and the total surface area of the pyramid 


2a? cos2 - 


cos a 
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(see the Note to Frobieni CIO); their ratio is 

3jir- cos a 
a -- 

2a- cos- -y 


Froin A OGF we have OG — OA'-siu a, i.e. r -- siii a. Substitute tliis ex|ire.'- 
siou into the preceding oquaUly. 

To determine the volume (' of the hemisphere fijjd r |)n»cccditig frotn the 
condition a — 2r — «< ami from tlie above equality r — ~ sin a. We get 


_ m sin ct msina 

""20-sin a) 

vinsii'pr: 5-.= sin 2 a tail ■— 

,r 7J/n^ sin-^ a 


00 sill'* ^45- —I 

763. Figure 228 shows an axial M-clion of the cone 
8|*d the sphere inscribcil in it. J'he re(|uired volume 1 is 
obtained by subtracting the volume of the .■^jdieiical seg- 
ttteiil AfEX from the volume of tin* emu' A/C.\. lienee^ 



fi. H 


F-.-»..4/A:2.A'C-n A'/:- (r-~ A7:) 


!'ig. 228 


where r Is the radius (»f the .'phere. From tin* triangle AOl) we linil 


OD 


/I/Man 


^ DA( 




frein the triangle OMK, wherein ^(tMK a (Die sides of the angU*s 
^MK and MCK are mutually perpendicular), we ha\e 

A/A' -- OM’Cvr^'x - /• cos a and OK r sin a 


Hence, kE -- OE ^ OK r(I 
r cos a cot a. Coij.seijuently, 


- sin a). Finally. A'f • - A/A'-col 


r^cos^ ct col a —nr- (1 —sin a)- j 


r (J — sin a) 


— —-—(t —sina>^(2 - sina) I 

3 I sma J 

fhis expression may lu* simplified. Factor out (1 ~ .sin a)- on having transform¬ 
ed cosset; beforehand; namely. 

co.s* a - (1 — .-ill- a)- (1 — sin a)- (I -i >‘'i a)- 
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Now we have 


rtr3(l—sina)- 


((1 -f sin a)-— (2 ~ sin a) sin a] 


The expression in brackets is equal to unity. We get 
V _ sina)2 


3 sin a 


Substitute into it llio found expression 




r^H tan | 

We may also use tlic formula 

l-~sina = 2sin2 ^45^ — 


4.i/?3 tan^ ( 4 



d / V 2 / 


3 sin a 

764. Lsing the notation adoplcil in Fig. 229. the given condition is expressed 
by the equality n/i{l-- /{) r-=n-Anr-. From the triangle OBO, we find 

^ ~R tan , and from the triangle BOC we bav& 

^ ~ cos a ' by the above 

equality takes the form 

1 j—!— ™4,i tan--^ 
cos a 2 



Apply the formula 


Putting tan-;^~ 2 , we get* 


l-tans^r 

1 -f tan2 ~ 


^ equation 


! —tan^ - 


: ‘i/i tan2 - 




• Getting rid of the denominator, we could introduce an extraneous solution 
(tan--;f ^ 1), but we do not get such a solution, since it does not satisfy the 
original equation. 
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Hence it is clear that for n <C.2 the problem has no solution (since the 'radi- 
cand is neg ative). F or n'^2 both values of the quantity are positive 

(since < j/"j.c. <± ). Since the rquanlity 

tan-™ must be positive, only two solutions are possible: 

s = ]/4- + |/ j-~ 

and 

. a . -,/! / ^—i 

Since the angle is less than 45^, tan-— must lie less than unity: hence, 

there must be But this inequality is always satisfied, lK*causo 

?+]/ t=' 

and 

±_i/irz<i 

2 K 4 2« ^ 2 

Atistaer: the problem is solvable only if «> 2. For m> 2 there are two 
solutions: 




at n = 2 both solutions coincide ^tan-^== ' 

765. Using the notation adopted in Fig. 229. we liave 


Substituting 

^'0 get the equation 
Applying the formula 


- n//2// n . — 


r=/flan-^ and //~/?lan« 
tan rx -4« tan^-~ 


1 — tan2 — 
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and denoting tan— by z, we the equation 

z(^-2„--)=0 

It decomposes into two equations, but one of tliem (z - 0) disagrees with two 
given C(»nditions (the angle a. must be non-zero). The other equation is reduced 

to the form — 2 - -f ^ coincides with the equation in the pre¬ 

ceding problem. We obtain the following two solutions: 

‘“T= 

.\t H - A one solution is 

= cos22“30' a 0.9239; 

the other is 

tan= sill 22=30'^ 0.3827 

(hence otj s: S.t 28' and 02 3: 41 .53'). 

Answer', tile same as in the preceding pr.-hlein. 

.•\t n ■■■■■ A we liave a, 2 arclan (cos 22 (5r 85'28') 

Ci-i -- 2 arctan (sin 22 30') (ss 41 53') 

7GG. The area of the axial section is Itll. The surface is riRi .n/?-. By 
liypol!iesi.s. — — ;i. If P the angle between the axis and generator, then 
H - I sin P ami Jl - / cos p. Siibstiliiling these expressions, we get 
I '-sinP _ « 
cos p “ .T 

This equatit),! may he solved in several ways: the .shortest one Is to apply 

tlie fonnuia —12—3 cot; wc get 

sin a 2 

I sinp 1 ; co.s(tK;)- —p) P\ 

cusp ‘ sill{SIU=-P) 

Consequently. 



wherefrom we determine the angle 45°—and then the angle p. 

But tlio problem is solvable not at any n. Indeed, the angle p is within 
the range between 0 and 9t)°; hence, the angle 45“—is between 0 and 45^ 
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i.e. the quantity ~ —cot ^45^—must exceed unity by all means, i.e. n 

must be greater than jt. At n = l, 2, 3 the problem has no solution. 

Note. The equation 

i -4-sin P_ « 


may be solved in a different way. Let us rewrite it in the form cos p — 1 = 
==sinp, square both members and replace sin^p by 1—cos2(l. We obtain two 



Fig. 230 

solutions; one of them, cos{1 = 0, turns out to be an c.xtraneous one ^it is the 

solution of the equation ™cosfl —1 = —sinflj ; the other, cos^ . . , 

collides with the preceding one. ^ 

, But now one may easily arrive at an erroneous conclusion that the problem 
IS solvable at 2, 3 as well. Indeed, at any positive value of n the 

quantity „ ranges from 0 to 1 (we have 1-> f)^ . 

inerelorc within the range between 0 and 90^ one can always find an angle, 
whose cosine is equal to 


2«n 

7t^ 


The error of this reasoning consists in the following. From the relationship 
cospsa--—-—_ and from the given equation it follows that sin fi = - 

Jt is obvious that n mu.st be greater than ji (otherwise the angle fi 
Will bo negative, which is impo.ssible). 

Answer: if n the problem has no solution. If /j > n, then 

p — 90’— 2 arccot 


2nn 




* n2-j n2 ;t2 

767. Using the notalion adopted in Fig. 230, we have 

18 

2r2 "' 5 


23-01338 
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We find (from the triangle AOD) 

r — Hcos L AOJ)~Rox3& Z >4CO = i?cos- 
and (from the triangle AOC) 


The preceding equality takes the form 
. , . a 

18 . 


l+sin- 


18 


2sin-^cos2- 


5 ’ 


2sin-|-(l-sm2-|-) 


Reduce the fraction by 1 ; sin-^ (this quantity is non-zero). The equation is 
reduced to the form 


sin2~ 


. a , 5 
-sm-5-+ 


36" 


Answer: ais;=2arcsin-|-(« 112®53') and a 2 = 2arcsin i (w 19°ir). 

768. Using the notation adopted in the preceding problem, we have R^H- 


' 3 3 




Denote the required angle by p |in Fig. 230 P “y) .Thenr* 

— cos p and H — R cot p. From tlie preceding relationship we get 3 cot p -- 

— 8 cos^ p = 0. ^^u!tiplying botli members of this equation by tan p (which, 
by the sense of the problem, cannot be zero), we get the equation 


whence 


- 8 sin p COS' 8 = 0 


8 sin’ P — 8 sin P -f 3 = 0 


To solve this cubic equation we have to apply an artificial method. Thus, the 
left member may be factorized in the following way: 

8 sin’ p — 8 sin p -T* 3 = (S sin’ p ~ 1) — (8 sin p — 4) ^ 

1(2 sin P)’ - II - 4 (2 sin p - 1) = 

- (2 sin p - I) [(2 sin p)'^ + 2 sin P 4- 1 - 
Consequently, the found equation decompo.ses into two equations. From the 

first one we find sin P — — , and from the second, sin p = (The other 

2 4 

solution of the quadratic equation is not suitable.) A check shows that both of 
the found solutions are suitable. 

Answer: Pi ==30^; _ 

. 1/13-1 
p 2 -- arcsin ——^-- 
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769. By hypothesis, the curved surface of the cone MCN (see Fig, 231) 
must be equal to one half of the curved surface of the cone ACB. But the curved 
surfaces of these cones are in the same ratio as the squares of their elements, i.e. 

^ A ^ • 

““• And since 

CN = CO, 

we have 


i.e. 


( CO \2 
\ CB ) 


L 
2 ’ 


cos2 

Answer: a = 45®. 

770. By hypothesis, the volume V of the spherical sector CMK\ (Fig. 232) 
must be equal to one half of the volume of the cone A CB. Let us denote the line- 



s^ment KL by h, and the altitude of the cone CO, by II. Then V = 

get the equality “ nr^h "'^'"1' ” 

= //® tan? a. Expressing h in terms of r, we have 

h = LK =^CK~CL = r — r cos a = 2r sin^ -~ 

We get the equation 

8r^ sin^ ~ = tan- a 
^ y sin2 

771. In Fig. 233 the axial section of the portion of the snhere, whose volume 
must be determined, is hatched. This volume V is obtained by subtracting the 
volume Vj of the cone MCN from the volume \'z of the spherical segment 

23* 
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CEMKNF. Let us introduce the following notation: UK = r and KC = h. 

1 H 

Since the radius of the sphere is OC = -^CD = — , we have 


Substitute the expressions = AfC ♦cos a — ^ cos^ a and 
— H cos a sin a {the computation is simplified if 


G 



r = MC‘Sin a — 
= MK- is replaced by 
CK-JCD == h(ff -h)}; then 


Answer: F = 

6 

772. With the notation adopted in 
Fig. 234 we have: ^cumed-«(''+ 
Draw radii OAf = R and OjA/j - /?, to 
the points of tangency and the straight 
line OiK perpendicular to OM. We 
get the triangles OiA/iEi, 0ME and 
O^KOs which are similar to one ano¬ 
ther (as the right-angled triangles with 
an equal angle a). In the triangle 
OfKO we have 

0x0^ R-^ 7?i; OK^ R- i?,; 
OxK^ MMi ^ I 

Hence, 

/=== 2 yWi 


From the similar triangles OME and 0,K0 we have 

m 2/tVM, 


'' _ 

I n-j), 


whence 


From the triangles 0,/)/,£:, and 0,K0 we have — = —_; hence r,= 

-- ‘ E-rEi 

2 ff, yn/ii 
Rrlli^ ■ 

^cu^ced ~ 4vT/?y?j. 

773. Four balls of the radius r lie on the plane P (Fig. 235), touching it at 
the points M, N, K and L. Their centres 0,, Oj. O 3 , 0. are equidistant from 
the plane: OxM ~ O 2 .V — O 3 K ~ O^L ~ r. The distance between the centres 
of two contacting balls is equal to 2 r, i.e. OtO^ — O 0 O 3 ~ O 3 O 4 = OiOi — 2 r. 
The fifth ball is in contact with each of the four balls; consequently, its centre 
O 5 is situated also at a distance of 2 r from the centres Oi, O 3 , O 3 , 0 -, i.e. 0 x 0 ^= 
=‘ Oz(h "" 0^0^ = O 4 O 5 -•= 2r. Therefore, the figure 'is a regular 

Quadrangular pjTaniid with equal edges. The distance between the centre of 
the fifth ball and the plane P is equal to OO 5 OAx ■— 00^ + r. The topmost 




point of the fifth bal! is found on the extension of the perpendicular AiO^ 
at a distance of Oi^A = r from the centre O 5 . Thus, the distance AA 1 between the 
topmost point of the fifth ball and the plane P is equal to 2r 00^. The line- 



Fig. 235 Fig. 235a 

segment OOr^ is found from the right-angled triangle OiOO^, wherein 

2 r 

0 i 05 = 2 r and <^*^1 = = "yl' 

AA^ = r (2 -f- 1 / 2 ). 

774. The centres 0\, O-i, O 3 , 0* of the four balls must be at a distance of 
<r from one another (see the preceding problem). Hence, the figure 0\0z0^0i^ 
*s a regular tetrahedron with the edge equal to 2r. The cone ACh (Fig. ”236), 



Fig. 23aa 


^rcumscribed about the four balKs. contacts one of them (O 4 ) along tlie circle 
One three balls (for instance Ot) at two points: 

ot which, A', lies on the base, the other, M, on the curved surface. The axis 
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of the cone coincides with the altitude 0^0 of the tetrahedron. The centre Oi 
lies in the plane of the axial section ACD passing through the point of tangency 
M (since OiM is perpendicular to the common tangent plane to the cone and the 
ball, and the plane of the axial section ACD is perpendicular to this tangent 
plane). Hence, the plane ACD intersects the balls Oi and Oi along their great 
circles, the element AC being the common tangent to these circles. Consequently, 

AC \\ OiOi and /.OiOiO — /.ACD == y (a is the required angle at the vertex 


C of the axial section). 


„ . a OOi 


But OiOi = 2r, and the line- 


segment OOi (the radius of the circle circumscribed about the triangle O 1 O 2 O 3 ) 

1 ♦ ^ 1^2 2 r . a i , a 

IS equal to—^“=— 7 =. We get sm • Hence, cosa = cos2-^ — 

V3 V3 2 1/3 2 

. « a 1 

-^““2 = 3- 


Answer: a = 2 arcsin —— = arccos 4-. 

V3 3 

775. The plane bisecting the dihedral angle at the edge AyAz (Fig. 237)of 
the frustum of a pyramid passes through the altitude 0 x0^ and is perpendicular 




Fig. 237a 


to the face BiCiC^Bz (prove it!). The same thing is with the other two lateral 
edges. Therefore, the centre of the sphere touching the faces of the pyramid is 
situated on the altitude (namely, at its midpoint, since the sphere is also in 
contact with the bases) and the point K of tangency of the sphere and the face 
BiCiCzBz lies on the slant height DiDz of this face. The same is true for other 
lateral faces. We have 


V3 


(oi + al)-f3 




(fli = BxCi and a-, — ^ 2^2 are the sides of the bases and I " DiDz is the slant 
height of the lateral face). If rj — OiDi and rz ~ O^D^ are the radii of the cir¬ 
cles inscribed in the bases, theo si ~ 2ri 1/3 aud a- = 2r21/3. Therefore 

5 ,,„r = 3 V3 (r; + r|) + 3 y 3 (r, + r.) i 
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In the same way as in Problem 751 we find that r| - 
Then we get 


Answer: 5,p(,:Spj,r = 


pi,r = 6y3(i2-^2) = 
2 n sin2 a 


3V3( 


4r2 
sin2 a 


-I and rf-f r? — 12 - 
-r^) 


2r2. 


31/3 (4—sin* a) 

776. Denote the radius OL of the cylinder (Fig. 238} by r, and the radius OB 
of the base of the cone by R. Since, by hypothesis. ML = /?, the surface of the 

cylinder 5 = 2nx- -f- 2nxR. By hypothesis, 2nx- -f 2nsR — ~ n/i- or -{■ 



3 /? 3 

Rx -r = 0, whence j — -tt (the negative solution j: — ~ — R h not 

4 2 * 

suitable). From the triangle LMB we find 

LD R~x 1 

Answer. 9 = arctan-^ . 

7'77. The centre O of the inscribed sphere (Fig. 239) lies on the altitude of the 
Pyramid and the points K, L, M, N, at which the splicre touches the lateral 
wws, are found on the slant height.s EKi, EL\, EM\. (cf. Problem 775). 
The quadrilateral KLMN is a square which is the base of the pyramid, whose 
volume is to be determined. 

Through the radii OM and ON draw a plane NOM which turns out lo bo 
prpendicular to the face BEC (since it passes through the line OM perpendicular 
to the plane BEC) and also to the face DEC (since it passes through ON). Conse¬ 
quently, the plane NOM is perpendicular to the edge EC. 

Let P be the point of intersection of the plane NOM and the edge EC. Then 
the angle NPM is a plane angle of the dihedral angle a. In the quadrilateral 
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OMPN two angles (namely, at the vertices M and jV) are right ones. Conse¬ 
quently, z A'OM = 180“ — a. Hence 

a = NM = 2-OM.sm =2rcos -2- 

From the triangle 00,A/, where 0,A/=.|., we find 

h = OOi~~[/OA]^ —1—2 cos^ 

Answer; F = i-r^ cos2-|-J/^l_2 cos2-|.=-|-r^ cos^V-cos a. 

draw two planes perpendicular to the given element of the cone 
[CA m Fig, 240) and tangent to the inscribed sphere, the points of taugency (N 
and Ai) Ipng on the diameter iVA, parallel to CA, Let us first take the plane 
AD touching the sphere at the point N. The quadrilateral OA’DK (K is the point 
of tangency of the element CA and the sphere) is 
a square, hence DK — ON — r. By hypothesis 
CD — d. Consequently, CA' = d + r. From the 
triangle KOC we find 

CO= V(d-r r)2—r2 

Hence, 

H = CF = OF OC = r-f- "\/ {d -j- r)2 

From similarity of the triangles AFC and KOC 
we find 

AF\H^OK\KC 

whence 

_ r[r4-T/(^'t'r)“~^“l 

KC d-p-r 

If we take the plane A,/?,, then d^CCj, and we get in the same way 
E = r-\- V(d— 

and Ji=.d!±yFEIiEB. 
d—r 

Answer: 

„_nr=lr+l/(d+r)2 + r2)’ _ „ .nr2 [rZ V(5=7)2X7213 

3(d+r)2 3W=:7j!-• 

779. The centre 0 of the sphere (Fig. 241) lies on the diagonal AB. Indeed, 
the point 0 is equidistant from the laces /lA„V,iV and AA,qA Hence, it lies 
on the plane bisecting the dihedral angle at the edge .4 A,. Similarly, the point 0 
must lie on the plane bisecting the dihedral angle at the edge AiV.‘ And the two 
planes intersect along the diagonal AB. 

Let C and ff be the points of langcncy of the .sphere and the faces AA'£/(? 
and AA,A'iA', and r the radius of the sphere. Then OC = OD ~ r, and the plane 
ODGC is perpendicular to the edge AA', and also to the edge BQ,. 


C 
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Since, by hypothesis, the edge BQ\ is tangent to the sphere, the plane ODGC 
intersects the edge at the point E of its taogency with the sphere: consequently, 
OB ~ r. On the other hand, the point £ is a vertex of the square FGKE obtained 



fhe section of the cube by the plane ODGC'-. hence the quadrilateral MOLE 
\OL and OM are the extensions of OC and OU) is a square. Consecjueiith', OM = 


= -p|- Since OM + OD MD ■■ 


:-r ^ wlioncc r “-(2— 


J) 



The portion of the surface area of the sphere found outside the cube is made 
of three equal seginents, EZTL hoiiig one of them, 'i'lie area of this segment 
« equal to 

2nr-LZ 2nr (CZ —CL) (2r — n) 

^LT"' Vi) »: A- = Una- (W - 7 1/5). 

. The centre of the sphere contacting the t'dges «*t the tetraheiiron A BCD 

242) coincides witli the centre of the tetrahedron (i.e. uith the point O 
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which is equidistant from the vertices ^4, B, C, D), and the points of tangency 
of the sphere and edges are the midpoints of the edges. For instance, the point 
of tangency N is the midpoint of the edge AD. Indeed, ail six isosceles triangles 
AOB, BOC, COA, BOD, COD and AOD (only the triangle AOD is shown in 
the accompanying drawing) are congruent (having three equal sides). Conse¬ 
quently, their altitudes OM, ON, etc. are equal. Therefore, if a sphere of radius 
ON = r is described, it passes through the midpoints L, M, N, Q, K, R 
of the edges and is tangent to them at these points (since ON i AD, ana so on). 

Through the altitude of the tetrahedron DG and edge AD draw a plane ADG 
which is perpendicular to the edge BC (the proof is given in Problem 652) and 
intersects this edge at its midpoint M. The section yields an isosceles triangle 
AMD {AM = MD). Draw the altitude MN of this triangle {N is the midpoint 
of AD). The centre 0 lies on MN (since it is equidistant from A and D). Conse¬ 
quently, MO ~ NO. Hence, r~ . The altitude jl/iV is determined from the 

triangle .4 iVA/, where A/V = — and AM = (as the apothem of an equilate¬ 
ral triangle ABC). We have 


Hencet 




2 




' 2 V 2 ' 


31/2 

”4” 


The portion of the sphere situated outside tetrahedron is made up of four 
equal segments cut off the sphere by the faces of the tetrahedron. Consider one 
of the faces—The circle LMK serving as the base of the spherical segment 
is inscribed in the equilateral triangle BDC (since the sides of the triangle are 
tangent to the sphere; hence, they are also tangent to the small circle LMK 

21/3 

6 * 


contained in the plane BDC). The radius of this circle FM 
Consequently, 

V 


OF= y'OM^-FM^-^ \/r^-FM 
Hence, the altitude of the segment 
h^FE^OE-OF 




Nl\\ 


4 } 


illy 

6 


/ 2 V 6 


2 y 2 


! 1/6 


a 1/2 


The volume of one segment 
h \ 


I 


segn 


^ I r 


The required volume 


fll/2 

4 


M/2 . 

36 ’ 




o-yi) 


v^a31/2(9-41/3) 
' 432 
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Note. The circle LKM inscribed in the triangle BCD is depicted as an ellipse, 
which is readily constructed without any French curve, if in addition to the 
points Ky Ly My another three points are marked respectively symmelricai 
to them about F which is the point of intersection of the medians in the triangle 
BDC. 

. aV2 „ V2 (9-4 Va) 

An^er-. r = -|-; V =-i—- 


CHAPTER XI 

TRIGONOMETRIC TRANSFORMATIONS 

781. Express secants in terms of cosines to get in the left member 

1 



Since 

oos(i-i-a) = sm[-|—(-i + a)] = sin(-i-a) . 

the left member is equal to 



782. Reduce the left member to a common denominator and bring 
2 sin a cos (a-f-p) to the form 

sin (a-i-fa + p)) fsia (a —(a-hP)| = sin (2a -h P) (— P) 

783, The loft member is equal to 

2 (1+cos 2a) 2-2cos2 «_ ^ ^ 

sin 2a 2 sin a cos a 

To pass over to the angle , use the formula cot -T™ ^cot <p ' 

a \ 

is denoted by q j. We obtain 
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Since 1 = tan 45®, let us represent the obtained expression in the form 

1-ftana tan45®-f-tan a * 
l-tan a“l~Tina-tan45'’“*"‘<'‘^ 
which completes the proof. 

785. Multiply both the numerator and denominator of the left member by 
cos a + sin a. After simplifications we'get 

cos 2a 


1 , sin 2a 


786. Since sin2(p=i—represent the left member as 
i-cos(^ + 2a)-l.rcos(|--2a) cos (i-2a)-cos (-|- + 2a) 


Using the formula for a difference of cosines (or representing the expressions 
cos ^ 2a j and cos | -<• 2a j by the formulas for the cosine of the sum 

and the difference, we get 


2 sinsin 2a 
4 
_ 


sin 2a 
1'2 


l&l. The numerator is equal to cos 2a; the denominator is transformed to 
the form 


^'“(T-“)*“^-[f-(T-“)J = 2tan(i-a)cos2(i-a) 

Willi the aid of the fonnula 



we get 

2sm (i-a) cos (i-«) = sin (i _ 2a) 

this e,\pression is equal to cos 2a, hence the left member is equal to 1 
788. We have 


tan=(i_a) = 


sin- 



os=(|-a) 
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Considering the angle —a as half the angle y —2a and using the half¬ 

angle formulas, we obtain 


tan2 


(n_ 1-cos (|-2a) 

,,,eos(i-2a) 


1 -• sin 2a 


789. Expressing tangent and cotangent in terms of sines and cosines, we get 

. « cos 2a 

cot- a — tan- a = —r-s-^— 

sin2 a cos2 a 

Substitute the obtained expression into the denominator of tlie left member, 
then the left member yields 

. , 4 sin2 a cos2 a 1 . „ 

sm^a cos^a^---= -7-siu2 2a 


790. Replace sin a by cos (Y “ ®)' 

tlie formulas for a sum of cosines and a difference of sines. 

791. Replace (in the numerator) unity by sin^ a -f- cos’^ a. and sin 2a by 
* Sin a cos a. We get in the numerator (sin a -i- cos a)-: the denominator being 
equal to 

cos2 a —sin- a — (cos a r '^) (cos a —sin a) 

Reducing the fraction by cosa-i-sina, we obtain ^ r sm a ^ Dividing 
^ cos a —sin a * 

both the numerator and denominator by cosa, we find . ,\s is 

1 —tana 

shown in Problem 784, this expression is Iransfonnod to tan -I . 

792. In the same way as in I’rohlerti 790, transform (ho left member to 
the form cot — t/j , Now apply the formula cot V " siil^ ~ (P'*ttiog 

iL \ 

4 y —2” / * obtain 

M C05(i-2») 

. / n \ cos 2s 

793. Expressing the left member of the given identity in terms of sine and 
j **^o*.prfomjing subtraction of the obtained fractions and using the formula 
Of a difference of squares, we gel the left member in the form 

(sin gcosp —sin ft cos«) (sin a cos ^ .sin P cos a) 
cos2 a cosZ |i 

®®d this expression yields immediately the right-hand member. 
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794. Use the formula 


tan" 


(putting 


sm<p 

' 1+cos <p 


tan 


i4“ 2 j“ 


H-co3(i-a) 


COS a 

l-i-sina 


and then the left member is transformed into the right one. 

795. Solved in the same ^vay as the preceding problem. 

796. Replace 2cos^a by l-fcos2a; then the numerator takes the form: 
2 (sin 2a4-cos 2a). Group the terms of the denominator in the following way: 
(cos a — cos 3a) + (sin 3a — sin a) and use the formula for a differen¬ 
ce of cosines and sines. Taking 2 sin a outside the brackets, we obtain 
2 sin a (sin 2a -f- cos 2a). On reducing by 2 (sin 2a -f cos 2a) we get the right 
member. 

797. Transform the numerator of the fraction in the left member of the iden¬ 
tity: 


sin a + sin 5o — sin 3a — 2 sin 3a cos 2a - 
Carrying out similar transformations 


sin 3a — sin 3a (2 cos 2a—1) 
the denominator we get 

cos 3a (2 cos 2a — 1). 

798. Transform the sum of the first two terms in the left member of the 
identity using the formula for a sum of sines, and consider the third addend 
sin {b — c) as a double-angle sine. We get 

. 6—c 6—c 

sm —s— cos —s—=® 


^ . 2a —5—c b—e 

2 sm--cos 


2 


b—c 


2 a —6—c , 6- 

sin----fstn—s 


Now apply the formula for a sum of sines to the bracketed expression. 

799. Considering the expression sin® x -f- cos® x as a sum of cubes, factorize 
it and take into account that sin-x -f- cos- x —t. Then the left member of the 
equality is brought to the form 

—sin® X — 2 sin® x cos® x — cos® x -f- 1 = 1 — (sin® x -f cos® x)® = 0 

800. Transform the sum of the last two terms as a sum of sines. We get 


i (a + -yj + sin ^a + -y )=2sin(Jt4-a)co3™= -2 


1 


Hence, the left member is equal to zero. 

801. Taking into account that 

1 — cos 2a 1 — cos 2p 

2 2 ' 


sm* a-—sin- p 


cos 2^—cos 2a • y , . ov 

--—-— sm (a-fp)sm (a —P) 
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the left member of the equation can be represented in the form 
sin (45° -f cc -f 30° ~ a) sin (45® -fa — 30° -fa) — sin 15° cos (i5‘ f 2a) 


and since sin 75® — cos 15°, the expression takes the form 
cos 15° sin (15° -f 2a) — sin 15° cos (15° -f 2a) = 

= sin (15° f 2a — 15°) — sin 2a 

which completes the proof. 

802. Transform the numerator of the left member as follows 
(sin“ cp -f cos- <f) •— 2 cos* <p — sin* (p — cos* cp 
^3. Replace sin 2a by 2 sin a cos a in the right member. Reducing the 
fraction by 2 sin a, we get in the right member the expression - equal 

to Wy. 

804, Grouping the second and third terms, take outside the brackets 

CCS (a -f (p) cos a cos q. — sin a sin (p. The left member takc.s the form 

cos® <p — (cos a cos (p — sin a sin q) (cos a cos (p f sin a sin q) 
Transforming the product of sum by difference, we find; 
cos® <p — cos® a cos® q f sin® a sin® q — 

= cos® q (1 — cos® a) f sin® a sin® q = 

— cos® q sin® a f sin® a sin® q, 

and this expres-sion yields sin® a. 

805. Expanding the expression co.s (a f P). we get: 

sin® a -f sin® P f 2 sin a sin p cos a cos P — 2 sin® a sin® p 

Leave the third terra unchanged, group all the rest of the terms and carry out 
the following transformations: 

(sin* a — sin* a sin® p) f (sin® p — sin® a sin® P) — 

— sin® a CO.-?® p r cos® a sin® p 


Now the given expression lakes the form 
(sin a cos p)® -f (cos a sin p)® f 2 sin a sin P cos a cos (5 — 

= (sin a cos p f cos a sin P)® sin® (a -j- P) 

Answer: sin® (a f P). 

806. Transform the sum of the first three lerra.s in the following way: 

4 cos 2 a 1 — cos 2 B , „ 

sinz a J sin^ p f sit.^ y -+-7—^ 

Since by hypothesis Y = Jt —(a+P)> 

'In* a + s!n2 p + sin2 V = 1 — y (cos 2a ^ cos 2 P) i sin'-! (a I P) ^ 

=,1—cos(a i P)(cs(a-P) j |i—cos 2 (a ; P)| 
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or 

sin^ a + sin= p + sin= v = 2 — cos (a + P) [cos (a — p) + cos (a + P)1 

But the expression in square brackets is equal to 2co5 a cos p, and since a + P= 
= n ~ y, we obtain 

sin^ a 4“ sin‘ P -f sin® y = 2 -f" 2cos y cos a cos p 

whence the required relation follows immediately. 

807. Represent the left member in the form 

cot si cot fi + (cot J -f cot B) cot C 

The expression in parentheses is equal to . and the factor cotC, 

Sin 4 Sin ^ 

on replacing C by an equal expression n —(a4-j-5), takes the form—cot U4-5). 
Hence, the given expression is equal to 


coldcot7?-i?iiii-®L 
sm .4 sin B 


Using the formula for cosine of a sum. transform it as follows: 


cot 4 cot B-[ 

Vsin a4sin B sin i4 sin BJ 


808. Replace the factors cos^ an'l > 


= cot .4 cot (cot A cot B—1}=:1 
. 2ji . 4jt 


by 


and 


2 sin 


2n 


respectively. Then the left member takes the form sin — : 4 sin - . And since 

0 5 

sin-—= sin |jx —j—sin — , the left member becomes “• 

809. Transform the left member using the formula for a sum of cosines. 
We get 2 cos ^ cos . Then proceed as in the preceding problem. 


810. Since 1 cos a — 2 cos*-, the given expression takes the form 
2 cos--^-rcos•y or 2cos^cos ~-j-—j . Write cos60^ instead of yi 
we get 2 cos-^ |cos “ r cos 60 “! , 

Ansicer: 4 cos y cos |~-i 30®| cos — 30 “ j 

811. Transforming the given expression as in the preceding problem, wo get 

2 cos a I cos a —-3^ J . lDstt?ad of write cos 4o“. 

, , . 45“-^-o: . 45® —a 

Ansu-er: 4 cos a Sin-^-sin---. 
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812. Rewrite the given expression in the form cos= (a + |5) ~ s\u- {a — P), 
the latter expression is reduced to a form convenicDt for taking logarithms 
in the same way as in Problem 650. 

Ansicer: cos 2a cos 2p. 

813. Group the terms as follows: 

(I + cos a) + (Ian a -f sin a) 

and take tan a outside the brackets in the second group. We get (1 -f cos a) x 
X (1 -|- tan a). Instead of 1 -|- tan a wTite 


tan 45®-r a — 


sin(45®-fa) 
cos 45® cos a 


2 '\/2 cos^ ~ sin (45® -f a) 

Answer: . — . 

cos a 

814. I'sing the formula l—cos a ==2 .sin2 ~ and sin a-r 2 sin ~ cos ~ . 

wo get in the numerator 2 sin2 i 2 sin cos - 2sin ™ ^sin — -f ees ~ j . 
The expression in parentheses is equal to sin-^ + sin ^90®—. Making 
use of the formula for a sum of sines, reduce it to tlio form V2 cos | 45®_ _ J . 

2 V2 cos ( 45® ~ j . 

815. The given expression is equal to ^ . The numerator is 

transformed to 2V2cos~sin ^45®--^) (see the preceding problem). The 
fraction can be still simplified by reprcscMting the denominator in llie form 
.sin (90®—a>“2si» ^45®—cos ^45® — 

"\/2 cos ~ 

Answer: - .. , 

cos 

810. Since cosa — cosOa 2sin2asina, we have 
2 sin 2a sin a H-sin 2a 2 sin 2a ^sin a i — 2 sin 2a {sin a -i sin 30 ) 

Answer: 4 sin 2a sin ) ‘ 

817. 1he given expression is equal to 

tang-l 1 , tang —1 4 tan a . 2 tan a 

1 —tana l-i-laua i — ian 2 a ’ ^ T— tati 2 a 

Answer: 2 tan 2a. 


24-U1338 
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Aitswers and Solutions 


818. Replacing sin2p by 2sinp 

1 — cos p applying the formula 
1 4" cos p 


and reducing by 2sin^, we get 


tan - 


-/I 


—cos P 


-cos P 


we obtain tan^-l 


Answer: tan^ ■—. 

819. Transforming the sum cosa-t-sina in the numerator Vs— 
—(cos a 4-sin a) and the difference sina—cosa in the denominator in the 
same way as in Problem 814, we get 

^ . a—45° 

y2[l-CQs(g-45'‘)l "* 2_ 


V^sin (a —45®) 
0-45® 


2 sin • 


-45® 0-45® 

■r - cos --- 


Answer: tan 
820. Transform the sum of tbe last two terms: 

cos2a-fl 2cos2a 


cot 20-7-CSC 2 a = 


sin 2a 


i sm a cos o 


= cot a 


Answer: 2cota. 

821. Replace cos2o by cos^o—sin^o, and sin 2a by 2 sin a cos o. 

Answer: 1. 

822. Replace 2sin2a —1 by —cos2a and represent the given expression 


in the form 2 sin 2a—j cos 2a 

sin 30° instead of . 

Answer. 2sin(2a—30“). 

823. The numerator is equal to 


1 


I . Wri 


rite cos 30® instead of 


Vs 


and 


cos 2a cos a -f sin 2a sin a _ cos (2a — a) _ 1 

cos 2a cos a cos 2a cos a ~ cos 2a 


The denominator is equal to 

sin^ a 4 -cos 2 a 


sin a cos a 


- sin 2a 


1 

Answer: —tan 2a. 

824. The given expression is equal to 
2 2 


2 + - 


sin4a sin 4a 


(If sin 4a) 
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(see the preceding problem). The expression in parentheses is equal to 

1 -f cos (90° — 4a) = 2 cos^ ^ ^ 

. 4 cos2 (45° — 2a) 

sin 4a 

825. The last addend is equal to cos® x, thus the given expression can be ^\Tit- 
ten in the form (tan s — 1) (1 — sin x) cos® x. Replacing cos® x by 1 — sin® x 
and taking 1 — sin x outside the brackets, we obtain 

(1 ~ sin a-) [(tan z — 1 ) 1 -J- sin x] = 

= (1 ~ sin x) (tan x sin z) = 

= (1 — sin z) tan z (1 cos z) 
The first factor is transformed in the same way as in tlie preceding problem. 
Answer: 4 Ian z cos® ~ sin® (• 

826. The numerator and denominator of the fraction arc equal to 
(1 “f" cos 2a) -{■ (cos a + cos 3a) — 2 cos® a 2 cos 2a cos a 

and 

cos a + cos 2 a, respectively. 

4nsujer: 2 cos a. 

827. The given expression is equal to 

(1 — sin® p) — sin® a cos® a — cos* a = cos® p — cos® a (sin® a + cos® a) 

We get the expression cos® p — cos® a, which is transformed as in the solution 
of Problem 650. 

Answer: .sin (a + P) sin (a — P). 

828. Reduce the given expression to a common denominator cos z cos tj cos z. 
The numerator will be 

sin X cos y cos 2 -f sin y cos 2 cos z -h 

4 - sin 2 cos z cos y — sin [(z ?/) + z) 

The last term is equal to —sin (z -h y) cos 2 — cos (z + y) sin 2 . The sum 
of the first two tenns and the term —sin (z -f j^) cos 2 are mutually annihilated, 
and the numerator takes the form: 


sin 2 co.s X cos y — cos (z + ij) sin 2 = sin z (co.s x cos y — co.s (z -f- »/)) 

Expanding the expression cos (z -J- y), we get in the nuincTator sin r sin z sin y. 
Answer: tan z tan y tan 2 . 

829. The given expres.sion is equal to 2 sin cos ^ -fjsin y- But by 

hypothesis 7 ^:= 180° —(a-f P); hence, we get 


2 sin cos -f 2 sin cos 


2 


24* 
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Answers and Solutions 


j ft / ^ 30^ ^ 

Take 2sin " outside the brackets (or, which is the same, 2sin —^—= 

™2 cos -|-j . The bracketed expression becomes cos -^-J.-ucos , which 

is transformed according to the formula for a sum of cosines. 

. / a P Y 

Answer: 4 cos -y cos cos -g-. 


CHAPTER XII 

TRIGONOMETRIC EQUATIONS 

830. After simplifications we gel sin 5x — sin 3x — 0. Using the formula 
for a difference of sines, we fjave 2 sin j cos 4jr = 0 , and the equation is reduced 
to the two equations: sin j = 0 and cos 4x = 0. From the first one we have 

X — JTH (« is any integer), from the second 4x = 2n:?i ± y —y (4n ± i), i.e. 
x = .|-(4n±1) 

The expression 4n ± i comprises al! odd numbers (the numbers —3, 1, 5, 9, 13, 
etc. are yielded by the expression 4« ■■{- I; the numbers —1, 3, 7, 11, 15,etc., 
by tile expre.ssinn 4/j — 1). Therefore, instead of 4u ± 1 we may write 2n -f 
-f 1 (or 2 « — 1 ), where n is any integer. 

Answer: xs^nn: x = ~(2«-: 1), where n is any integer, 
o 

831. Transform llie loft memlier of the equation in Die following way; 
sin I" sin 2i-rsiii 3/-f .sin 4.r~(.Bin j- sin 3j)** (sin 2 jr 4 -sin 4 ri = 

= 2 sin 2.T COST 2sin (Ir cos a- -2 cos j(sin 2.T-f-sin 

, . X 

= 4 sm cos cos x 

The equation takes the form 

• 5x X - 

sm cos cos X — 0 

and reduces to three equations: 

sni—-- 0 ; cosy=^ 0 ; cosx =0 

Answer: j- TZ°n; x--^ 180'(2« f 1); x:^90'{2ni~ 1). 

832. Ferforin the following transformations; 

cos {j H- ~ == ''"hi (30"’ — j) 


and 


1 -f- cos 2x ~ 2 cos- X 
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The equation takes the form 

sin {x -f- SO'') + (30® — j) = 2 cos- x 

Apply the formula for the sum of sines; this is the result: 

sin 30® cos x — cos- x = 0 or cos x — cos x j — 0 
Answer: x = 90® (2» -j- 1); x -- 60' ( 6 n + 1). 

833. Transpose all the terms of the equation to the left side and group them 
in the following way: 

(sin X -{- sin Sx) — (cos x -I- cos 3x) ~f (sin 2x — cos 2x) — 0 
Transforming the first two groups, we get 

2 sin 2 x cos x — 2 cos 2 x cos x (sin 2 x — cos 2 x) — 0 
or 

(2 cos X -f 1 ) (sin 2 x — cos 2 x) = 0 
This equation is reduced to the following two: 

2 cos X 1 0 and sin 2 x — cos 2 x = 0 

1 

The first one yields: cos x=:= ■—-:y-; x=;2n«-k y Dividing the second equa¬ 
tion by cos 2 x, we get Ian 2 x--=U whence 2 x no ; 

2ji n 

Answer: x r-(3/i-j-i); ( 4 /i.- 1 ). 

o o 

834. Perform llie following grouping: 

(cos 2 x -f- cos Gx) — (1 + cos 8 x) = 0 

Using the formula 2 cos*'^ = - f -r cos o and transforming the sum of cosines, 
we obtain 

2 cos 4x cos 2x — 2 cos- 4x = 0 

Take 2 cos 4x outside the brackets and transform the difference of cosines 
cos 2x — cos 4x. We obtain the equation 

CoS 4x sin 3x sin x = 0 
It is reduced to the following three: 

(1) cos 4x -- G; (2) sin 3x — 0; (3) sin x = 0 

No consideration may be given to the third equation, since all its solutions are 
covered by the solutions of the equation sin 3x - (t. Indeed, if sin x — 0, 
then also sin 3x — 3 sin x — 4 sin^ x — 0. 

Answer: 1); x - . 

o o 

3x 3x 

835. Heprestujt the right incinlK*r in the form 2 sin cos ~ (instead of 
sin3x). The equation lakes the form 



2 



374 


Answers and Solutions 



Write the bracketed expression in the form 



Hence, the given equation is reduced to the following three: 

(l)sin-~=-0; (2) sin =0; (3) sin =0 

Answer: x == -- -- -; x~-~{An — 1); x — 

836. The right member is equal to 

sin 190'^ — (x 4- 30°)] = sin (60“ ~ x) ~ —sin (x — 60*^) 

The equation takes the form 

sin (x — 60'’) = —sin (x — 60') or sin (x — 60®) «= 0 

whence x — 60® — 180®/i. 

Answer: x *= 60® (3n + 1). 

837. Replacing 2sin2x by i — cos 2x, reduce the equation to the form 
2 sin 3x cos 2x — cos 2,r = 0. This equation is reduced to the following two: 

(1) cos 2x — 0; (2) sin 3x . Since — is sin 30®, the second equation yields 

3x = 180®/i + (-!)« 30® 

Answer, x — 45® {In -{“1): — 00®n (—1)'‘ 10®, 

838. Rewrite the right member: 3 (sin x cos x — sin- x + 1) = 
— 3 (sin X cos x -j- cos- x) — 3 cos- x (tan x 4* 1). The given equation is reduced 
to two ones: (1) tan x 4-J = 0; (2) sin- x — 3 cos^ x — 0. From the second 
one we get tan x = ± V^* 

Answer: jx — -y (4n — 1); x= ~ (3n ± 1). 

839 We have the equation 

cos 4x 4- 2 cos- X — 0 

Since 2 cos^ x = 1 4* cos 2r, the left member is equal to 
(1 4- cos 4x) 4- cos 2x =: 2 cos- 2x 4-[cos 2x 
We get the equation 

cos 2 x (2 cos 2 x 4 - 1 ) = 0 

which is reduced to: 

(i) cos 2 x — 0 and ( 2 ) 2 cos 2 x 4 - 1 “ 0 

The second one yields 2x == 360®n ± 120®. 

Answer: x ~ 180®n i 45®j x = 180'n. 60®. 
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840. Multiplying both members of the equation by sin x and replacing 
unity in the right member by sin- x -f- cos- x, we get the equation sin x cos x = 
== cos® X. 

Note. Multiplying both members of the equation by sin x, we introduce no 
extraneous solutions, since sin x never vanishes at either of the found values 

of X. 

Answer: Xi = -^ (2n-\-i): X 2 = ~^(An-\-i). 

841. Rewrite the equation in the following way: 

sin 3z — sin —2x^—0 

It is reduced to the following two equations: 

(i) cos(y-|~j=0 and (2) sin —0 

The first one yields y+ -^=(2«+Ij, whence x = ” {4/i-f I). The second 
gives I —-~(4n-f 1)- 

Answer: z™(4n-f 1); x =(4n-j-1). 

842. Add 2sin2-|.cos2to both members of the equation; then in the 
left member we have 

sin* y+ 2sin2y cos2y-l-cos*-|-— ^sin® y-i-cos2yj 
and the equation lakes the form 

1 :=r .~ 4 - 2 siri 2 y co 32 y or 2 sin® y cos^ y = -|- 


Multiply both mcnibers of the equations by 2 and apply the double-angle 

* . , . . . , 2x 3 , . 2t VZ 

formula for smc. We obtain sin--y = y. whence sm-y=± — 


Answer: x~-^(3nz 


1 ). 


843. Represent the equation in the form 3 tan® x —(Itan® x) ~ 1, whence 

tan X -v: 1 . 

Answer: x = 45® (2^-1 1). 

844. Replace 1-f-cos4x by 2cos®2x. 

4 n/i n 1 / 4m ” 

Answer: x=-y--t z = -y'4 ( —l)"-^ . 

845. Add 2 sin® X cos® X to both members of the equation. W'e get (sin®x-|- 
-f cos® x)2-“^cos4x'j 2 .sin® X cos® X or 1—cos 4x=:-— sin® 2x. 

Answer: x==-~ n. 
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Ajiswers and Solutions 


846. Replace sin 2jr by 2 sin z cos x and divide all the tenns by cos^z- 
It is obvious that no roots are lost. Indeed, if cos z = 0, then sin x — 
but these values do not satisfy the given equation. We get 


whence 


3 ~ tan- X — 2 tan x ~ 0 
tan X = i and tan x = —3 


Answer: z — nn + -^;z = jtn—- arctan 3. 

847. Write sin-z-f cos-i instead of unity and, dividing both members 
by cos^ X (see the solution of the preceding problem), we get 

tan- X Ian X — 0 

whence 

tanx=:0 and taDx = —■\/3 


^jiswer; x=:n;n; x = -y(3R —t). 

848. Replace 2 by 2 sin- x -j- 2 cos^x , and then the equation is solved as 
the preceding one. 

i4nsu;er: x = nn-j- -r-; x — n« — arctan -r • 

4 4 

849. Answer: x ~~ (4;i-j- I); z = arctan™ . 

850. Replace hy col 30'" (we introduce an '‘auxiliary angle” 30'^). Then 
the given equation becomes 

cos 30'" 

sm X-r cos z = 1 

sin 30'* 


or 


sin z sin 30* - cos z cos 30® 


sin 30® 


cos(z —30°): 


Hence, z — 30° — 3()0°n ■± 60^. 

Answer: x 360®n-}- 90'’ ~ 90® 1); z — — 30° = 30°{i2«—i). 

831. The left member can be represented in the form of a product: 

I 

yi cos (z — 45 ). Then we get the equation cos (z — 45®) ~ — ; it yields 

a: _ 45 '" — 45° and z — 45® — SCO^n-f 45®, i.e. z = 3GU°n and 

X 360®« -f 90®, or z ~ 90®*4n and x — 90® (4« 1). 

Alternate method. Squaring both members of the equation, we get 
sin- z -j- 2 sin z cos z -f cos^ z -- 1 


or sin 2z — 0. This equation has the solutions z 90'«, but among tliem there 
are extraneous ones (compare with the preceding result). 

Extraneous solutions have resulted from squaring both members, whereby 
we introduced one more equation (In addition to the given one): sin z -f cos z — 
-- .._1 (winch also yields sin 2z — 0). To Reject extraneous roots we have to 
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accomplish a check. At n — 0 we have x — O' aod the given equation is satis¬ 
fied. It is also satisfied at n == 4, 8, 12 and, in general, at n = 4k (i.e. at x — 
= 90"*4^ = 360"A-). At « — 1 we have x — 90"; the given equation is >atisned 
once again. It is also satisfied at n = 5, 9, 13 and, in general, at 4k -f 1 {i.e. at 
X == 90" (4A- -i- 1) = 90" -!- SGO"*)- « = 2. 6. lU (in general, at n ^ 

= 4A -f 2), the same as at « = 3, 7, 11 (in general at n — 4k -f 3) the given 
equation is not satisfied (instead, the equation sin x-f-cos .r = — 1 is 
satisfied). 

Answer: x — 90"*4n; x — 90" (4« -J- 1). 

852. Transform the right member: 

1 -H sin 2x — sin- x H- cos- x 2 sin x cos x =• {sin x 4 cos x)-. 


now the equation takes the fonm 

sin X cos X = (sin x 4 00 .*^ x)- 


or 


(sin X 4 - Jf) x 4 co.s x — 1) — 0 


The latter is reduced to two equations; 


(1) sin X H- CO.S x — 0 

(2) sin X 4 cos x — 1 = 0 


Solving the first one, we find x = ^ {An — 1). The second one is solved in 
the preceding problem. 

Answer: x=«^(4n— 1); x--{4//-: 1); x = — 

ft z - 

853. Solved in the same way as Problem 851. 

Answer: x 15" (8/? -! 1). 

854. Using the formula 

sin a sin (1 lcos(a —p)~cos (a :41)1 


we get ^ 

Y ico.s (x ~ 7x) — co.s (x 4 7x)| = -rr (cos (3x — 5x) — cos (3x -i ’u )! 

or. after simplifications, cos Ox — cos 2x P. This equation is reduced to the 
following two: sin 4x = »; sin 2x -• 0. all the roots of the sec<uid equation 
hoijig among the roots of the first one. 
jtn 

Answer: x —r- . 

4 

855. .\pply to bolli members of the c*<iuation the formula 
sin acos -Isin (a j p)4sin;(a —P)) 


Answer: x = — 77 -; x {4n-, J). 

£, o 

8.56. We have 

4 sin X sin 2x sin 3x = sin 2 {2x) 
sin 2x (2 sin x sin 3x — cos 2x) = (t 
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/ln5u»erf and Solutions 


Replace 2 sin x sin Zx by cos 2x — cos 4x (see Problem 854) to get the following 
equation 

sin2x{cos2a: —cos4*—cos2x)=0 or sin2xcos4x = 0. 

Answer: \ z = -J-(2Bi-l). 

i- O 

857. Replace sin^a: by l—cos^ar; we get 

5 cos2 at-f 4 cos x—3=0 


whence cosx= 


yi9-2 


. The other root cos^ = 


T/i9+2 , 


is not suitable. 


since its absolute value is more than unity. 

A , 1/19-2 

Answer: x = 2j:r ± arccos — - -. 

858. Using the formula cos 2a and expressing cosine through sine, we get 
10 sin2 X -r 4 sin X—5 = 0. 


ylnsu;€r; x = nn-r{ —1)" arcsin 


-2± V54 


10 


859. Applying the formula for tangent of a sum, we get 

1 *i- tan X 


tan 


(TH=lr 


tan X 


and reduce the given equation* to tan^x—4tanx—1=0. 
Answer: x = nn4-arctan (2± V^)* 


860. Since tan^ 


1 —cosx 


1 -i- cos X 
8 (1—cosx) 


and sec X = 


1 

cos X 
1 


we have the equation 


- = 1-|.- 

1 cos X cos X 


which is reduced to the form 


9cos2x —6cosX'rl = 0 or {3cosx —1)2 = 0 
1 

Answer: x = 2nn rh arccos-^. 

861. The left member is equal to 

/ Jl \ „ . X X 

cos —X . 2sin—cos-r 

\ 2 } sinx 2 2.x 

—-— --—-= tan 

l + cosx 1-rCosx „ - X 2 

^ 2cos2~ 


* When getting rid of the denominator one should be careful not to introduce 
extraneous solutions, but we do not conduct analysis in the next three problems 
(since they have no extraneous solutions). Beginning with Problem 865 much 
attention is paid to such an analysis. See also Problem 867. 
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The right member is equal to sec^y — 1 ~tan^ y . We obtain 


Ian -rr — tan^ 


X 

T 


Answer: x=2nn\ x = ~(An~^i). 

862. Since 

, . -}- jr X 

COS (« —x)= —cosx and sm ——-cosy 

we have 


1+cosx + cosy = 0 or 2cos^ —-fcos—0 

43t 

>ln5u;er: ar=:n(2n + l); x = -y(3n±l). 

863. Applying the reduction formulas 

sin —arj = —C05X and tan —^j=coty 

^ got the equation 

2 (1 -{- cos x) — ~ ^ 


Lot us make use of the formula 


1 q cos X , 


then the obtained equation is reduced to the following two equations: 
(1) l+cosi=0 and (2) = 


Answer: a; = « (2n-j-1); z=snn-r (—1)"• 

864. Replacing cos'-^x by 1—siu^j, after simplifications we get 3siux-i- 
+ cosx = 0 or taax==— 

Answer: z — ji/i —arctan y - 

865. Tlie left member is equal to 

cosi , sinX cosX-t-cos^ g-j-sin^x _ 1 +cosx 

sin a:' l-j cosx “ sin x (1-j-cos x) sin x (1-^-cos x) 

Reduce the fraction by f+cosg, assuming that l-fcosx ^ 0. We get the 

equation ^_~2, i.e. sinx -i (at this value of sinx the quantity cosx is 

sin X " 

not equal to — 1). 

Answer: x = nrt-h • 
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Answers and Solutions 


866. According to the reduction formulas 

cot (x —Ji)= — cot (ji—x) = cot X 
The given equation may be rewritten as 


2 cot X — (cos X 4 sin x) ( —4-— \==A 

\ sm X cos X / 

On reducing the left member to a common denominator this equation takes 
the form 


whence sinxeosxs=y or 5m2x=Y- 


Answer: x== y . 

867. The right member is equal to 

1 

-COSX , c 

cosx _ 1 — cos- X sm^x 

2siux 2 sin X cosx 2 sin x cosx 

Reduce the fraction by sin x. It is assumed that sin x =^0, should we obtain 
such a solution, for which sin x — 0, it would not be suitable. The given equa¬ 
tion (after applying some reduction formulas to its left member) takes the form 

• . 1 . 1 

sin x-r tan X—y (an X or sinx-i—tanx = 0 

This equation may be represented in tlic form 

sin X (l-f-n-l—\=0 
\ ' 2cosx / 

and it is reduced to two equations 

siii.r = 0 and I— —-1 — =r,0 
2 cos X 

But the first equation yields extraneous solutions, since we reduced the fraction 
by .sin x before. To get a better understanding substitute sin x — h into the 
riglit member; tlieii instead t»f cosx we have to substitute i or —t. In both 

cases we got the indeterniiuate form — . 

2n 

Answer: x —-y (3« ± 1). 

868. The left memln'r is equal to 


tan 4 ( 1 — tan ) 


Ian -y 


1 —tan - 
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Reducing by I — tan^ {we assume that I — tan ~ ^ i), see the solution of 
the preceding problem), wo get —lan~, and the equation takes the form 

— tan “ 2 sin — or sin y | sec 2 ^ = 0 
It is reduced to two equations: 

X X \ 

( 1 ) sin-y = 0 and ( 2 ) cos —=—- 5 - 


From the second equation we find ~ — 3(i0'fi ± 120' and get the solution 
X = 720'/j 240°. The first equation yields only extraneous solutions 

(x = 360°«)i though for another reason than in the preceding problem. Namely, 
the quantity cot™, entering the given equation, loses sense (“becomes equal 

to infinity’*) at x — 3G0°n: bonce, the whole left member of the equation has 
no (direct) meaning. 

Answer: x --- 240° (3n ± 1). 

869. U.sing reduction formulas, we obtain the equation sin x — tan x -- 

= sec X — cos X or siuj — — ^-cos x. Multiply hotli members 

cosx cosx 

of the equation by cos x (or. which is the same, reduce it to a common demuni- 
nator and then reject it). It is assumed that cosx sr- 0, since If cosx -- 0, 

then the expres.sions ^^^^and lose their meaning ("become infinitely great”). 

* cosx cosx 

We get the equation 

cos X sin f — sin x — sin* x 


which is equivalent to the following two: 

( 1 ) sin X = 0 ; ( 2 ) cos x — sin x — 1 


The .second one may be rewritten as l.''^2‘COS (45' -j- x) — 1 (cf. Problem 
whence x 300 /1 and x -- 300 ra — 90°. The solution x -- 300 « is found among 
the solutions of the first equation (x 180 'h), and the solution x — 300 /i — 90' 
is an exlraneoijs one, since we have c.«,s (300'"»« — 90') 0. 

Answer: x ~ 180°«. 

870. U-sc the fonnulas: sec" x — tan* x — 1 and cos 2x = cos- x -- sin- x. 
We get the equation 


1 ~ tan X — 


cos^ X— stn- X 
cos-x 


which is reduced to the form tan^ x —tan x-- 0 . 

Answer: x~-nn: x (4« -i- 1). 

4 

871. Rewrite the equation in the form 
sin^xfsin 


cosx) , cos^ X(sin X4 cosX) ,, . „ 

--i-i-==cos-^ X —sm2 i 


SID X 


cosx 
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Answers and Solutions 


Assuming that sin z ^ 0 and cos x # 0^ reduce the fractions, transpose all 
the terms to the left side and take sin x -j- cos x outside the brackets. We obtain 

(sin X 4- cos x) (sin- x -f cos® x — cos x + sin x) == 0 
Replace sin® x -f cos®x by i. The equation is reduced to 

(1) sin X cos X — 0 and (2) cos x — sin x = 1 

The first equation yields x ~ (4n ~ 1); the second (see Problem 869) has 

two solutions x = 2.'in and ^ ~ ^ ~ !)• of them are extraneous, since 

at X = 2nn we have sin x = 0, and at x — ~ {An ~ 1) we have cos x — 0. 

Answer: x = “(4n — 1). 

872. Use the triple-angle formulas: 

sin 3x = 3siD x—4 sin^x, cos3x = 4cos^ x—3cosx • 


The left member is transformed to the form 

3 3 

3 sin X cos x (cos^ x—sin^ x) = sin 2x cos 2x = -^ sin 4x 
2 4 

\ 

and the given equation takes the form sin4x=—. 


Answer: x = - 


_ 

’ 24 


873. Rewrite tl»c given equation: 

tan 2x = tan 3x — tan x 

and divide both members of the equality by 1 -f tan x tan 3x to apply to the 
right member the formula for tangent of a difference of two angles. We get 


tan 2x 


1 tan X tan 3x 


= tan (3x —x), 


whence 


tan 2.r = tan 2x (1 -f tan x tan 3x) 


tan X tan 2x tan 3x = 0 
Consider the following three equations separately: 

(1) tan 3.t =- U; (2) Ian 2x = 0; (3) tan x = 


The solution of the first is x = —. The third equation yields nothing new 
since all its solutions (x = nm) are found among the solutions of the first equa- 


* If they are not familiar to the reader, it is easy to reduce them using the 
formulas for sine and cosine of a sum of two angles: 2a and a and then the formu¬ 
las for sine and cosine of 2a. 
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tion (at n — 3m we have — — nm). The second equation yields j: — . At 

even n these solutions again yield nothing new (at n 2k wo have ^ =: nk); 

with odd n (n = 2n' -f* 1) they are not the solutions of tlie given equation. 
Indeed, the quantities tan x and tan 3x, entering the equation, lose their meaning 

{“become infinitely great”) at x ~ ~(2n' -f 1). Therefore, the second equation 

should be rejected. 

. 

An^er: jr=:— 

874. Applying Iho formula for cosine of a difference, reduce the right 
member to the form ^ros -~-r sin j . Therefore, express the left member 

through the argument—. We have 

(l-f cosi)-f .smx = 2cos2-^-f 2sin yCos™"2co5 ” ^cos sin 
Transposing all the terms to the left side we get tlie equation 
(cos-i + sin -i) (2cos y—V2)=0 

et^ivalent to the following two equations: one yields x = 300*« — 00‘, the 
otner x = 720®n ± 90®. In the latter expressi<*n the double sign may be replaced 
by the plus sign, since all the quantities 720'« — 90' are among the quantities 
360®n — 90® (if in the expression 360 « — 00^ we take only even n i.e. if we 
put n s= 2n', we get 720’'>j' — 90‘). 

Answer: x = 360®n — 90®; x — 720'’« -{• 90®. 

875. Rewrite the given equation: siir 2x ~ sin 3x -f- sin r\ hence, sin- 2x = 

= 2sin2xcosx. Transposing all the terms to the left side we get 

sin 2x (sin 2x — 2 cos x) = 0 or 2 sin 2x cos x (sin x ~ 1) - - 0 
The equation is reduced to: 

(1) sin 2z = 0; (2) cos x — 0; (3) sin x -- 1 
Equations (2) and (3) are of no interest, since all their solutions are among the 
solutions of the first one. (We have sin 2x = 2 sin x cos x — 2 sin xVt — sin-x, 
so that if cos X — 0, or if sin x = 1, then sin 2x -- 0.) 

Answer: x — 90°«. 

870. The left member is equal to 2 cos- x — 3 cos x. The right one loses 
its meaning atx = yn, since cot 2x “becomes infinitely great". Therefore, 

we consider that x ~n. The denominator of the right member is equal to 

cos 2x cos X __ (2 cos^ x — i) —2 cos^ x _ — 1 

sin 2x sin X 2sinx'COSx 2sinx-cosx 
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thus, the right member is equal to 

•—CSC (Jt —a:)-2sin jc*cos j:= 2csci*sm z-cos^ 

The product cscz-sin x ^i.e., ^ replaced by unity, since the 

values of x, at which the fraction would turn into the indeterminate form ^, 
SID X 0 

are rejected. We get the equation 

2cos2:c—3cosx~ —2cosx or cosx |cosx--yj —0 


wliencc cosx —0 or cosx —-i-. !n the first case we obtain the values 
1), which were rejected above. 

Answer: x = ™(6n±l). 

877. The left member is equal to 

(cos X sin x)2 1 =T= 2-4 2 cos x sin x, 

the right member is equal to cos^x, assuming that sinx i=0. 

The equation takes the form 

2 (1 — cos- x) T 2 cos X sin X “ 0 or sin- x - 7 - sin x cos x — 0 

It is equivalent to the two equations: sin x -f cos x — 0 and sin x = 0, but 
at sin .r — 0 the right member has no (direct) meaning. 

Answer: x ~ 

878. Tlie riglit member is equal to 

Ssin^-^ ! X j cos + =:cos2x~cos2x—sin^x 

Then proceed as in the preceding problem. 

Ansu'er: x---^(4« —1); x-^.i/i. 

879. The left member is equal to 2—sin3x. the right one to 

,_2,„,(^_^)si„(4--^) = I-sia(4_3x) = l_cos3. 

The equation lakes the form 

cos3x —sin3x-f-1 —0 


.Solve it using the (first) method of Problem 851, transforming cosSx —sinSx 


lo 1/2 siu . We obtain 

,i„(^_3x) = -^. 



_1_ 

Vs 
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CoDsequently, 

3x —i.e. —l)”)4-nn 

At even n the expression in square brackets is equal to 2, and at odd n 
it is equal to zero. Therefore, if we put n~2n‘ («' is an integer), we get 

3z = -^-f-2nn', and if we put n~2n''fl, we get 3i = n: (2n'1). 

Alternate solution. Be.sides the alternate method indicated in Problem 851 
(which introduces extraneous roots), we can use here (as also in Problem 851) 
the following method. Getting, as above, the equation cos 3 j- — sin .3x + 1 ~ 0, 
use the formulas 

l-i-cos3x~2cos2-^ and sin 3x= 2 sincos 
VVe get an equation which is reduced to the following two: one Ico^-^ — Oj 
yields i.e. 3x = n(2n + l). The other ^cos-^—sin •^=.-0^ 

yields i.e. 2n/i. 

Answer: (2«-j-1); x = -^ (■in-)-1). 

880. Represent t -f- sifi 2x in the form 

(cos* X + sin* z) -r 2 sin x co.s x == (cos x sin x)* 


and reolace tan x bv Reduce all the terms to a common denominator 

* cos X 

(co.sx) and then gel rid of it, assuming that cosx»?fe.O. We get the equation 
(cos X — .sin x) (cos x + sin z)- — (cos x sin x) = 0 
which yields two equations: the first one 

cos X -p sin X = 0 

has the solution 


the second 
has the solution 


cos* X — sin* X 


: 0, (jr cos 2x — 1 


: 0 


Ansujcr; x (4/i — 1); x —nn. 

881. Represent 1 — sin 2x in the form (cosx — sin x)*, and cos 2x in the 
form (cos X + sin x) (cos X ~ sin x). Reduce the fraction by cos x ~ sin x, 
assuming that this quantity is non-zero. We get the equation 


cos X -|' sin X = 


cosx -psln X 
cos X — sin X 


*/2 25-013:jM 
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Getting rid of the denominator (under the same assumption), we obtain 

(cos X + sin x) (cos x — sin x) — (cos x + sin x) = 0 
or 


(cos X — sin X — 1) (cos x sin x) = 0 


Solving the equation cos x-f sin x = 0. we find x^nn —The equation 
cosx —sinx —1=0 can be solved in the following way (see Problem 879)- 
Represent it in the form l/S-sin = i.e., sin . 

Hence, x—^“( — 1)” |— ■^'^-{-nn. With even n = 2ni we have x = Jin = 

= 2nm. With odd n { = 2m--l) we have x=~4-nn = -y (4m —1). 

Apply the other method from Problem 879. 


Answer: x = -7-(4« —1); x = 2iin; . 


-(4n-l). 


882, The right member is equal to cos 2x, and the left one to 
(cos x-f sin x)2 (cos x—sin x) = 

= (cos X+ sin x) (cos2 x —sin^ x) = (cos x -f sin x) cos 2x 
Answer: x = —(2n-fl); x = 2nfi; x=-^ (4rt-t-l). 

883. Tiie left member is equal to 

1 4sin2xcos2x i . . 

- = -T—sin2 X 


4 cos2 X 


(assuming that cos x 0). To the right member apply the formula 

1 i 

sin a sin P = y lcos(a — P) — cos(a-t-P)l. We get ^ 2 j| =•■ 




-I'r4sjn2x 


.Now the equation takes the form 


l-siB!tx=-(.i-sin2j:) 

1 . . 1 . 1 

whence siD“X = -^, j.e. sinx = y or sinx=The two solutions x = 

= 180°/i-r{ — 1)'* 30® and x = 180®n—(— 1)*^ 30® can be reprc-scnted bv one 
formula: x— 180°n ± 30®. 

Answer: x = 30® (0h±1). 

884. The left member is equal to sin 150®cosx; the right one to 
tan X cos* x -f cot x sin* x = sin x cos’ x + cos x sin’ x 
(assuming tlmt cos x 0 and sin x ^ 0). This expression is equal to 
sin X cos X (cos® x -f- sin® x) — sin x cos x 
The equation is reduced to the form cos x (sin 60“ — sin x) = 0. 
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It is reduced to two equations, one of which (cos x = 0) yields an extraneous 
root. 

Answer: x ~ 180°n -f (—1)« 60^ 

885. Using the formula tan -^=-—, we get the left mcinljer ?ec2 x— 
2 sin X 

— I=:tan2x (reducing by sinx we assume that sinx:^0). The left member 
is equal to 


sin (x —30®)-f sin(x4-30®) _ 2sinxcos30® 


; V3 tan X. 


The equation is reduced to the form Ian x (tan x—— 0 and is equivalent 
to two equations, one of which, namely taux = 0, yields extraneous solutions 
(since if tanx = 0, then also sinx^O). 

Answer: x = 60® (3n-|-l); x=;2JTn. 

886 . The e.xpression tan~4-coty is transformed to 

1 2 
. X X “ sin x 


We got the equation 


V2sin j 


y'lsiw X 

Answer: x={2n-j-1). 

887. The left member is equal to 2 y2 -lj^ (sin x 4 cos x); the right one 


2 cos^ X 2(1 —sin^x) 


= 2(1—sin X). We get the equation 


i -1-sin X 1 sin j 

2 (sin x + cos x) = 2(I —sinx) or (1 —cos x) —2 sin x 0 


2 si 0 ^ — 4 sin cos -- 0. 

Answer: x = 2nn; x = 2 {nrt4-arctan 2). 

888 . The fraction in the left meml)er is equal to 


Va 


(sin 2x — cos 2x tan x) cos^x - 


= —4:r (sin 2x cos X — cos 2x sin x) cos x = ——• sin x cos x 

y3 y3 

The right member is equal to 

(cos^ X x) (cos- X — sin* z) ~ cos* x ~ sin* x 
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(doubie angles are of no use here). Write the equation in the form: 

2 

(1 — cos2 z)4-sin2 X -:r- sin x cos x=:0 

1/3 


2 sin2 X-—- sin x cos x = 0 

1/3 

Ansu;er: x — 180®n; x = 180®n + 30®. 

889. The left member is equal to 3 sin x — 4 sin* x, and the right one to 
4 sin X {i —-2 sin* x). We get the equation 

sin X (4 sin* a: — 1) = 0 

Answer: x — 180®n; x = 180°n ± 30®. 

890. The right member is equal to 


sin X-f-COS X COty= 


sinXsin y-fcosxcos 


The numerator of this expression is equal to cos |x—J =sco 5 , thus, we 
get cot y in the right member. The left member is equal to 

2cos2-i 


1 + cos X 


The equation takes the form 


2cos2-^ 


Taking cot-^outside the brackets, we obtain 


1 a: . X \ 

2 cos jsin ^ \ 

--lj=0, i.o., cot|.{lanj-l)=0 

Answer: x—2nff4-n. 

891. The denominator of the fraction is equal to 

sin 2x cos x — cos 2x sin x sinx tanx 

cos X cos 2x ~ cm X cos 2x “ cos^ 



The whole fraction is equal to sin 2x. The equation takes the form 
sin 2x — 2 sin (45® -f x) cos (45® -f x) = 0 
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sin 2x — cos lx = 0 

whence tan 2x ™ 1. 

Answer', x = -j- 22^*30'. 

892. We have 

tan (x — 45°) tan (x + 45°) = tan (x — 45°) cot (45'* — x) ™1 
it is assumed that x ^ 45° (2n 4* 1), since otherwise one of the factors vanishes, 
and the other becomes infinitely great. The denominator of the right member 
is transformed to 


—2 cot 2 


it is assumed that x ^ 180°n, since then either tan y, or cot y loses Its meaning 
(becomes infinitely great). We gel the equation 

4 cos^ X 


— taiiix= — 


2 cotx 


which (assuming that x ^ 180°n) is reduced to the fonn tan x cos 2x == 0. 
The last equation has the solution x — 180°n and x ~ 45° (2« -f- 1)* hut they 
disagree with the above assumptions. 

Answer. The equation has no solutions. 

893. The right member is equal to - tan x (see the preceding problem). 
Let us represent the left member in the form: 

y (tan {x 4-45°) — cot (x 45°)) — 


sin^ (x -r 45'^) — cos- (x j 45°) 
2 sin (X -r 45°) co.s (x--- 45°) 


-col {2x490°) 


We get the equation 

tan 2x = —tail x 
It can be written in the form 

tail 2 j = tan (—x) 

wherefrom we conclude that the angles 2x and —x differ by 180'n, and from the 
equation 2x = —x 4- 180°« we find x = CO'n. 

Answer, x ~ 60°n. 

894. The left member is equal to 

sinZx _sin 2x_ 


cos (X a) cos (X — a) 
We get the equation 

2 sin2x 


1 


(cos 2a -4- cos 2x) 


CoS 2a -j' cos 2x 
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Usitiff the formulas sin2j = 2sinxcosz and cotz = ~^^, reduce the eaua- 
^ sm X ^ 

tion to the form 

cos X (2 sin- x — cos 2x — cos 2a) = 0 

The equation 

2 sin- X — cos 2x >— cos 2a = 0 
with 2 sin- x replaced by 1 — cos 2x yields 

2 cos 2x = 1 — cos 2a 

whence 

cos 2x — sin- a 

Answer: x = -^{2n-^i); x —nnia). 

895. The left member is equal to i — sin x; the denominator of the right 
member, to 


tan-T- —tan* 


ihjh 


This expression is reduced to the form . We get the equation 

1 — sin X = sin x. 

Answer: x ~ 180°« -}- {--1)”30^ 

896. The left member is equal to Ian x. The right one (cf. Problem 894)t 
to 1 -H 2 tan x. 

Answer: x — 45' {4/f — 1). 

897. We have 

• t .•<>.«> / 1~C092 i \2 

sin* .rr:r(sm2x)“= I - - -j ; 

analogously, 


sin* ;• -^1; 


i —cos 


(--t) 


-1 1 "• sin 2x 


The equation takes the form 1 •—cos 2x-f-sin 2x = 0, or 
2 sin- X -t- 2 sin x cos x = 0 


:x 

/iHSu/cr: X — Tin: x — Tin -. 

4 

897a. Represent the equation {see the preceding problem) in the form 


/ 1—cos2x / 

\ - sin 2x V“ / 

1 —sin 2x 

1 2 } ' \ 

2 1 ^ \ 

2 / 


After algebraic transformations we get 

3 — 2 cos 2x -i- cos^ 2x 4- 2 sin^ 2x 1 = 

Replacing sin-2x by 1 —cos2 2x, we obtain the equation 
cos- 2x 4- 2 cos 2x — = 0 
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abso- 


U yields cos2z™ —1-f |cos2^:—— i—rejected, since its 
lute value exceeds unity j . 

Answer-. x = nn ±i~ arccos ^ — 1 -|- j - 

898. Repre^nt the left member of the equation in the form — (cos .c-f cos y). 


Solving the system, we find cosj: = ~; cosy 


_1_ 

' 2 ' 


Answer: x = 2nA-±-^; y —2nl±~. 

899. Since 

cosfj—I/) —cos(a--f w) 

Sin X sin y=-- - —L±: 

the second equation can he wTilten in the following way: 

cos (j: — y) — cos (z + y) 2;« 

But * -f y = a; consoqucntiy, 

cos (z — y) = 2m + cos a 

whence 

X — y = 2.nn ± arccos (2m + cos a) 

*nd the given system is reduced to the following two systems: 


and 


r z t y = a 

\ x~y=r2Jtn ; arccos(2m-j- 


Answer: 


{ 


cos a) 

x4-y = a 

X — y— 2n« — arccos (2m j- cos a) 
ct . 1 


I X, = no ~i — ]- ~ arccos (2m j- cos a) 

I ct 1 

1 yj=r arccos ( 2 m-f-cos a) 

^ X2 - nn 4- “— arccos (2m 4- cos a) 
y2-~ +*^+-^arccos(2m j-cosct) 


^00. Using the formula 


tMcc+ta,,|)=iilli5!±£i 


cos a cos ft 
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write the second equation in the following way: = 

, cos(:r4-ff)4-cos(x—y) » , i * 

cosXcosy by-^^- — and x-f-y by a, we get 

2 sin a 

- - - - -— ==m 

cosa-f cos(x--y) 

or 

, , 2 sin a 

cos^x—y) —-cosa 


Hence, we have either 


- , / 2sin a \ 

X— y = 2nn-}-^*rccos I—-cos a j 

- , / 2sina \ 

y — z = 2jin + arccos I ——-cos a 1 


Either of these equations should be solved together with the equation x + y = a- 
By the way, of the two systems obtained one differs from the other only in that 
the unknowns change their roles, therefore it is sufficient to solve one of the 
systems. 

i / , ® I 1 / 2sin a \ 

Answer, xj (= yj) = hh -y-f -;j- arccos I — - -cos a 1 

, a i / sin a \ 

yj (= X 2 ) - — nn —y arccos ( —-cos a J 

901. Solved as the preceding problem. 

Answer: 



902. Since l = 2o and 4 = 16^, the given system may be rewritten as 

{ sinx-j-co3 y=0 
sin2x-)-cos2 y = .i 

wlience 

1 i 1 i 

(i)sinx^^j, cosy = —y and (2) sin x^-= —~ , cosy = -^ 

/Insider: xi=^180°«-i (— 1)” 30®, yj=:360®n ± 120^ 
i2^-180®n-(-l)« 30®, y2=360*«±60® 

903. The second equation can be written in the form 
sin z sin y i 

cos z cos y ” T 
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where, by virtue of the first equation, sinxsiny 
system of equations: 

3 . 1 

cos X cos V := ' y-T y SlOXSillt/ = ' ' _ 

cosxcosy-. y ^y_ 

Adding and subtracting them, we get 

COS(x —y) COS(x-ry) = —-— 

y2 2 V2 


4 * 1/2 ‘ 


We get the 


W'hcnce 


x~-y = 2Ttm ± arccos - 


1 


—, x — y^2nk±- 


2 V 2 "' 

where m and k are arbitrary integers. In each of these equations we can take 
any sign. 

Note. The numbers m H- A- and m — k are also integers, but not completely 
arbitrary (if one of them is even, the other is also even; and if one of them is 
odd, the other is also odd). 


Answer: (1) x=:nn-f--iarccos—+ 

2 2 V2 

1 1 

(2) X = nn 4 - y arccos ^ ■ 


y + y arccos + 


(3) x=rnn —— arccos+ y 


= nr “ -tt arccos- -sr - 

2 2y2 


(4) x = nn- 


— arccos- 7 =- • 

2 21/2 


8 


i, = :r«-larccosj^ + -^ 

where n=m-|-A; t = m — A (m and A are any integers). 

904. Square both members of each of the given equations and then add them 
by terms. We get 

1 — 4 sin^ y 4"^ cos^ V or 1=4(1— cos^ y) + cos^ y 

k 4 1 2 

whence cos2y =-— and sin2y=—. In each of the expressions cosy = ±- 

\ V5 

and sin y = ± ~-rr- either sign may be taken (thus, in the interval between 0 
1/5 

26-01338 
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and 360° the angle y can have tour values). Substituting these values into 
the given equations, we find that the angles x and y satisfy one of the fol¬ 
lowing four relationships: 


(1) cos a:: 

(2) cosjr: 

(3) cos X = 

(4) cosx = 


cosy = 


1 . 2 
= — 7=-i Sinx=: -r, 

ys Vs 

1 . 2 
—:=■, sinx=-—, cosw =- 

Vs ys " ys 

1 2 : 

sini = ——, cosy 


yr 

2 


siny = —— 

ys 


smy= — 


ys 


1 


ys’ ys 


ys' ys 

W’ 


Consider the tirst of them. If we take separately the equality cosi=—, 

ys 

then it yields i = 2n« ± arccos . But (by the definition of the principal 

V 5 

value of arccos) the angle (p=arccos-:^ belongs to the first or second 

y 5 

quadrants, where the function of sine is always positive. Hence, the plus 
sign should be retained. Indeed, from the equality x = 2.in±(p it follows 

that sinx = ±sin(p —^ . But in the first relationship sinz— ^. 

V5 -1/5 

I but not— ■ 1’hc same with the angle y, thus in case of relationship 

(1) we get 

1 2 
X = 2nn + arccos , p = 2jw, + arccos 

yh ys 

where n and nj are any integers. Reasoning in the same way, we find that 
for the second relationship 

1 2 

x = 2nH —arccos—— , y = 2nni —arccos—=• 

y 5 

The third and fourth relationships are considered analogously. 


Answer: x = 2Jin ± arccos 


(-ik) 

y = 2 jthi ± arccos | ± j 

where the signs in parentheses are the same for x and for y and the signs before 
arccos are also the same. 
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CHAPTER XIII 


INVERSE TRIGONOMETRIC FUNCTIONS 


905. We have 


. / 1/3 \ 

sm(—= 


arccos——•==—- , arccos{ — !)==« 

yi ^ 

A 

Answer: -. 

b 

906. The angle tp = arccos ^ is found in the interval between 0 and 180® 
(by the definition of the principal value of arccos). Hence, sin (p is positive 
(or equal to zero). We have cos q* — a-, whence sin 9 = -f- radical 

is taken only ^Yith the phis sign). Consequently, 

tan 9 =-, 


1/1 — X" 

tan (arccos x) = ^- 

which completes the proof. 

907. See the solution of the preceding problem. 

908. Let us put arccot | ) == 9* cot 9 = — . The angle 9 is in 

the interval between 90® and 180® (since the principal value of .arccot is contai¬ 
ned between 0 and 180®). It is required to find sin-j . Let us use the fonimla 


(i> , /* 1 — cos 9 

where out of the two sign.s only the plus sign is taken (since the angle — belongs 
'to the first quadrant). First we have to find cos 9 using the formula 

cot a 

cos a — —^ , 

± V1 -h cot2 a 


V '16 

(the radical is taken with the plus sign only, since 9 belongs to the second quad¬ 
rant). Now we find __ 

9 T X I ~ cos 9 1/ ^ ^ 5 2 

sm-j-y ^ y 2 = 
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Answer: sin arccot ^ j Js=--~. 
909. Put arcsin ^ ■ 


2'Vl \ 

3 ] 


yi 

>, hence sin q 


21/2 

— 3 —. The angle 9 is in 


the interval between -90* and 0» (since the principal value of arcsin is con¬ 
tained between —90* and -f-90*). It i 
is negative. Therefore in the formula 


tained between -90’ and +90®). It is required to find sin-|-. This value 




1~-^V 2 

only the minus sign is to be retained. We get 

=‘“T=-/' 

where 


1 —cosq 


cos 9 


wo take the radical only with the plus signi). 




1 

Vs 


Answtr-. sin ^iarcsinl — 3 ^ ) ] 

910. The angle (p=arccos (—y) is contained between 90“ and 180“ (see 
the solutions ol the two previous problems). Hence cot is positive, and 

cot-|- = /{±^ 

2 r 1 —cos(p 

(the radical is taken only with the plus sign). Substitute co 5 cp=—i. into 
this expression. ^ 

1/33 


Answer: cot arccos | —y J j = 


11 


911. Since 


and 


we have 


arctan^=i 

aresin^=i 


/c ” 1 n\ 


3n 

~T' 


Answer: —1» 
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912, We have 


arctan y'3 = ~ 
and 

i JX 

arccos~=- 

Then proceed as in the preceding problem. 

Answer: — 

2 

913. Answer: . 

914. Let us put 

arctan (3 -j- 2 '\/2) = a (1) 

V2 „ 

arctan= P ( 2 ) 

It is required to prove that 


Find tan(a —P): 


with the aid 


tan (a —p) = 
of ( 1 ) and ( 2 ) we get 


tan g —tap P , 
1 -f tan a Ian p ’ 




(3-i-2y2)— 

tan(a —P) =-= ^ 

l+(3 + 2y2)-^ 

On the other band, it is obvious from (t) and ( 2 ) that either of the angles a 
find p lies between 0 and , and a > p ^siucc 3+2 

tly, the angle a—■ p a priori lies between Oand , hence, from (4) ue get a — p-;.- 
which completes the proof. 


Note. To prove that the angle a — P is just equal to ~ , i.e. to 45“ (but not 

—135“ and so on) we can make use of the corresponding tables to find 
ecilytbe angles a and p. Here we may confine ourselves to rough approxima- 
lons (for instance, taking into account only degrees). Thus, putting I /2 ; 5 : 1.4, 
we find a « arctan 5.8, which corresponds to about 80° / the error a priori does 
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not exceed -y j. In the same way we find P « arctan 0.7, which corresponds to 

about 35° |the error is a priori less than-yj. Consequently, a—p does not 

differ from 45° by more than 1°, and, hence, is exactly equal to 45°. 

915. Put 



so that cos 


a^l/^-l-and cosp —J—Either of the angles a and p 
r 6 21/3 


belongs to the first quadrant• **. It is required to prove, that a-”p = y. 


Find sin(a—p)i but first compute 

sina=Vl—cos^a 


and 


(each radical is taken only with the plus sign, since a and p belong to the 
first quadrant). We find 


sinP —Vl—cos^P 

i:n, 

i/ 5-2V6 
y 12 


sina = —rsr and sin 
1/3 


hence, 


sin (a —P) = 


1 1 / 6+1 

Vs ' 21/3 


5-2 VO 


12 


Let us prove that the found irrational expression is equal to . To this end 


transform the “double irrationality” V 5—2—y24. It can be per¬ 
formed with the aid of the formula 




• This problem may be solved without iutroduciog auxiliary quantities a 
and p using the method mentioned in the note to the preceding problem. 

•• The principal value of arccos lies between 0 and n. 
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<at 4 = 5, S = 24}; we obtain 




But it_is simpier_to represent the radicand 5 —2y6 in the form 3-1-2 — 
— 2 V2-V3 = {V5—V2)^i and then we have 

^5-2 V6 = Kf75- 1/3-1/2 * 

Since either of the angles a and p lies within the interval between 0 and 

the angle a — ^ undoubtedly lies within the interval from —~ to , 

then from the equality sin (a —ft) =y it follows that a —p = which 

completes the proof *♦. 

916. Let (see the two previous problems) 


.4 . 5 .Id 

arcsiD-=- = a, arcsm-r:r = p> arcsin-TT- —Y 
5 13 ' 65 ' 


Then 


Hence 


sin 
si n V = 


5 ’ 
_5_ 

' 13 ’ 

(•5 ’ 


cos 2 


5 

ii 

13 


cos Y = 7 jr 


«• / I a. 4 12 , 3 5i 03 , „ 16 

"‘"(“ + W = yT3+T-T3 = «5 'OMa rfi) = -55 


®*^gles a and ^ belong to the first quadrant; therefore llio angle ct-f-B 
lies betw'een 0 ® and 180®, and since cos(a-fP> is positive, cc-pP belongs to 
tile first quadrant. Furthermore, cos (a-i-P)sin y «uid sin(ci t P) = 




• • number ')/3—'1/2 is positive. 

If cos (a — p) is computed instead of sin {a — p), wo would find 

cos (a ~ p) ~between —~ and -j- we would have two values of a — p, 

namely, — _ a^d therefore we would have first to establish that cc > p, 

i-e. that cos a < cos p. 
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Therefore, a-f p and y may differ only by 2m, and since -y —T also 
belongs to the first quadrant, have b= 0. Consequently, a+p — — —Yt 
i.e. a-fp-Fv — -y which completes the proof. 

917. We have arccos y~-y: let us denote arccos | ~y J by p, so that 

cos p = — y . The angle p is contained between ~ and n (see the three pre¬ 
vious problems). Therefore 

sin P=[but not, 


sing=yy3 

We find 

eos (y+p)=cos-|-cosP—sinysinp = 

2 \ 7/ 2 7 Ti 

To prove the validity of the given identity we have to make sure that the 
angle y-f p belongs to the second quadrant since the angle arccos | 

in the right member lies in the second quadrant j . The angle p^arccos | -y| 
is contained between -y and n; consequently, the angle y—f-P lies between 
—g- and y. But it does not, however, follow from this estimate that the 


angle y-fP belongs to the second quadrant |since the angle -y- is already 
found in the third quadrant) . But taken into account that —y>-j and 
that, consequently, arccos ( —i) <arccos (—j) , i.e. arccos (—y) < 
<, it follows that —---arccos ( ~y) <u. And since this angle is more 
than -y, it lies in the second quadrant. Hence, the given identity is proved. 

Note. The fact that the angle y+P belongs to the second (and not to 



Chapter XIII. Inverse Trigonometric Functions 


401 


the third) quadrant can also be demonstrated in a different way: we have 

JL 

3 


sin =sin-icosp + cos-;;-sin t 


V3 


( 4 )- 


j-jy3=~V3 


Since this number is positive, the angle -—-f ^ belongs to the second quadrant. 
918. Put 

i 1 

arctan-g- = a and arctan-^ = ^ 

whence 

tan a = 4- and tan 6 = 4- 

5 4 


Compute 

First find 

and then 


tan (2a-Fp) = 


2 . 


tan 2a-{-tan ^ 
l — tan 2a tan P 

1 


tan 2a = - 


1 4 


-(t) 


_5_ 

12 


tan {2a + P)=- 


-L.l 

lO T Z 


I- 


' 43 


The angles a = arctan y and p = arctan-^ belong to the first quadrant, but 

it does not yet follow from this fact that the angle 2a -f P belongs to the first 
(and not to the third) quadrant. But if we take into consideration that either 

of the angles a and p is less than (since their tangents are less than unity), 

it proves that 2a -f p is less than and since, furthermore, tan (2a ^ 

is positive, 2a -f p lies in the first quadrant, i.e. 2a -f p “ arctan ||, which 
completes the proof. 

tuf- 0^ proving that the angle 2a -f P remains within the limits 

01 ine first quadrant, we can find this angle approximately with the aid of the 
wrreaponding tables (see the note to Problem 914). We get: a=:=arctaa 

-g-ssll®, p = arctan —14*, hence 2ap 36®. 
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919. Put 

1 1 1 1 
arctan-^=a, arctan-=-=p, arctan-='=y, arctan—=6 
•5078 

and first find 

1+1 

tan{a+P)=-l-j-5_=l, 

then 

1+1 

tan|(ot+fl) + v| = _I-^=| 

1-yy 

and, finally, 

1+1 

tan ((cE-fp-f-Y)-f6]=—T '~ i ~~ " ^ 

1— L.l. 

9 8 

As in the preceding problem, prove that the angle a + p + y -r 6 lies in the 

first quadrant. Consequently, a-fp4-Y + 6 = iL. 

4 

920. We have arctan (i^ _ 3 ^ _ 3) - . whence - 3x - 3 == tan4, 

i.e. 2 ® — 3x ~ 3 = 1. Hence, n = 4; xj = —1. 

Answer: xj s= 4; X 2 = —1. 

Note. If instead of the equation arctan {i- — 3x — 3) = j we would have 
the equation arctan (x^ — 3i ~ 3) = ——, then the latter would have no solu¬ 
tion, since the principal value of arctan cannot be equal to - ~. If 00 atten¬ 
tion is paid to this circumstance, we can obtain the same equation _3x_3 = 

= i, but the roots of the last equation are not suitable 

921. We have 

arcsin (x2 ~ 6x -|- 8.5) - 

6 

whence — 6x -f 8.5 = 0.5. 

Aniiycr: xi = 4; xo = 2. 

922. Taking tangents of both members of the equation and rememberin‘» 
that tan (arctan a) -- a, we get 

(x-f-2)-(x+l} 

whence x,= —1; X 2 = —2. Check these roots. If x= —l, then 

arctan (x-f 2) = arctan 1=-?- 
4 
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and 


arctan (j: + 1) — arctan 0 — 0 


thus the given equation is not satisfied. We prove in the same way that the 
second root is also not suitable. 

Answer: Xj = —1; X 2 — —2. 

Note, Why such a check is necessary is clear from the following example. 
Consider the equation 

arctan (x2)—arctan (x-f- i)=-^ 


•which differs from the given one only by the value of the constant term. It is 
impossible to state beforehand that it has no solutions (cf. Problem 920). If, 

say, arctan (x -f 2) is equal to — —, and arctan (x + 1) to (these values can 
be principal values of arctangent), then the left member would be equal to — 


Taking tangents of both members of the equation under consideration, we again 
get the equation 

(x + 2)~-(x+l) 
l + (x + 2) (x + l) 

but now neither of the roots xj = —1, xj — —2 is suitable. See also tiie Note 
to Problem 925. . . , > , i 

923. Take tangent of both members of the equation. First find (see the preced¬ 
ing problem): 

o.— 

/ 1 \ 2 4 

tan ^2arctanyj -- 


and then we obtain 


l + -:i 


4x 


The root of this equation is x ” -y; it should be cliecked (sco the Note to the 
preceding problem). Substituting x — nieniher of the equation, 

we get 2 arctan - -arctan 4" ■ angle a - arctan ~ lies between U and 

(since laDa=-|-< l). The angle p = arctan y lies williin (lie same range. 
The angle 2a belongs to the first quadrant, and the angle 2a — (i lies bet^\eeu 
and But tan (2a — P) = 1. hence. 2a — fi nn -j- . But only 

at n = 0 the angle 2a — p turns out to lie within the found boundaries. Con.se- 
quently, the given equation is salLsfied. 

Answer: x ——• 
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924. Let us take sines of both members of the equation. We can put 

2 , ^__ 

arcsin—--T=-=s:a and arcsinl/l—x=6 

ays 

(^e the solution of Problem 915), but we can do without them makine use of 
the formulas sm (arcsin x) ^ x (whi ch imm ediately follows from the definition 

of arcsine) and cos (arcsin x) — Vl — i**. Consequently, sine of the left 
member is equal to n ‘z* vuc 

and the given equation takes the form 

l/x ~|/9 j 4 T /;-- 1 

Solving it, we find ■J: = y. This root should be checked (see the Note to 
Problem 922), i.e. we have to prove the identity 

arcsin j/* ^ arcsin arcsin -~ 

It is proved in the same way as in Problem 917. 

Ansuitr: a = '|-' 

925. Taking tangents of both members of the equation, wo get 
a a—b 
b 0+6 


‘+q 


a—b 
b a-p6 

siStuti^ X -''f iotl" *“ Problem 922). 

buDstituting X — 1 into the given equation, we get 

-6 


arctan -r—arctan - 
b 


= 45 ° 


( 1 ) 


Introduce the following notation 


arctan .j-=<p , 2 ) 

Here the angle cp (the principal value of arctangent) lies between —90° and 90° 
_ -90° < T < 90°. (3) 

This formula is dedu ced in the following way. Put arcsin x — a. Then 
sin « = I and cos a = V 1 — xj. The radical is taken onlv with the plus sign 
since the angle a = arcsin x lies between - 90° and + 90° (the Drinciual vrCe 
of arcsinel). Substituting arcsinx form, wn got the required formula. 
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Using this notation, we have 

, a — b ^ 6 iaD<p ~6 

arctan — --r*=arctan -ri— x ,— arctan tan {(p — 45'') (4) 

a-^b 6tan9-f-6 \'r / \ f 

and so we have to check the equality 

(p — arctan tan (<p — 45*') = 45*^ (5) 

This equality is true if and only if 

arctan tan (9 — 45®) = 9 — 45° ( 6 ) 

And the equality ( 6 ) holds true when the angle q) — 45° (the principal value of 
arctangent) lies within the following interval: 

—90° < tp — 45® < 90°, (7) 

i.e. when 

-45® <<f>< 135® ( 8 ) 

Taking into consideration (3), we get a more narrow interval for the angle 
-45® < 9 < 90® (9) 

From (2) and (9) wo find 

~ = tan 9 > tan (—45°), 

i.e. 

|>-1 ( 10 ) 

Conversely, for-^> — 1 the angle 9 satisfies inequality (9). Consequently, 

the given equation has a solution (-r — l) for -—> — 1. For '|•<—1 there is 
no solution. 

For example, at a=—1/3, 6 = 1 wo have 

arctan -^=arclari ( — l/^ = —GO® 

arctan — = arctan -- sa arctan 3.732 = 75® 

a + 6 -V3+1 

thus, the left member of the given equation is equal to —135®, and the right 
one at z a= 1 is equal to 45 ®. 

Answer: x = 1 for — >—1; the equation has no solution for ~ < ~ 1 . 

926. Let us take cosines of both members of the equation. We got 1/1 — 9jr®= 
“®4z (see Problem 924). This equation has only one root jr= -g-. Let us check 

It. The angle a= arcsin 3z —arcsinbelongs to the first quadrant; the 
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angle p = arccos 4x “ arccos ~ also belongs to the first quadrant. Here 
sin a = “■; Iience, cos a = . On the other hand, cos ; hence, a “ p. 

Answer: 3; = — . 

927. Let us take the sines of both membera of the equation. We get {see 

Problem 924) — , whence xj=0, X 2 =-f--~, X 3 =—— . 

Check these roots. 

Answer: x = 0. 

928. From the first equation we find 

tan (X 
i.e. 


tanx-f-tany 2a 

1 —tanxtani/ i — a^ 

Taking into consideration the second equation, we get 
tanx4-tan»/ 2a 

1 —a2 “’T—fl2 
or 

tan X -j- tan y = 2fl 
From the system of equations 

tan X -f tan y ^ 2q 
Ian X tan y = o- 

wc find tan x - a: tan // - < 1 . Hence, it follows that x = 180°n H- arctan c, 
ij — 180‘’ro 4- arctan < 2 , where n and m are integers. But only one of them may 
be taken arbitrarily, since according to the first equation the quantity x 4 y 
must be contained between —9U‘’ and 490' (as the principal value of arctangent). 

To identify suitable values of n and m substitute the found expressions into 
tlie first equation. We get 

180 °(n 4 m)-T 2 arctan a = arctan' . (A) 

1 — 

Since by hypothesis [ < 2 1 < 1. the angle arctan a lies between —45° and 
445 °, i.e. 2 arctan a lies between —90° and 4-90°. The angle arctan 

(the principal value of arctangent) lies within the same range. Consequently, 
these two angles differ by loss than 180°. Therefore, the equality (A) holds true 
only at n 4 ^ = 0. 

Answer: x = ISO'n 4 arctan a, y — —180°n 4 arctan a. 
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